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ABSTRACT. Let U be a connected non-singular quasi-projective variety and
f A — U a family of abelian varieties of dimension g. Suppose that the
induced map U — A, is generically finite and there is a compactification ¥ with
complement S =Y \ U a normal crossing divisor such that Q3 (log S) is nef and
wy (S) is ample with respect to U.

We characterize whether U is a Shimura variety by numerical data attached to
the variation of Hodge structures, rather than by properties of the map U — A,
or by the existence of CM points.

More precisely, we show that f : A — U is a Kuga fibre space, if and only
if two conditions hold. First, each irreducible local subsystem V of R!f,C, is
either unitary or satisfies the Arakelov equality. Second, for each factor M in
the universal cover of U whose tangent bundle behaves like the one of a complex
ball, an iterated Kodaira-Spencer map associated with V has minimal possible
length in the direction of M. If in addition f: A — U is rigid, it is a connected
Shimura subvariety of A, of Hodge type.
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Let Y be a non-singular complex projective variety of dimension n, and let U
be the complement of a normal crossing divisor S. We are interested in families
f A — U of polarized abelian varieties, up to isogeny, and we are looking for
numerical invariants which take the minimal possible value if and only if U is a
Shimura variety of certain type, or to be more precise, if f : A — U is a Kuga
fibre space as recalled in Section 1.1. Those invariants will be attached to C-
subvariations of Hodge structures V of R'f,C4. We will always assume that the
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family has semistable reduction in codimension one, hence that the local system
R!'f,C4 has unipotent monodromy around the components of S.

In [VZ04] we restricted ourselves to curves Y, and we gave a characterization of
Shimura curves in terms of the degree of Q3.(log S) and the degree of the Hodge
bundle f.Qy/y(log f7'(S)) for a semistable model f : X — Y of A — U. For
infinitesimally rigid families this description was an easy consequence of Simpson’s
correspondence, whereas in the non-rigid case we had to use the classification of
certain discrete subgroups of PSly(R). In [VZ07] we started to study families over a
higher dimensional base U, restricting ourselves to the rigid case. There it became
evident that one has to consider numerical invariants of all the irreducible C-
subvariations of Hodge structures V of R'f,C,, and that for ball quotients one
needed some condition on the second Chern classes, or equivalently on the length
of the Higgs field of certain wedge products of V. In [VZ07] we have chosen the
condition that the discriminant of one of the Hodge bundles is zero. This was
needed to obtain the purity of the Higgs bundles (see Definition 0.4) for the special
variations of Hodge structures considered there, but it excluded several standard
representations.

In this article we give a numerical characterization of a Shimura variety of Hodge
type, or of a Kuga fibre space in full generality, including rigid and non-rigid ones.
In order to state and to motivate the results, we need some notations.

Consider a complex polarized variation of Hodge structures V on U of weight k,
as defined in [De87, page 4] (see also [Si88, page 898]), and with unipotent local
monodromy around the components of S. The F-filtration on Vy = V ®¢c Oy
extends to a filtration of the Deligne extension V of V, to Y, again denoted by F
(see [Sch73]). By Griffiths” Transversality Theorem (see [Gr70], for example) the
Gauss-Manin connection V : ¥V — V ® Q3 (log S) induces an Oy-linear map

o7 (V) = @@ B L2 P 590 0 (10gS) = ar£(V) © D (log 9),
p+g=k p+g=k
with 6, : BP9 — EP~14H @ Ol (log S). So by [Si92] (E = grz(V), 6 = @6,,) is
the (logarithmic) Higgs bundle induced by V. We will write 8™ for the iterated
Higgs field

Or—22
— 5

(0.1) ERO 20 phell g Ql(log §) 271 BE-22 @ 62O (log S))
L Dot pleman g gm(QL (log S)).

For families of polarized abelian varieties we are considering subvariations V
of the complex polarized variation of Hodge structures R'f,C4. Of course, V is
polarized by restricting the polarization of R'f,C4, and V has weight 1. Then its
Higgs field is of the form

(BE=EY@E™ 0) with 0:E" — E"' @0y (log9).
The most important numerical invariant is the slope u(V) of V or of the Higgs

bundle (E, ). Recall that the slope p(F) of a torsion free coherent sheaf F on Y,
is defined by the rational number

(0.2) wu(F) = ¢ (wy (8))dm)=1,
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Correspondingly we define u(V) := p(EY) — pu(E®Y). As we will see, u(V) is
related to p-stability, a concept which will be defined in 3.2.

Variations of Hodge structures of weight £ > 1 will only occur as tensor represen-
tations of Wy = R!f,Q4 or of irreducible direct factors V of R! f,C 4, in particular
in the definition of the second numerical invariant:

Given a Higgs bundle

(E=E"Y@®E", 6: EY — E* @ Q) (log 9))
and some ¢ > (0 one has the induced Higgs bundle

4 14 /-1
N(E.0) = (@EH”', @ehm) with
=0 1=0
{—m m
(0.3) g = A (EY) @ A(E™')  and with

{—m m f—m—1 m+1
O [\ (E") @ NE™) — N (BY) @ A (E*) Q) (logS)
induced by 6.
If ¢ = 1k(E'0), then E%° = det(E'?). In this case (det(E")) denotes the Higgs
subbundle of A‘(E,0) generated by det(E"0). Writing as in (0.1)

0" = 0 py1m_1 000,
we define as a measure for the complexity of the Higgs field
<((E,0)) := Max{ m € N; 0 (det(E*?)) # 0} =
Max{ m € N; (det(E"?))"™™ £ 0}.

If (F,0) is the Higgs bundle of a variation of Hodge structures V we will usually
write (V) =<((E, 0)).

We require some positivity properties of the sheaf of differential forms on the
compactification Y of U:

Assumptions 0.1. We suppose that the compactification Y of U is a non-singular
projective algebraic variety, such that S =Y \ U is a normal crossing divisor, and
such that

e O (log S) is nef and wy (S) = O (log S) is ample with respect to U.

By definition a locally free sheaf F is numerically effective (nef) if for all mor-
phisms 7 : ¢ — Y, with C' an irreducible curve, and for all invertible quotients N
of 7*F one has deg(N) > 0. An invertible sheaf £ is ample with respect to U if
for some v > 1 the sections in H(Y, L") generate the sheaf £ over U and if the
induced morphism U — P(H(Y, £")) is an embedding.

If U is the base of a Kuga fibre space or more generally if the universal covering
7 : U — U is a bounded symmetric domain, we will need a second type of condition
to hold true for the compactification Y of U:

Condition 0.2. Assume that the universal covering UofU decomposes as the
product M; x --- x M of irreducible bounded symmetric domains.
e Then the sheaf Q). (log S) is p-polystable. If O} (logS) = Q; & --- & Qg is
the decomposition as a direct sum of p-stable sheaves, then s = ¢’ and for
a suitable choice of the indices 7*Q;|y = pr;Q}, .
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As we will recall in Section 2, Mumford studied in [Mu77, Section 4] non-singular
toroidal compactifications Y of some finite étale covering of the base U of a Kuga
fibre space, satisfying the Assumption 0.1. As we will see later, by Yau’s Uni-
formization Theorem [Ya93] the Assumption 0.1 implies the Condition 0.2, but in
the special case of such a Mumford compactifications we will verify Condition 0.2
directly.

Proposition 0.3. Let f: A — U be a Kuga fibre space, such that the induced po-
larized variation of Hodge structures W = R' f,.C 4 has unipotent local monodromies
at infinity. Then, replacing U by a finite étale covering if necessary, there exists a
compactification Y satisfying the Assumption 0.1 and the Condition 0.2, such that
for all irreducible non-unitary C subvariations of Hodge structures V of W with
Higgs bundle (E,0) one has:

i. There exists some i = i(V) such that the Higgs field 0 factorizes through
0:EY — E" @0, — E% @O (log9).

ii. The ‘Arakelov equality’ (V) = u(3-(log S)) holds.

iii. The sheaves B0 and E%' are p-stable.

iv. The sheaf E*° @ E®'Y s (-polystable.

v. Assume for i = i(V) that M; is a complex ball of dimension n; > 1. Then

rk(EM0) - tk(E%Y) - (n; + 1)
tk(E) - n; '

We will verify the first four of those properties, presumably well known to experts,
at the end of Section 2. The fifth one will be proved in Section 6.

The Arakelov equality in ii) is our main condition. By Lemma 2.7 its validity is
independent of the compactification, as long as the Assumptions 0.1 hold. As we
will see in Section 6, assuming the Arakelov equality and assuming that Y is the
compactification constructed by Mumford, the properties iii) and iv) are equivalent
and in case that M) is a complex ball they are equivalent to v), as well.

Our main interest is the question, which of the conditions stated in Proposi-
tion 0.3 will force an arbitrary family f : A — U of abelian varieties to be a
Kuga fibre space. We will need the existence of a projective compactification Y of
U satisfying the Assumption 0.1. Remark however, that this condition automat-
ically holds true for compact non-singular subvarieties U = Y of the fine moduli
scheme .A![;N] of polarized abelian varieties of dimension g with a level N structure
for N > 3.

Assuming 0.1, the Arakelov equality in Proposition 0.3 says that for Kuga fibre
spaces certain numerical invariants take the maximal possible value. In fact, for
any polarized family f : A — U of abelian varieties and for any irreducible C-
subvariation of Hodge structures V on U in R'f,C4 with Higgs bundle (E, ) the
unipotency of the local monodromies at infinity implies by [VZ07, Theorem 1] the
Arakelov type inequality

s(V) =

(04) u(V) = u(EYY) — u(E™) < p(Qy (log 5)).
The Arakelov equality
(0.5) w(V) = u(Qy (log 5))

can only hold if E*° and E%! are both p-semistable.
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For the next step, we need Yau’s Uniformization Theorem ([Ya93], recalled in
[VZ07, Theorem 1.4]), saying in particular that the Assumption 0.1 forces the sheaf
0L (log S) to be p-polystable. So one has again a direct sum decomposition

(0.6) Qy(logS) = & -+ B Q.

in p-stable sheaves of rank n; = rk(€);). We say that €; is of type A, if it is
invertible, and of type B, if n; > 1 and if for all m > 0 the sheaf S™(£2;) is u-stable.
Finally it is of type C'in the remaining cases, i.e. if for some m > 1 the sheaf S™(€);)
is p-unstable, hence a direct sum of two or more pu-stable subsheaves.

Let again 7 : U — U denote the universal covering with covering group I'. As in
the Condition 0.2, the decomposition (0.6) of 21, (log S) corresponds to a product
structure

(0.7) U= M x - x M,

where n; = dim(M;). If U is a bounded symmetric domain, the M; in 0.7 are irre-
ducible bounded symmetric domains. If the image of the fundamental group is an
arithmetic group there exists a Mumford compactification and the decomposition
(0.6) coincides with the one in Condition 0.2.

Yau’s Uniformization Theorem gives in addition a criterion for each M; to be a
bounded symmetric domain. In fact, if 2; is of type A, then M; is a one-dimensional
complex ball. It is a bounded symmetric domain of rank > 1, if €2; is of type C.

If Q; is of type B, then M; is a n;-dimensional complex ball if and only if

(0.8) (2 (i 4 1) - ca() — n; - &1 (2)?] c(wy () =2 = 0,

Before being able to give the numerical characterization of Kuga fibre spaces,
hence a converse of Proposition 0.3, ii), and v) we will have to state some result
on the splitting of variations of Hodge structures, similar to Proposition 0.3, i).

Definition 0.4.
1. A subsheaf F C E'Y is pure of type i if the composition

F = EYW 5 E% 0l (log §) 25 E% @ Q;

is zero for j # ¢ and non-zero for j = i.

2. A variation of Hodge structures V (or the corresponding Higgs bundle
(EYY @ E%10)) is pure of type i, if BV is pure of type i.

3. If V (or (E,0)) is pure of type ¢ and if §2; is of type A, B, or C, we sometimes
just say that V (or (E,8)) is pure of type A, B, or C.

Consider the Higgs bundles (£,6;) with the pure Higgs field 6;, given by the
composite

0, : BV L E% @ QL (log ) =5 E%' @ Q; == E%' @ QL (log S).

In general (E, ;) will not correspond to a variation of Hodge structures.

However if (F,0) is the Higgs bundle of a non-unitary variation of Hodge struc-
tures, it is pure of type 7 if and only if ; is zero for j # ¢. Moreover one has 0; = 0
in this case.

Proposition 0.3, i) states that for Kuga fibre spaces the variations of Hodge
structures decompose as a direct sum of pure and of unitary subvariations.

If in the decomposition (0.6) all the u-stable direct factors €2; are of type C, hence
if U is the product of bounded symmetric domains M; = G;/K; of rank > 1, the
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Margulis Superrigidity Theorem and a simple induction argument (see the proof of
Proposition 5.9) imply that up to tensor products with unitary representations each
representation p of the fundamental group I is coming from a representation of the
group G = G X --- X G5. Then by Schur’s lemma the irreducibility of p implies
that it is the tensor product of representations p; of the G;. Correspondingly an
irreducible variation of Hodge structures V is the tensor product of a unitary bundle
and of polarized C variations of Hodge structures V; given by p;. Since the weight
of V is one, all the V;, except for one, have to be variations of Hodge structures of
weight zero, hence they are also unitary and the induced Higgs field is zero. So V
is pure. As we will see in Proposition 5.9 one can extend this result to all U with
U a bounded symmetric domain.

The next theorem extends this property in another way, replacing the condition
that U is a bounded symmetric domain by the Arakelov equality.

Theorem 0.5. Under the Assumptions 0.1 consider an irreducible non-unitary
polarized C-variation of Hodge structures V of weight 1 with unipotent monodromy
at infinity. If V satisfies the Arakelov equality (0.5), then V is pure for some
i=1(V).

The proof of Theorem 0.5 will cover most of the Sections 3, 4 and 5. We will
have to consider small twists of the slopes p(F).

Applying Simpson’s correspondence [Si92] to the Higgs subbundle (det(E?)) of
/\rk(ELO)(E, 6) we will obtain in Lemma 6.2 and Lemma 6.3:

Corollary 0.6. Assume in Theorem 0.5 that for i = i(V) the sheaf Q; is of type
A or B. Then
rk(EY0) - rk(E%Y) - (n; + 1)

If Q; is invertible, hence of type A, we will see in Lemma 6.3 that both the left
hand side and the right hand side of 0.9 are equal to rk(E"?).

The main result of this article characterizes a Kuga fibre space as a family of
abelian varieties f : A — U for which the slopes u(V) are maximal and the com-
plexity ¢(V) is minimal for all C-subvariations of Hodge structures V C R f,C 4:

(0.9) (V) >

Theorem 0.7. Let f : A — U be a family of polarized abelian varieties such that
R'f.C4 has unipotent local monodromies at infinity, and such that the induced
morphism U — A, is generically finite. Assume that U has a projective compact-
ification Y satisfying the Assumptions 0.1. The the following two conditions are
equivalent:
a. There exists an étale covering 7 : U' — U such that f' : A" = Axy U — U’
1s a Kuga fibre space.
b. For each irreducible subvariation of Hodge structures V of R'f,C, with
Higgs bundle (E,0) one has:
1. EitherV is unitary or the Arakelov equality (V) = p(Q3(log S)) holds.
2. If for a p-stable direct factor Q; of - (log S) of type B the composition

0, EY° -2 E%' @ QL (log §) 25 E™ @ Q; <= E%' @ QL (log S)
rk(EM0) - rk(E%Y) - (n; + 1)

is non-zero, then s((E,0;)) = L(5)
T s Ny
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If under the assumption a) or b) f : A — U is infinitesimally rigid, then U’ is a
Shimura variety of Hodge type.

Remark that the condition 1) in part b) of Theorem 0.7 implies that in part 2)
6 = 0; and that i = (V).

We call f: A — U rigid, if the induced morphism U — A, to the moduli stack
has no non-trivial deformations, hence if there is no smooth projective morphism
f : A — U xT with dim(7") > 0 and extending f, such that the induced morphism
UxT — A, is generically finite. In a similar way, f : A — U is called infinitesimally
rigid, if the morphism from U to the moduli stack has no infinitesimal deformations.
Using Faltings’” description of the infinitesimal deformations (see [Fa83]) this holds
if and only if there are no antisymmetric endomorphisms of the variation of Hodge
structures pure of type (—1,1). In particular, if End(R'f,Qx) 5! = 0 the family
is infinitesimally rigid.

Here we should point out, that throughout this article a Shimura variety of Hodge
type is defined over C and it is an irreducible component of a Shimura variety of
Hodge type in the sense of [Mi04] and, as we will explain in Section 1.4, it is defined
‘up to étale coverings’. We use the same convention for Kuga fibre spaces, and we
allow ourselves to replace U by an étale covering, whenever it is convenient (see
Section 1.2).

Remark that the condition 1) in Theorem 0.7, b) allows to apply Theorem 0.5.
Since the condition 2) automatically holds true if V is unitary, or if it is pure of
type A or C, we can as well restate the condition 2) as

2. If V is non unitary and pure of type i = i(V) with Q; of type B, then
tk(EY0) - tk(E%Y) - (n; + 1)

rk(E) - n; '
Obviously ¢(V) is determined by the Higgs bundle on any open dense subset of U
and compatible with replacing U by a finite étale covering U’. By Lemma 2.7 the
slopes (V) and u(€3-(log S)) are multiplied in this case by the degree of U’ over

U, as long as one chooses compactifications Y of U and Y’ of U’ satisfying both
the Assumption 0.1. Using the Proposition 0.3 one obtains:

(V) =

Corollary 0.8. Assume in Theorem 0.7 that U has a projective compactification,
satisfying the Assumptions 0.1, and such that on this compactification the condi-
tions 1) and 2) hold for the Higgs bundles of all irreducible subvariation of Hodge
structures V of R'f.C4. Then there exists an étale covering 7 : U — U and a
compactification Y' of U" with S" = Y'\ U’" a normal crossing divisor, satisfying
again the Assumptions 0.1, such that for all subvariations V' of Hodge structures
in 7* R f,C 4 with Higgs bundle (E',0") one has:

3. B0 and E"' are p/-stable.

4. B0 @ EOY s 1/ -polystable.

Here the slopes p' are defined with wy (S) replaced by wy(S").
The proof of Theorem 0.7 will be given in Section 6. As indicated, the subvari-

ations of Hodge structures which are pure of type B will play a special role. In
Section 6 we will obtain a slightly more precise information.

Addendum 0.9. Consider in Theorem 0.7 an irreducible complex polarized sub-
variation of Hodge structures V of R' f.C 4 with Higgs bundle (E,0). Assume that
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V is non-unitary and satisfies the Arakelov equality. Consider the following condi-
tions for i = i(V):

a. BY0 and E% are p-stable.

(. The kernel of the natural map Hom(E®', EY°) — Q; is a direct factor of

Hom(E%, EYY).
1,0y . 0,1\ . (.
. (V) = rk(EY?) - rk(E%Y) (n2+1).
tk(E) - n;

d. M; is the complex ball SU(1,n;)/K, and V is the tensor product of a uni-
tary representation with a wedge product of the standard representation of
SU(1,n;) (as explained in Section 6 before Proposition 6.13)

n. Let M" denote the period domain for V. Then the period map factors as the
projection U — M; and a totally geodesic embedding M; — M'.

Then, depending on the type of €;, the following holds:
L. If Q; is of type A, then ), 3), ), 0) and n) hold true.
I1. If Q; is of type C, then n) holds true.
L. If Q; is of type B, then the conditions ) and ) are equivalent. They imply
the conditions §) and n).

Lemma 0.10. Assume that wy (S) is ample.
(x) If F and G are two p-stable locally free sheaves, then F ® G is pu-polystable.

Since the Arakelov equality says that the slopes of Hom(E%!, E}Y) and of €,
coincide, the Lemma 0.10 shows that «) implies ). Since ¢) implies o) we can
state:

Corollary 0.11. In the Addendum 0.9 one has:
IV. If wy (S) is ample, for example if U is projective or if dim(U) = 1, and if
Q; is of type B, then the conditions «), ), v) and 6) are equivalent and
imply n).

S.T. Yau conjectures, that Property (x) in Lemma 0.10 remains true if wy (S) is
only nef and big. Hopefully there will soon be a proof in a forthcoming article by
Sun and Yau. This would allow to drop the condition on the ampleness of wy (.5)
in Corollary 0.11. Without referring to Yau’s conjecture one still has:

Corollary 0.12. Assume in Theorem 0.7 and in Addendum 0.9 that the Arakelov
equality and the condition n) hold for all non-unitary subvariations V of R'f,C.
Then there exists an étale covering T : U' — U with U a quotient of a bounded sym-
metric domain by an arithmetic group. Moreover on a Mumford compactification
of U’ the conditions «), 3), 0), and =) are equivalent for all irreducible non-unitary
subvariations V' of 7* R f,C 4 which are of type B.

In [VZ07] we had to exclude direct factors of Q3-(log S) of type C, and we used
a different numerical condition for V of type B. Recall that the discriminant of a
torsion free coherent sheaf F on Y is given by
§(F) = [2-1k(F) - co( F) — (0k(F) — 1) - c1(F)?] -1 (wy (S))Hm)=2,
and that the p-semistability of E'=%¢ implies that §(E1~%7) > 0. So the Arakelov
equality implies that
§(V) := Min{6(E"?), 5(E*")} > 0.
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In [VZ07], using the condition (%) in Lemma 0.10, we gave two criteria forcing
f A — U to be a Kuga fiber space. The first one, saying that all the direct
factors of Q3 (log S) are of type A, is now a special case of Theorem 0.7. In the
second criterion we allowed the direct factors of Q3-(log S) to be of type A and B,
but excluded factors of type C. There, for all irreducible subvariations V of Hodge
structures we required 6(V) = 0. This additional condition, needed in [VZ07] to
prove the purity of irreducible subvariations of Hodge structures, forced at the
same time the representations in Addendum 0.9, §) to be the tensor product of
the standard representations of SU(1,n;) with a unitary local system and excluded
their wedge products.

The bridge between the criterion [VZ07] and Theorem 0.7 is already contained
in [VZ07, Proposition 3.4]:

Remark 0.13. Let f: A — U be a family of polarized abelian varieties such that
R!'f,C4 has unipotent local monodromies at infinity, and such that the induced
morphism U — A, is generically finite. Assume that U has a projective compact-
ification Y satisfying the Assumptions 0.1. Then the condition (x) in Lemma 0.10
implies:

Let V be an irreducible subvariation of Hodge structures of R'f,C, with Higgs
bundle (£, ), pure of type i = (V) and with Q; of type B. If V satisfies the
Arakelov equality and if §(V) = 0, then either

(0.10) tk(E"Y) = 1k(E%") - n; or tk(EYY) - n; = rk(E).
In particular the condition 7) in Addendum 0.9 holds for V.

In fact, by definition ¢(V) < Min{rk(E"?), rk(E*!)}. Corollary 0.6 and the
numerical condition 0.10 imply that this is an equality.

We do not know whether the condition 2) in Theorem 0.7, b) is really needed,
or whether in Addendum 0.9, for V of type B, the condition ) follows from the
Arakelov equality. As we will show in Section 8 this is the case for rk(V) < 7,
provided that wy (S) is ample or more generally if the Condition 8.2, generalizing
the condition (%) in Lemma 0.10, holds true. However, the necessity of the equal-
ity (0.8) in the characterization of ball quotients might indicate that a condition
on the first Chern class, as given by the Arakelov equality, can not be sufficient to
characterize complex balls.

Up to now we did not mention any condition guaranteeing the existence of fibres
with complex multiplication or the equality between the monodromy group and
the derived Mumford-Tate group MT(f)%" (see Section 1.3), usually needed in the
construction of Shimura varieties of Hodge type. In fact, as in [Mo98], we will
rather concentrate on the condition that U — A, is totally geodesic. This will
allow in the proof of Theorem 0.7 to identify f : A — U with a Kuga fibre space
X(G,7,¢0). Next, for rigid families we will refer to [Abd94] and [Mo98] for the
proof that they are Shimura varieties of Hodge type (see Section 1 for more details),
hence that there are fibres with complex multiplication.

This implies that for a rigid family f : A — U the group MT(f)%" is the smallest
the Q-algebraic subgroup containing the monodromy group and that U is up to
étale coverings equal to X (MT(f),id, pg).

In [VZ07] we used for the last step an explicit identification of possible Hodge
cycles. Although not really needed, we will sketch a similar calculation in Section 7.
There it will be sufficient to assume that the non-unitary irreducible direct factors
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of R f,C 4 satisfy the Arakelov equality, and we will explicitly construct a subgroup
MT™V( f)der isomorphic to the monodromy group Mon®(f), which up to constant
factors coincides with the Mumford-Tate group MT(f)". Using the notations of
Section 1.1, this implies that X'(Mon®(f),id, ¢g) = X (MT™ ()%, id, ¢g).

It is a pleasure to thank Ngaiming Mok, for several letters explaining his results
on geometric rigidity, in particular for the proof of Claim 6.14. Parts of this note
grew out of discussions between the second and third named author during a visit
at the East China Normal University in Shanghai. We would like to thank the
members of its Department of Mathematics for their hospitality.

We are grateful to the referee of an earlier version of this article, who pointed
out several ambiguities and mistakes, in particular in Sections 6 and 7.

1. KUGA FIBRE SPACES AND SHIMURA VARIETIES OF HODGE TYPE

1.1. Kuga fibre spaces and totally geodesic subvarieties. The data to con-
struct a Kuga fibre space (see [Mu69] and the references therein) are

i. a rational vector space V of dimension 2¢g with a lattice L,
ii. a non-degenerate skew-symmetric bilinear form @ : V x V — Q, integral
on L X L,
iii. a Q-algebraic group G and an injective map 7 : G — Sp(V, Q),
iv. an arithmetic subgroup I' C G such that 7(I") preserves L,
v. a complex structure

gpo:Slz{ZEC*; |z =1} — Sp(V, Q)

such that 7(@) is normalized by ,(S') and such that Q(v, po(v/—1)v) > 0
for all v € V' \ {0}.

We will allow ourselves to replace the arithmetic subgroup in iv) by a subgroup
of finite index, whenever it is convenient. In particular, we will assume that I" is
neat, as defined in [Mu77, page 599].

For I sufficiently small, (L, Q, G, T, po, ') defines a Kuga fibre space, i.e. a family
of abelian varieties, by the following procedure. Let K be the connected compo-
nent of the centralizer of ¢o(S') in Gg. Then there is a map

M = G% /Ky — Sp(V, Q)r/(centralizer of ) = H,

and the pullback of the universal family over H, descends to the the desired family
over

—
—

X = X(G,1,00) :=T\Gy/Kp.
In the sequel we will usually suppress V' and () from the notation and write just
Sp(Q) or Sp, if no ambiguity arises.

Two different sets of data (L, Q, G, T, o, ") and (L', Q',G’, 7', ¢y, ") may define
isomorphic Kuga fibre spaces over X (G, T, po) = X (G, 7, ¢f). Note that different
groups G and G’ might lead to the same Kuga fibre space and that K3 is not
necessarily compact but the extension of a central torus in Gy by a compact group.
Note moreover that replacing g by 7(g)pe7(g) ! for any g € G gives an isomorphic
Kuga fibre space - this just changes the reference point.

Kuga fibre spaces are the objects that naturally arise when studying polarized
variations of Hodge structures satisfying the Arakelov equality. We restrict the
translation procedure into the language of Shimura varieties to the case of ‘Hodge
type’, see Section 1.4.
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We provide symmetric domains throughout with the Bergman metric (e.g. [Sa80,
§11.6]). By condition v) in Mumford’s definition of a Kuga fibre space, M — Hj is
a strongly equivariant map in the sense of [Sa80]. By [Sa80, Theorem II1.2.4], it is
a totally geodesic embedding, i.e. each geodesic curve in Hy which is tangent to M
at some point of M is a curve in M. The converse is dealt with in Section 1.4.

1.2. Etale coverings. Replacing the group I' by a subgroup of finite index cor-
responds to replacing U by an étale covering, and by definition one obtains again
a Kuga fibre space. So we will consider Kuga fibre spaces and Shimura varieties
(see Section 1.4) as equivalence classes up to étale coverings. The way we stated
Theorem 0.7 or the Corollary 0.12 we are allowed to replace U by an étale covering,
whenever it is convenient.

Since U — A, is induced by a genuine family of polarized abelian varieties
f A — U and since the subgroup of N-division points is étale over U, an étale
covering U’ of U maps to the moduli scheme AE,N) of abelian varieties with a level
N structure, say for N = 3. We will drop the ’ as well as the ™), and we will
assume in the sequel:

Assumptions 1.1. A, is a fine moduli scheme, ¢ : U — A, is generically finite,
and f : A — U is the pullback of the universal family.

As we will see in the beginning of the Section 6, for ¢ finite and ¢(U) non-
singular the Arakelov equality will force ¢ to be étale. At other places, for example
if we talk about geodesics, we will have to assume that ¢(U) is non-singular, and
that ¢ is étale. Then however, since A, is supposed to be a fine moduli scheme,
we can as well assume that ¢ is an embedding.

1.3. The Hodge group, the Mumford-Tate group and the monodromy
group. We start be recalling the definitions of the Hodge and Mumford-Tate
group. Let Ay be an abelian variety and Wy = H'(Ay, Q), equipped with the
polarization ). The Hodge group Hg(Ay) = Hg(Wy) is defined in [Mu66] (see also
[Mu69]) as the smallest Q-algebraic subgroup of Sp(Wg, @), whose extension to R
contains the complex structure

o St — Sp(Wg, Q),
where z acts on (p, q) cycles by multiplication with 27 - 9.
In a similar way, one defines the Mumford-Tate group MT(Wqg) = MT(Ap). The
complex structure yy extends to a morphism of real algebraic groups
A2 : Resc/rG,, — Gl(Wg ® R),

and MT(Wjy) is the smallest Q-algebraic subgroup of Gl(Wg), whose extension to
R contains the image of A"V,

By [De82] the group MT(Wy) is reductive, and it coincides with the largest Q-
algebraic subgroup of the linear group Gl(Wg), which leaves all Q-Hodge tensors
invariant, hence all elements

ne [Wgm e wyem™.
Here Wy is regarded as a Hodge structure concentrated in the bidegrees (0, —1)

and (—1,0), and hence Wg™ ® Wé‘@m, is of weight m — m’. So the existence of
some 7 forces m and m’ to be equal.
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Let f : A — U be a family of polarized abelian varieties and Wg = R'f,Q4
the induced polarized Q-variation of Hodge structures on U. By [De82], [An92]
or [Sc96] there exist a union 3 of countably many proper closed subvarieties of U
such that for y € U \ ¥ the group MT(Wgl,) is independent of y. We will fix such
a ‘very general’ point y, write Wg instead of Wgl,. We define MT(Wq) or MT(f)
to be MT(Wg).

The monodromy group Mon(Wg) is defined as the smallest Q-algebraic subgroup
of GI(Wg) which contains the image of the monodromy representation of m (U, y),
and Mon’(Wg) denotes its connected component containing the identity. We will
often write Mon” or Mon®(f) instead of Mon®(Wg).

By [De82] Mon’(Wy) is a normal subgroup of the derived subgroup MT(Wg)der.
Note that the derived subgroup of the Hodge group Hg(Ap) coincides with the
derived Mumford-Tate group MT(R! f,Q ).

1.4. Shimura varieties of Hodge type and totally geodesic subvarieties.
A Kuga fibre space X (G, T, o) is of Hodge type, if it is isomorphic to a Kuga fibre
space X (G, 7', ) such that G” is the Hodge group of the abelian variety defined
by ¢;. Let us next compare this notion with the one of Shimura varieties of Hodge
type.

In [De79], the notion of a connected Shimura datum (G, M) consists of a re-
ductive Q-algebraic group G and a G(R)"-conjugacy class M of homomorphisms
h : Resc/rG,,, — GRr with the following properties:

(SV1) for h € M, only the characters z/Z, 1, Z/z occur in the representation of
Resc/rGy, on Lie(G).

(SV2) ad(h(i)) is a Cartan involution of G4.

(SV3) G* has no Q-factor on which the projection of A is trivial.

A connected Shimura variety is defined to be the pro-system (I'\M)p, with I’
running over all arithmetic subgroups I' of G(Q) whose image in G*! is Zariski-
dense. Since we do not bother about canonical models and since we allow to replace
the base U by an étale cover any time, we say that U is a Shimura variety of Hodge
type, if U is equal to I'\M for some I'. Usually I" is required moreover to be a
congruence subgroup, but we drop this condition to simplify matters of passing to
étale covers at some places.

We let CSp(Q) (or CSp for short) be the group of symplectic similitudes with
respect to a symplectic form (). The Shimura datum (CSp(Q), M(Q)) attached
to the symplectic space consists of all maps h : Resc/rG,, — CSp(Q)r defined on
R-points by the block diagonal matrix

(1.1) h(x—i—z'y):diag((z _xy)(z —xy>>

with respect to a symplectic basis {a;, b;}, i = 1,..., g of the underlying vector
space V.

A Shimura datum (G, M) is of Hodge type, if there is a map 7 : G — CSp(Q)
such that composition with 7 maps M to M(Q).

There is a bijection between isomorphism classes of Kuga fibre spaces of Hodge
type and the universal families of Shimura varieties of Hodge type:

Given (L, Q, G, T,¢0,T), let Z = G, be the center of CSp, define G’ :=G-Z C
CSp and define h : Resc/rG,,, — G by on C-points by h(z) = ¢o(2/Z)|z|. Finally,
let M’ be the Gy conjugacy class of h. One checks that (G', M') is a Shimura
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datum of Hodge type. Conversely given (G', M) of Hodge type, let G := G' N Sp
and let ¢ be the restriction of a generic h € M’ to S* C Resc/rG,(C). Together
with 7 being the inclusion map, this defines a Kuga fibre space of Hodge type.

We keep the Assumptions 1.1. We will not assume at the moment that U is a
Shimura variety or that any numerical condition holds on the variation of Hodge
structure. We follow Moonen ([Mo098]) and recall the construction of the smallest
Shimura subvariety XM* of Hodge type in A, that contains the image of U.

Theorem 1.2 ([Mo98]). There exists a Shimura datum (G, M) such that a Shimura
variety XM =2 T\ M attached to this Shimura datum is the unique smallest Shimura
subvariety of Hodge type in A, that contains the image of U.

G may be chosen to be the Mumford-Tate group at a very general point y of U.

Although the Shimura variety XM7 is unique, the Shimura datum is unique only
up to the centralizer of G in CSp, see [M098, Remark 2.9].

Proof. Let G be the Mumford-Tate group at a very general point y of U. In the
topological space of all maps h € M (Q) that factor through Gg, choose M to be the
connected component containing the complex structure at y. By definition of the
Mumford-Tate group, M is not empty and by the argument of [De79, Lemma 1.2.4],
M is an G(R)"-conjugacy class. Hence (G, M) is a Shimura datum of Hodge type.
Since y was very general, ¢ : U — A, factors through X', The minimality of
AXMT follows from the minimality condition in the definition of the Mumford-Tate
group. 0

We now suppose that U is a totally geodesic non-singular subvariety of the
Shimura variety XM C A,. As in Section 1.2 we can also allow a morphism
¢ : U — Ag as long as ¢(U) C A, is a non-singular totally geodesic subvariety
and U — ¢(U) étale.

Theorem 1.3 ([Mo98] Corollary 4.4). If U C XMT is totally geodesic, then U is
the base of a Kuga fibre space. It is a Shimura variety of Hodge type up to some
translation in the following sense:

After replacing U by a finite étale cover, there are Kuga fibre spaces over X; and
Xy and an isomorphism X; X Xy — XM such that U is the image of Xy x {b} for
some point b € Xy(C).

For some a € X,(C), the subvariety Xy x {a} in XMT is a Shimura variety of
Hodge type.

Proof. In loc. cit. the author deals with Shimura subvarieties of arbitrary period
domains and shows that there totally geodesic subvarieties X; such that U is the
image of X} x {b}.

We repeat part of his arguments to justify that A; is the base of a Kuga fibre
space.

More precisely, let (G, M) be the Shimura datum underlying XMT. We have a
decomposition of the adjoint Shimura datum

(Gada M) = ((MOHO)ad’ Ml) X (ng7M2)
into connected Shimura data given as follows. Since G is reductive, there is a

complement Gy of Mon?, i.e. such that Mon® x Gy — G is surjective with finite
kernel. Write G := Mon” and let M; be the set of maps

Resc/rG, — G — G — (G,)™.
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For suitable arithmetic subgroups I'; a component of the quotients &; := I';\ M;
have the claimed property by [Mo98] Corollary 4.4.

It suffices to take 7 : Mon” — Sp the natural inclusion and ¢, the restriction of
any h € M to S* € C*. Then ¢, normalizes Mon® and for a suitable choice of T,
U is the base of the Kuga fibre space given by (L, Q, Mon’, 7, g, T'). O

Corollary 1.4 (See also [Abd94]). If in Theorem 1.3 the subvariety U is totally
geodesic and rigid, then U is a Shimura variety of Hodge type.

Here rigidity just means that the inclusion U — A, does not extend to a non-
trivial morphism U x T"— A,. Since we assumed that A, is a fine moduli scheme,
this is equivalent to the fact that the induced family f: A — U is rigid.

2. STABILITY FOR HOMOGENEOUS BUNDLES AND THE ARAKELOV EQUALITY
FOR SHIMURA VARIETIES

To prove a first part of the properties of Kuga fibre space stated in Proposition 0.3
we recall from [Mu77] and [Mk89] some facts on homogeneous vector bundles on
Hermitian symmetric domains and deduce stability results.

Let M be a Hermitian symmetric domain and let G = Aut(M) be the holomor-
phic isometries of M. Aut(M) is the identity component of the isometry group of
M and M = G/K for a maximal compact subgroup K C G. Let Vi be a vector
space with a representation p : K — Gl(1p) and any p-invariant metric hg. Then

V=GxgVy:=GxVy/~, where (g,v)~ (gk,p(k"")v) for ke K

with the metric A inherited from hy is a vector bundle on G/ K, homogeneous under
the action of G, or as we will say, a homogeneous bundle.

Let U be non-singular algebraic variety. In this section we suppose that the
universal covering of U is a symmetric domain M = G/K and that the image of
the fundamental group of U in G is a neat arithmetic subgroup. We call a bundle
Ey on U homogeneous, if its pullback to M is homogeneous. We call Ey; irreducible,
if the pullback is given by an irreducible representation p.

For the rest of this section, we work over a smooth toroidal compactification Y
of U with S = Y\ U a normal crossing divisor, as studied in [Mu77]. If Y* denotes
the Baily-Borel compactification of U, there exists a morphism 0 : ¥ — Y* whose
restriction to U is the identity.

Obviously, the cotangent bundle of a symmetric domain M = G/K is the homo-
geneous bundle associated with the adjoint representation on (Lie(G)/Lie(K))Y.

We will not need the exact definition of a singular Hermitian metric, ‘good on Y’
in the sequel. Let us just recall that this implies that the curvature of the Chern
connection V}, of h represents the first chern class of F.

Theorem 2.1 ([Mu77] Theorem 3.1 and Proposition 3.4).

a. Suppose that Ey is a homogeneous bundle with Hermaitian metric h induced
by ho as above. Then there exists a unique locally free sheaf E on'Y with
E|y = Ey, such that h is a singular Hermitian metric good on'Y .

b. For Ey = Q; one obtains the extension E = (3-(log S).

c. For Ey = wy one obtains the extension E = wy(S) and this sheaf is the
pullback of an invertible ample sheaf on Y*.

Corollary 2.2. Assume that U maps to the moduli stack A, of polarized abelian
varieties, and that this morphism is induced from a homomorphism G — Sp by
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taking the double quotient with respect to the maximal compact subgroup and a
lattice as in Section 1.

Then the Mumford compactification Y satisfies the Assumptions 0.1 and Condi-
tion 0.2.

Proof. 1f the bounded symmetric domain M decomposes as M; X - - - x M, hence if
Aut(M) =: G = Gy x- - -x G, the sheaves Q}, are homogeneous bundles associated
with (Lie(G;)/Lie(K;))". They descend to sheaves Q;; on U which extend to €;
on Y. The uniqueness of the extensions implies that Q3 (logS) = Q; & - - & Q.
Let f : A — U denote the universal family over U, and let F(}’O = [ e denote
the Hodge bundle. Since U — A, is induced by a homomorphism G' — Sp, and
since the bundle Q}ng is homogeneous on A, its pullback to U is homogeneous

under G. The latter is isomorphic to S?(F").

The sheaf Qf; is a homogeneous direct factor, hence the uniqueness of the ex-
tension in Theorem 2.1 implies that 2} (log S) is a direct factor of the extension of
S2(F;°) to Y. We may assume that the local monodromies of R'f,C4 around the
components of S =Y \ U are unipotent. Then the Mumford extension is S?(F*?),
where F' = 10 @ F%! is the logarithmic Higgs bundle of R'f,C4. Moreover, as
shown by Kawamata (e.g. [Vi95, Theorem 6.12]), the sheaf F10 is nef. So S?(F')
and the direct factor Q3-(log S) are both nef.

The ampleness of wy () follows directly from the second part of [Mu77, Propo-
sition 3.4]. In fact, as remarked in the proof of [Mu77, Proposition 4.2], this sheaf
is just the pullback of the ample sheaf on the Baily-Borel compactification of U.

It remains to verify that 2, (log S) is u-polystable and that for all i §; is u-stable.

Using standard calculation of Chern characters on products, as in Section 4, it
is easy to show that the slopes 1(£2;) coincide with p(€Q5-(log S)). The p-stability
of €; follows from Lemma 2.5 by a case by case verification that for M; irreducible
the representation attached to the homogeneous bundle €2, is irreducible.

Alternatively, since we have verified the Assumptions 0.1, we can use Yau’s Uni-
formization Theorem, stated in [VZ07, Theorem 1.4]. It implies that Qi (log ) is
p-polystable. Then the sheaves €2;, constructed above, are p-polystable as well.
Moreover, if €2; decomposes as a direct sum of two p-polystable subsheaves the cor-
responding M; is the product of two subspaces. So if we choose the decomposition
M = My x --- x M, with M; irreducible, the sheaves §2; are u-stable. O

Example 2.3. Let E};? be a Hodge bundle of a uniformizing C-variation of Hodge
structures V over U. Then EJ;? is a homogeneous vector bundle and the cor-
responding invariant metric h is the Hodge metric, induced by the variation of
Hodge structures. Let Y be a Mumford compactification of U. By Theorem 2.1
there exists a good extension of E}¢ to Y.

On the other hand, as described in the introduction, one has the canonical
Deligne extension of V ®¢ Op to Y. The compatibility of this extension with
the F-filtration (see [Sch73]) gives another extension E*9 of EFY to Y.

Lemma 2.4. In the Example 2.3 the canonical Deligne extension EP? of E[? to
Y coincides with the Mumford extension of Ej;* in Theorem 2.1, a).

Proof. Let eq,...,e, be a local basis for the canonical extension EP?. Building up
on [Sch73], [CKS86, Theorem 5.21] describes the growth of the Hodge metric near
S. In particular ||e;|| is bounded from above by the logarithm of the coordinate
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functions z1, ..., z;. The Deligne extension is uniquely determined by the condition
of logarithmic growth for the Hodge metric near S.

Since the metric h coincides with the Hodge metric and since Mumford’s notion
‘eood’ implies that h(e;) is bounded from above by the logarithm of the coordinate
functions zy, ..., 2k, unicity implies that the Deligne extension and the Mumford
extension coincide. (|

Lemma 2.5. Suppose that the vector bundle E on'Y is Mumford’s extension of an
irreducible homogeneous vector bundle E|y. Then E is stable with respect to the
polarization wy (S).

Proof. By definition of Mumford’s extension ([Mu77, Theorem 3.1]), E carries a
metric i coming from the G-invariant metric, again denoted by 5, on the pull back
E of E to M. As mentioned already, for a singular metric, good in the sense of
Mumford, the curvature of the Chern connection V; of h represents the first chern
class of E.

We claim that the restriction of Vj to U is a Hermitian Yang-Mills connection
with respect to the Kéhler-Einstein metric g on ;. In fact, the pull back vector
bundle E on M is an irreducible homogeneous vector bundle.

So our claim says that this G-invariant metric » on E is Hermitian-Yang-Mills
with respect to the G-invariant (Kihler-Einstein) metric g on Q1, with the ar-
gument adapted from the proof of [Ko86, Theorem 3.3 (1)]. The g—trace of the
curvature A,(©y) of h is a G—invariant endomorphism on the vector bundle E,
and

Ng(On)o := Ng(On)| g,

is an K —invariant endomorphism on the vector space Ey. Since the maximal com-
pact subgroup K acts on Ej irreducibly, Ng(On)o must be a scalar multiple of the
identity on E,. The facts that G operates on M transitively and that the induced
action of G on E commutes with A,(©},) imply that A,(©}) is a constant scalar
multiple of the identity endomorphism. So, A is a Hermitian-Yang-Mills metric
with respect to the G-invariant (Kahler-Einstein) metric g on Q},. Here we regard
0}, as an irreducible homogeneous vector bundle. On the quotient U we obtain the
Hermitian-Yang-Mills metric h on E|y with respect to the Kéhler-Einstein metric
g on Q.

Suppose that F' C E is a subbundle and let s be the C* orthogonal splitting
over U. By Theorem 5.20 in [Kol85] the curvature of the Chern connection to h|p
represents the ¢;(F'). The Chern-Weil formula implies

R(Vniey) = R(Vi)lF + su A sy

The Hermitian Yang-Mills property of h yields u(F) < pu(E) and equality holds if
and only if sy is holomorphic.

If the equality holds, the pullback of sy to M gives an orthogonal splitting of
Hermitian vector bundles

7T*E|U = 7T*F|U @T*Fll[j.

By Proposition 2 on p. 198 of [Mk89] this contradicts the irreducibility of E|y.
Thus F is u-stable. [

Lemma 2.6. Suppose that E; are vector bundles on'Y , that are Mumford’s exten-
sions of irreducible homogeneous vector bundles F;|iy. Then Ey® Ey is p-polystable.
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Proof. Let p; be the representation corresponding to E;. Since the E; are u-stable,
E1 ® F5 is p-semistable. Repeating the calculation of the curvature of the Chern
connection from the previous Lemma, the existence of a subbundle of F; ® Fy of
the same slope as F; ® Fy implies that the respresentation p; ® py corresponding
to F1 ® Es is not irreducible. Since K is reductive, p; ® ps decomposes as a direct
sum of irreducible representations. Each of them defines a p-stable bundle, again
by the previous Lemma, and equality of slopes follows from semistability. U

Before proving the first part of Proposition 0.3 for the Mumford compactification
Y, let us show that the Arakelov equality is independent of the compactification
Y and compatible with replacing U by an étale covering U’.

Lemma 2.7. Let § : U — U be a finite étale morphism and let Y, S and Y' S’
be two compactifications of U and U’, both satisfying the Assumptions 0.1. Let
p denote the slope on'Y with respect to wy (S) and ' the one on' Y’ with respect
to wy/(S"). Given a complex polarized variation of Hodge structures V on U with
unipotent monodromy at infinity, let (E,0) and (E',0") be the logarithmic Higgs
bundles of V and V' = 0*V. Then

i. deg(6) - u(E*™9) = p/(E"~99), for ¢ =0, 1.

ii. deg(0) - (- (log S)) = 1'(Q5-(log 5)).
iii. In particular the Arakelov equality on Y implies the one on Y.

Proof. Choose a compactification Y of U’, with S = Y\ U a normal crossing divisor,
such that the inclusion U’ — Y extends to a birational morphism & : Y — Y’ and
such that the finite morphism 0 : U’ — U extends to a generically finite morphism
5:Y =Y.

The Assumptions 0.1 implies that the sheaves £ = §*wy (S) and L' = ¢*wy(S")
are both nef and big. Moreover for some effective exceptional divisors £ and E’
one has

wy(S) =L 0Oy (E) =L @Oy (E).

Since £ is big, one can find an effective divisor F' on Y and some v sufficiently
large, such that the sheaf £” ® Oy (—F) is ample. Replacing F' and v by some
multiple, one can as well assume that £ ® Oy (—F) and £L” @ Oy (—F) @ wy(S) 7!
are very ample. Replacing F' and v again by some multiple, one may even assume
that the sheaves £° ® Oy (—F) are generated by global sections for all 3 > v (e.g.
[Vi95, Corollary 2.36]). Choosing v large enough and a suitable effective divisor
F', the same holds true £” @ Oy (—F").

Since for all 3> 0

HOY, £%) = HY(V ,wy (S)%) = HO(V, ),

this implies that £ = £'. Let us write i for the slope with respect to the invertible
sheaf L= L"on Y.

The Deligne extension of V ®c Op is compatible with pullbacks. This implies
that 0*E'=%9 = 5* E’'=%4_and by the projection formula

deg(6) - p(E707) = (5" Y1) = (o B11) = i (E109)
and  dim(U) - deg(d) - u(Qy(log S)) = deg(é) - u(wy (5)) = A(L) =
(L") = i (wy () = dim(U) - 1/ (Qy(log 5)).

Of course, iii) follows from i) and ii). O
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We now prove Proposition 0.3 except for the statement v). The latter will be
shown at the end of Section 6, by applying Addendum 0.9, III.

Proof of Proposition 0.3, part i)-iv) for Mumford’s compactification.

Those properties can be verified over some étale covering of U. So one may assume
that that U — A, factors through a fine moduli scheme, hence by by Theorem 1.3
through XMT = X, x X, with image of the form &} x {b}. Let T denote the
irreducible direct factor of the uniformizing C-variation of Hodge structures on the
Shimura variety X} x X5, with V C T|x, x5}

By Schur’s Lemma and [De87, Prop. 1.13] a polarized variation of Hodge struc-
tures on X} X As is a direct sum of exterior products of complex polarized variations
of Hodge structures (see [VZ05, Prop. 3.3]). The irreducibility of T implies that
T = priV; ® pr;Vs, for suitable irreducible C-variations of Hodge structures V; on
X;. Remark that V| T and V; are concentrated in bidegrees (1,0) and (0, 1). Hence
V, has weight zero and is concentrated in bidegree (0,0). Since pr;Vo|x, xqp is a
trivial Hodge structure, independent of the point b, the local system T|y, ) is
just a direct sum of several copies of V;. This remains true if one replaces b by a
different point a € X. The irreducibility of V implies that V =V, so passing from
b to a one does not change the irreducible components of the complex variation of
Hodge structures.

So we may suppose without loss of generality that U is a Shimura variety of
Hodge type given by the datum (G, M).

Our first aim is to exhibit E%° and E%! as homogeneous vector bundles. Let
7 : G — CSp be the map given by the property ‘of Hodge type’. Choose a base
point on the symmetric domain M and its image on M’ := M(Q). There are
maximal compact subgroups K of G and K’ = U(g) of Sp such that U — A,
is uniformized by the map M = G4/K — Sp/K' =: M'. Let ny : D — U and
T4, - D' — Ay be the natural quotients modulo arithmetic subgroups. The choice
of the base point in M’ is equivalent to the choice of a @-symplectic basis {a;, b;}
of V' such that we have h(i)(a;) = b; and h(b;) = —a; by 1.1.

Since the (1,0)- and (0, 1)-parts of ﬂjg(le*CA) are the i resp. —i-eigenspaces
of h(7), they are homogeneous bundles. Moreover, they are given by the represen-
tations pean and Pean, where pean @ U(g) — GL(g) is the standard representation.
The (1,0)- and (0, 1)-parts of 7};(R' f.C4) are consequently homogeneous bundles
too, given by the representation pea, © 7|k and Pean © 7|k -

Next, we link two notions of irreducibility. Since 7y is the quotient map by an
arithmetic group I' C G(Q), whose image in G® is Zariski-dense, C-irreducible
summands of R!'f,C4 are in bijection with C irreducible summands of the repre-
sentation

7:G — G — CSp.

Here G2 — G*! is the universal covering and the map to G2 — G is induced
by the canonical splitting of Lie(G) into its abelian and its semisimple part. We
determine these C irreducible summands, following [De79, §2.3.7 (a)], see also
[Sa65] or [Sa80].

By [De79, §2.3.4] the simple components of Gy are are absolutely simple. Write

Gad — >< GZ

el
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and partition the index set I = I, U I, according to whether G; is compact or
not. By [De79, §1.3.8 (a) and §2.3.7] the irreducible direct factors of V¢ are of the

form ®¢erW; for some T' C I, where W, is an irreducible representation of G;g.
Moreover, the condition (SV1) forces T'N I, to contain at most one element, see
[De79, Lemma 1.3.7] This shows i).

If TNI, =0, then V is unitary. We thus restrict to the other case from now on.
Then the condition ‘Shimura variety’” imposes the restrictions to the representation
of the non-compact group as in the hypothesis of Lemma 2.8, stated below. From
this lemma we deduce that in each case the representation of K ¢ G® is irreducible.

Now we know by Lemma 2.5 that for each irreducible summand V of R!f,C4,
both E'0 and E%! are p-stable. By Lemma 2.6, the bundle Hom(E" E%!) is
p-polystable with the p-stable summands given as homogeneous bundles by the
irreducible summands of the representation p ® p¥, where p = pean 0 7. This proves
iii) and iv). Since M — M’ is induced by a group homomorphism and hence totally
geodesic, the tangent map

Ty — Tyl = Hom(EY?, E%1)

is onto a direct summand. Since it is a map between homogeneous bundles, the
direct summand corresponds to an irreducible summand of the representation p ®
p"Y. Consequently, the map

(Ty) — Hom(EN0, EOL)|,

between the Mumford extensions is an injection onto a p-stable summand. Since
the Mumford extension of Ty is Ty (—log S) and the Mumford extension of E is
the Deligne extension, we obtain

Ty (= log S)) = u(E") — u(E™Y),
i.e. the Arakelov equality, stated as ii). O

We keep the notations of the preceding proof, that will be completed with the
following lemma. We follow [De79] and define a cocharacter x : G,, — (G;)c
induced by h : Resc/rG,, — GRr in the following way. Fix an isomorphism

(Resc/rGm)c = Gy, X Gy,
such that the inclusion
(Resc/rGr)(R) — (Rese/rGir)(C)
is given by z — (z,%Z). Let i : G,, — G,, X G,, be the inclusion given by the
identity in the second argument. Then x := h¢ o 1.

Given y, we let ¥ be the inductive system of fractional lifts of x to G ([De79,
§1.3.4]).

Lemma 2.8. Let 7, : a — GL(W,) be an irreducible representation whose highest
weight « is a fundamental weight and such that

(2.1) (V.a+i(a) =1,

where 1 is the opposition involution. Then Wy is the sum of two non-empty weight
spaces, denoted by th,o and Wto’l. Both weight spaces are irreducible representa-
tions of the maximal compact subgroup K; of Gj.
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Proof. The equivalence of the condition (2.1) and the decomposition into two weight
spaces is in ([De79, §1.3.8]). The possible solutions to 2.1 are listed on [Sa65, p. 461].
We distinguish the cases according to the Dynkin diagram of G;. We use that the
cocharacter X satisfying (2.1) determines a special node in the Dynkin diagram
([De79, §1.2.5]).

Type a,: In this case G; = SU(p,q) with p + ¢ = n — 1, depending on the
signature of the bilinear form induced by the Cartan involution ad(h(7)). We may
assume p > ¢. The maximal compact subgroup is

Ki = SU(p) x U(q))-

If ¢ > 1 only the standard representation satisfies 2.1. The weight spaces th,o and
W' carry the standard representation of SU(p) and SU(q) respectively and are
hence irreducible.

If ¢ =1 all j-th wedge product representations for j = 1,...,n — 1 satisfy 2.1.
The weight spaces W,"° (resp. W) carry the j-th (resp. j — 1-st) exterior power
representation of SU(p), which is also irreducible.

Type b,: In this case is G; = SO(2,2n — 1) (type IVa,_1 in [Sa80])) and the
only representation that satisfies 2.1 is the spin representation of the double cover
Spin(2,2n — 1) — G;. The maximal compact subgroup is

K, 2 S0(2n — 1,R) x SO(2, R).

We claim that one weight space carries the tensor product of the spin representation
of SO(2n — 1) and one of the natural representations SO(2,R) — U(1) while the
other weight space carries the tensor product of the spin representation and the
complex conjugate representation of SO(2,R). In both cases the representations
are well known to be irreducible.

In order to prove the claim we write down the spin representation explicitly
and exhibit its weight spaces. We follow the notations of [Sa65, §3.5]. Let G;
be the group of transformations of Vg preserving a bilinear form S of signature
(2n —1,2). Let {e1,...,e2,-1} (resp. {€a,, €2,41}) be an orthonormal bases of V'
(resp. V), the subspaces where the form is positive (resp. negative) definite. We
let fj = (62]'—1_'—7;62]')/2 fOI'j = 17 e ,TL—]. and fn = (€2n+i€2n+1)- Denote by W the
complex vector space generated by the f;. The exterior algebra £ = A(W') embeds
into the Clifford algebra of C(V, S). For an ordered subset J = {i1,...,i,} C N :=
{1,...,n} we consider the elements f; = f;, --- f;, and their complex conjugates
in the Clifford algebra. We identify E with the left ideal F - fy and obtain a
representation of Spin(2,2n — 1) on E.

We may choose in

Lie(G;) = {(5({1%2 ))((122) : X4, X9, Xoreal, X1, X, skew symmetric} )

a maximal abelian subalgebra,

(¢ ) (2, )2 ) en))

Then by the calculation in [Sa65, p. 455]) the f are eigenvectors with correspond-
ing weight %(Ziej §i — > ics &) The map x corresponding to the special node is

generated by the element Hy € Lie(G;) with X; =0, X15 = 0 and X, = ((1) _()1)
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We deduce that the weight spaces I/Vil’0 (resp. I/Vio’l) are generated by the f; with
n & J (resp. by the f7 with n € J).

From this we first read off that SO(2,R) acts on the weight spaces as claimed.
Fix the root system

{Z(fl - 52)7 v >i(€2n—2 - £2n—1)7 i£2n—1}

e~

of so(2n — 1). Consider W;'* as a representation of SO(2n — 1) of dimension 2" 1.
A vector of highest weight is fy\(n) with weight /2 Z?;ll &. Consequently, the
representation contains a spin representation of Spin(2n — 1) — SO(2n — 1). For
dilgfnsion reasons the representation is irreducible. The same argument applies to

Type c¢,: In this case G; = Sp(n), and as in the beginning of the proof of
Proposition 0.3 above, the weight spaces carry the standard representation of U(n)
and its complex conjugate. Thus, they are irreducible.

Type d,,: This case splits into two subcases according to the x or equivalently
according to the position of the corresponding special node in the Dynkin diagram.

Special node at the ‘fork’ end. In this case

G; = SU™ (n,H) = SU(n,n) N SO(2n,C) C Sl(2n,C)

where H denotes the Hamiltonians. In this matrix representation the weight spaces
are given by the n first (resp. last) column vectors. The maximal compact subgroup

K; = U(n) sits in G; via
: A B
A+zB»—>(_B A)

Consequently, both weight spaces are n-dimensional and carry the irreducible stan-
dard representation of U(n).

Special node at the opposite end. This is completely similar to the case b, re-
placing ‘spin’ by ‘half spin’ representations throughout.

Exceptional Lie algebras do not admit any solution to 2.1. 0

3. SLOPES AND FILTRATIONS OF COHERENT SHEAVES

We will need small twists of the slope p(F) defined with respect to the nef
and big invertible sheaf wy (S) in 0.2. So we will decompose the slope in a linear
combination of different slopes and we will deform the coefficients a little bit. In
particular, as in [La04], we will compare the Harder-Narasimhan filtrations for
small twists of slopes.

On the non-singular projective variety Y of dimension n consider n — 1-tuples of
R-divisors

Q(L) = (DY), S 7D’ELLZ]_)7
for « = 1,...,m. The collection of those divisors will be denoted by D®. Given
two such tuples D and D'® we define the sum componentwise, hence

Qm +Q/(.) = [(DY) + D/1(L)7 e aDT(ZLzl + D:fi)l); v=1,... ,m}.

Definition 3.1. We call D a semi-polarization if the R-divisors D](-L) are nef for

t=1,...,mand for j =1,...,n — 1 and if the intersection cycle
(DW)y' .= p\.... DY

is not numerically trivial for . = 1,... ,m.
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For a coherent torsion free sheaf F on Y and for each ¢ € {1,...,m} one defines
the slope
c1(F).(D")"!
rk(F) ’

fpw (F) =

and adding up

" ey (F).(DY)n
3 (F).(D*")"

(3.1) Hp(e) (.7") = M[Q(l) ..... Q(m)](}—) = ;ﬂD(L) (:F) = rk(}—)

In the sequel we will assume that D® is a semi-polarization, and we fix a torsion
free coherent sheaf F on Y. If there is no ambiguity, we write g/ in this Section

.....

slope is taken with respect to wy (.5).
Given an exact sequence of torsion free coherent sheaves

0 —F —F —F"—0,
an easy calculation shows that
rk(F") rk(F")

(32) W) = e )+ e M

In order to define ‘stability’ for locally free or torsion free coherent sheaves one
has to take care of boundary divisors of slope zero, i.e. of prime divisors D with

1 (Oy (D)) = 0. Since the divisors DJ(-L) are nef, this is equivalent to the condition
D.(Q(L))”_1 =0,fore=1,...,m.

Definition 3.2. Keeping the notations introduced above, let F and G be two
coherent torsion free sheaves on Y.

a. A subsheaf G of F is p'-equivalent to F, if F/G is a torsion sheaf and

if ¢1(F) — ¢1(G) is the class of an effective divisor D with p/(Oy (D)) =

0, or equivalently with D.(DW)*~1 = 0, for + = 1,...,m. We call z'-

equivalence the equivalence relation on coherent sheaves generated by pu-

equivalent inclusions.

A morphism G — F is surjective up to p'-equivalence, if its image is p'-

equivalent to F.

G C F is saturated, if F /G is torsion free.

Fis p'-stable, if 1/ (G) < p/(F) for all subsheaves G of F with rk(G) < rk(F).

F is p'-semistable, if 1/(G) < p/(F) for all subsheaves G of F.

F is p/-polystable if it is the direct sum of p'-stable sheaves of the same

slope.

g. A saturated subsheaf G of F is called a maximal destabilizing subsheaf, if
for all subsheaves £ of F one has p/(£) < ¢/(G) and if the equality implies
that £ C G.

=

-0 20

We will give a nicer description of the relation ‘u-equivalence’ in a special case
at the beginning of Section 4.

Lemma 3.3.

L. If F is y/-stable and if G C F is a subsheaf with 1/ (G) = y/(F) then F and
G are u'-equivalent.

2. A i -polystable sheaf F is p'-semistable.

3. In particular, if H is invertible, then @ H is ' -semistable.
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Proof. If G is a subsheaf of F with rk(G) = rk(F) then ¢;(F) —c;(G) is an effective
divisor D. Since all the D]@ are nef, one finds D.(D™)"~! > 0 and hence 1/(G) <
' (F). This implies 2) in case that F is p'-stable.

For p/-polystable sheaves 2) follows by induction on the number of direct factors,
and 3) is an example for the statement in 2).

If F is p'-stable and p/(G) = p/(F), then by definition rk(F) = rk(G), hence
D.(DW)=1 =0 as claimed in 1). O

Later the divisors DEL) will correspond to the determinant of the p-polystable
direct factors Q; of Q- (log S) in the decomposition 0.6, each one occurring as often
as the rank of €);, except the one corresponding to the upper index ¢. For one ¢ we
will multiply in 3.1 ppw by a factor 1 +e.

We consider in this section a more general and more flexible set-up than needed
in the sequel, hoping that it might be of use in a different context. We choose a
second tuple

HY = (HY, ... HY)

y Tin—1
of nef R-divisors, for « =1, ..., m, and the polynomial
) — _N~aln).@Y 4t 2O
Nt<f> = Hp@) re.qg® (]:) = ; rk(]:)

Of course one has ji,(F) = /(F). The cycle (D© +t- H®)"~! can be written as
DVW.... pW. Ztnflf\fl .pW ... pW gL .. gW

i 7T { i S T n—1-1
IeT

where the sum is taken over the set Z of ordered subsets
[:{’il,...,im} of {1,...,71—1}

of cardinality |I| < n — 1, and where {ji,... vjjn717|1|} is the complement of I in
{1,...,n — 1}, again as an ordered set. For a coherent sheaf G one has

(3.3) pn(F) = py(G) = p/ (F) = w/(G) + Y _ "1 (W(F) = w'(G)),

m e (G).DY. - DY HY. .. HY

. 7 _ i T a1
(3.4) with (g)_; G

Lemma 3.4. For a coherent sheaf F of rank r consider the sets

n—1
S={u(G); GCFYCR and S={u(G)=> a,-t; GCF}CR[.
v=0

Then

i. the set S is discrete and bounded from above.
ii. There ezists some ¢y > 0 and some ‘mazimal’ element G(t) € S, such that
for all F(t) € S with F(t) # G(t) one has G(€) > F(e) for 0 < e < €.

Proof. Let S’ be the set of all coefficients occurring in F(t) € S. We will first show,

that the set S’ is discrete and bounded from above. Since S C ', this implies i).
For H invertible and sufficiently ample F ® H is generated by global sections.

Hence F is embedded in @ H. Then under the projection to suitable factors,
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any subsheaf G C F of rank 7’ is isomorphic to a subsheaf of @T, H and ¢,(G) =
r-c1(H) — D for some effective divisor D.

Since the divisors D§L) and H ](L) are all nef, the intersection of the 1-dimensional
cycles
D(L). . D(L) H(L). . H(L)

i1 Tttt -1

in 3.4 with any divisor is a non-negative multiple of a fixed real number, So one

may write
m n—1
DDt BT =R (Z O‘”’“C“’”> :

=1 v=0 °w
for o, € R and for linear combinations C),, of curves with D.C,, > 0 for all
effective divisors D. Then —S' is discrete, as a subset of the union of translates of

finite many copies of
U ot
v

Moreover S’ it is bounded above by the maximal coefficient ¢ of u,(H).
n—1

On the set S consider the lexicographical order. So > /" a, -t < ZZ;(I) b, - t¥
if a, = b, for v < j and if a; < b;. Obviously S contains a maximal element

G(t) = S0_o b, -tV for this order.
Choose € € (0,1) to be a real number with

n—1
1 .
—Zsup{ E (c—by)t”_]_l;tE[O,l],jzl,...,r—l},

€0 ceS v—j+1

and such that for v =0,...,7 one has [b, — /€y, b, + /€] NS = {b,}.
Since G(t) > F(t), for some j and for 0 < € < ¢y one finds

n—1

G(e) = F(e) = Z(b” —a,)- € >

n—1 1

Oy a) e 3 (=0 >0 (VA me ) 20

We will consider next values of the polynomials F(t) € S for small € € Rx,.

Definition 3.5. For € € R consider a filtration 0 = Gy C G, C --- C Gy = F
with G, /G,-1 torsion free and pl-semistable, for o = 1,...,¢, and with

(3.5) Hemax(F) = pe(G1) 2 1e(G2/Gr) = -+ 2 p1(Ge/Ge1) = He gnin(F)-

The filtration is called a p.-Harder-Narasimhan filtration if the inequalities in (3.5)
are all strict, and it is called a weak pi-Jordan-Hélder filtration if p_ .. (F) =

/J/e,min(f )
Lemma 3.6. Let F be a coherent torsion free sheaf on Y.
a. For all e > 0 there exists a Harder-Narasimhan filtration
Go=0CGi C---CG=F
of F with respect to p. and this filtration is unique.
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b. There exists some €y > 0 such that the filtration in a) is independent of €
foreg > € > 0.

c. If F is y'-stable, then for some eg > 0 and for all eg > € > 0 the sheaf F is
.-semistable.

Proof. For € > 0 we apply Lemma 3.4, ii). For the polynomial G(t), given there,
choose a subsheaf G C F with G(t) = u;(G), for all t € R. Moreover for 0 < € < ¢
the slope p.(G) = G(¢) is maximal among the possible slopes of subsheaves of F.
This allows to assume that G is saturated. If there are several subsheaves of F
with the same slope, we choose a saturated one of maximal rank.

If for £ C F one has p.(€) = p.(G), then by 3.2 the slope of E® G is pl.(G). The
maximality of the slope of G implies (€ NG) < pl(G) and p (€ + G) < ul(G).
By 3.2 this is only possible if 4. (€ +G) = p.(G). Then the maximality of the rank
of G implies that rk(€ + G) = rk(G), and £ C G.

So G is a maximal destabilizing subsheaf of F, and it is independent of ¢ €
(0, €o]. The existence and uniqueness of a p.-Harder-Narasimhan filtration follows
by induction on the rank. Here of course we have to lower ¢ in each step.

For ¢ = 0 the existence and uniqueness of the Harder-Narasimhan filtration
follows by the same argument, replacing the reference to part ii) of Lemma 3.4 by
the one to part i).

Assume now that F is p/-stable and consider the Harder-Narasimhan filtration
in a). Then

p(Gr) = lim (G1) 2 Ty ! () = /().
By assumption, F is stable, with respect to y’, hence G; = F, and ¢ = 1. O

Although this will not be used in the sequel, let us state a strengthening of the
last part of Lemma 3.6.

Addendum 3.7. For € sufficiently small, the sheaf F in part c) is u.-stable for
all g > € > 0.

Proof. Part i) of Lemma 3.4 and the p/-stability of F imply that
v = Inf{p(F) = p/(G); tk(G) <rk(F)} > 0.

Let us return to the slopes /! introduced in 3.3 and 3.4. By part a) of Lemma 3.6
there exists a Harder-Narasimhan filtration

Gi=0CGlc---CcGl =F

with respect to pf. In particular for G C F one has p'/(G) < p/1(Gl).
Choose €y > 0 such that for 0 < € < ¢, and for all / € 7 with |I| < n — 1 one

has
1

> n—|I|-1 "ol I
For a subsheaf G C F of strictly smaller rank one finds

W(F) =" (G) = W (F) — (G,
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and thereby

PAF) = pl(G) =y + Y e (W(F) = w'(9)) =

1€l

yA Y e (W (F) = )N (G) =y -

1€l

|Z|
1Z|+1

-y > 0.

O

Corollary 3.8. Assume in Lemma 3.6 that F is u'-semistable. Then there exists
a weak ' -Jordan-Hdélder filtration

Go=0CG C---CG =F

and some €y > 0 such that for all € € (0,¢] the filtration G, is a p.-Harder-
Narasimhan-filtration.

Proof. The filtration G,, constructed Lemma 3.6, b), is a p/-Harder-Narasimhan
filtration for all 0 < e < ¢y. Taking the limit of the slopes for u! one obtains

e (F) = 1/(G1) 2 p'(G2/Gr) = -+ > 1 (Ge/Ge1) = pnin(F),

and since F is p/-semistable, those are all equalities. O

4. SPLITTINGS OF HIGGS BUNDLES

The negativity of kernels of Higgs bundles provide a well-known criterion for the
orthogonal complement of a subbundle K of E*° to be a holomorphic subbundle:
It suffices to show that the slope of the cokernel @ with respect to the canonical
polarization is zero. In this section we extend this to a criterion that zero slope
with respect to canonical semi-polarizations implies — best that one can expect
— vanishing of 0/dz-derivatives of the orthogonal splitting map @ — E° in the
corresponding directions.

Assume again that Y is non-singular, that U C Y the complement of a normal
crossing divisor S, and that the positivity conditions stated as Assumptions 0.1
hold true. Then one has the decomposition (see 0.6)

Q;(logS) = Q1 D--- @Qs
as a direct sum of p-stable subsheaves €2; of rank n;.

Lemma and Definition 4.1.

i. The p-stable direct factors ; and their determinants det(§2;) are nef. The
cycles ¢1 ()" are numerically trivial.

ii. Foruvy,...,vs with vy + -+ vy = n the product c1 (). -+ .c1(Q)” is a
positive multiple of ¢1(wy (S))", if v, =n, for o = 1,...,s. Otherwise it is
zero.

iii. Cl(Ql)nl. s .Cl(QS)nS > 0.

iv. Let D be an effective Q divisor. Then D.ci(wy(S))"™' =0 if and only if

D.Cl(Ql)Vl. cee .Cl(Qs)VS =0
forall vy, ..., vy withvy +---+vs=n—1.
v. Let NSy denote the subspace of the Neron-Severi group NS(Y)q of Y which

1s generated by all prime divisors D satisfying the equivalent conditions in
iv). Then all effective divisors B with class in NSy is supported in S.
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vi. If for some o € Q one has ¢1(€;) — a - ¢1(€);) € NSy then i = j.

Proof. Parts 1), ii), iii) and vi) have been shown in [VZ07, Lemmata 1.6 and 1.9].
Part iv) follows from the nefness of det(€2;). For v) consider a prime divisor D
whose support meets U. Since wy(S) is nef and ample with respect to U, the
restriction wy (S)|p is nef and big, and hence D.c;(wy(S))"* > 0. So the nefness
of wy (S) implies that none of the components of B in v) can meet U. O

Using the notations from Section 3 consider m = 1 and the tuple DV where all
divisors are Dj(-l) = Ky + S for some canonical divisor Ky. Then the slope p D (F),
considered there, is equal to p(F). Using Lemma 4.1 the p-equivalence, as given
by Definition 3.2, can be made more precise. Recall that we define two torsion free
coherent sheaves G and F to be p-equivalent, if there is a chain of u-equivalent

inclusions
G=GI—Fi G = Fpe-onn- —Fr1 =G —F=F.

Addendum 4.2. Let 7 : U' — Y be the complement of all prime divisors D < S
with D € NSy. Let F and G be torsion free coherent sheaves on Y .

vii. Assume that G is a subsheaf of F which is p-equivalent to F. Then c1(F) —
c1(G) lies in the subspace NSy, defined in Lemma 4.1 v), and G|y — F|u
1s an isomorphism. In particular this holds if G — F is an inclusion of
u-semistable sheaves of the same slope and rank.

viii. The following conditions are equivalent:

a. G and F are p-equivalent.
b. There exists an isomorphism G — 7 F.
c. There exists an effective divisor B € NSy with G C F ® Oy (B).

ix. Let 0 : G — F be a morphism of u-semistable sheaves of the same slope,
and let Tm'(0) denote the saturated image, i.e. the kernel of

F— (‘/T/Im(e))/torsion-

Then Im'(0) is a p-semistable subsheaf of F of slope u(F), and the inclusion
Im(6) — Im'() is an isomorphism over U’.

Proof. Part vii) follows directly from the definition of p-equivalence in 3.2 and from
the definition of NSy in Lemma and Definition 4.1. As a consequence, in viii) the
condition a) implies b).

On the other hand, given an isomorphism 7°G = 7*F hence 7,7"G = 7, 7*F,
one finds effective divisors B and B’, both supported in Y \ U’, with

G—G®0y(B)=F®0y(B) — F.

In particular b) implies ¢). Finally, since B € NSy one finds that c¢) implies a).
For part ix) one just has to remark that the nefness of wy (S) implies that

w(G) < p(Im(6)) < p(Im'(F)) < p(F).
O

Example and Definition 4.3. Let F be a p-semistable torsion free coherent
sheaf. As for slopes defined by polarizations (e.g. [HL97, page 23]) one finds for
semi-polarizations a maximal p-polystable subsheaf Soc(F) = G & --- @& G, of
slope p(F). Remark that in general the saturated hull of Soc(F) is no longer
p-polystable, but for some effective divisor B € NS it will be contained in the
p-polystable sheaf (G; @ - -+ @ G;) ® Oy (B), and both are p-equivalent.
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In Section 6 we will need the cosocle Cosoc(F) of F, defined as the dual of the
socle of FY. In down to earth terms this is the largest u-polystable sheaf of slope
p(F) for which there exists a morphism 6 : F — Cosoc(F), surjective over some
open set.

In the sequel we consider again an irreducible polarized complex variation of
Hodge structures V of weight 1 with unipotent monodromy at infinity and with
Higgs bundle

(BE=E"YeEY, 0: B — F% @ 0 (log 5)).

We assume that V is non-unitary, hence that 6 # 0.

Recall that a Higgs subsheaf (G, 0|g) of a Higgs bundle (F, 0) is a subsheaf with
0(G) C GO (log S). Correspondingly a torsion free Higgs quotient sheaf is of the
form Q = F/G, where G is saturated and a Higgs subsheaf. By [VZ07, Proposition
2.4] one obtains as a corollary of Simpson’s correspondence:

Lemma 4.4. Let DY be a finite system of n — 1-tuples of nef R-divisors. Let
(E,0) be the Higgs bundle of a complex polarized variation of Hodge structures
with unipotent monodromy at infinity. Then:
1. pip@(G) <0 for all Higgs subsheaves G.
ii. ,u;m(Q) > 0 for all torsion free Higgs quotient sheaves Q.
iii. If for one v and for all j the divisors Q§L) are ample with respect to U, then
the following conditions are equivalent for a saturated Higgs subsheaf G of
E and for Q = FE/G:
L. ppe(G) =0.
2. pp@(Q) =0.
3. G is a direct factor of the Higgs bundle E.

Let us write D; for a divisor with Oy (D;) = det(£2;) and consider for . = 1,... s
the tuple E(L)

n,—1 ni Mne—1 MNy4-1 Ns
7\ N\ 7\

(41) (D,,...,D,’Dy,...,Dy,...D,_y,...,D,_1,Dy i1, ..., D,i1,..., Dy, ..., D).

For some binomial coeflicients one can write

w(F) = ZOQ ) #D(O(F)'

To get rid of the «, we replace E(L) by the tuple DY obtained by multiplying each
of the divisors in E(L) by m</a,. So for the intersection cycle one gets

(D(L))n—l —q, - (D(L))n—l

and one finds
(4.2) ppo(F) = a, - pzo(F) and  u(F) =Y ppo (F) = pps (F).
o =1

Remark that s pe) (%) # 0 if and only if ¢ = i.

Properties 4.5.
1. If V is irreducible and non-unitary there exists some ¢ with ) (E*%) > 0.
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2. If £ is an invertible sheaf, nef and big, then for all j one has ppi;) (£) > 0.

Proof. For part 1) remark that Lemma 4.4, ii) and iii) imply that u(E'Y) > 0. For
2) recall that for v > 1 the sheaf £” ® Qj_l has a section with divisor I'. Since the
Dj are all nef, j1;)(Oy(I')) > 0 and hence

V- HQ(J)(ﬁ) > OéjC1(Ql)m. ... ‘Cl(Qs)ns > 0.

Next we consider a small twist of 1 by choosing for € > 0
P F) = € ppw (F) + u(F).

For s > 1 none of the divisors Q§L) is ample. So we are not allowed to apply part
iii) of Lemma 4.4 to the slope 5.

For ,uib} things are better. For a for a Higgs subbundle G of E the first part of
Lemma 4.4 only implies that pu(G) < 0. Since u(G) < 0 the equality ,u;{L}(Q) =0
can only hold for € > 0if 1(G) = ppw (G) = 0. This implies that the saturated hull
of G in E is a direct factor, contradicting the irreducibility of V. So rk(G) < rk(E)
implies that ,u;{L}(Q) < 0.

As we will show in Section 5.1 the same holds for the slopes i) if the universal
covering U is a bounded symmetric domain. Without this information, one just
has the following criterion.

Proposition 4.6. Let
0—K—FY —9—0

be an exact sequence, and let s : Q — EY0 be the orthogonal complement of K.
Assume that for some v the slope ppw) (Q) = 0. Then

a. The composition
Q % B 5 B% @ O (log S) 2 B 0 Q,

18 Z€ro.
b. s: Q — EY is holomorphic in the direction ),.

Remark that a priori s is a C* map. So part b) of the Proposition needs
some explanation. Recall that we have the decomposition U = M; x --- x M,
corresponding to the decomposition of i, (log S) in u-stable direct factors. Write
ny = 0, again n; = rk(£;) = dim(M;) and m; = Zj‘:o n;.

Given a point y € U let us choose a local coordinate system zq,...,z, in a
neighborhood of y such that 7*(z,,, ,+1),..., 7" (2m,) are coordinates on M,;.

Definition 4.7. The inclusion s : @ — E'Y is holomorphic in the direction €, if
its image is invariant under the action of 9/0z, on E* for k=m, 1 +1,...,m,.

Proof of Proposition 4.6. We assume ¢ = 1. Locally, in some open set W C U
choose complex coordinates 21, .. ., 2, as above and unitary frames of £ and E£%!.
That is, choose C®-sections ey, ..., e, of EX? and fi, ..., fo of E%! orthogonal with
respect to the scalar product A(-,-) coming from the Hodge metric, and such that
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el, ..., e, generate K while exy1, ..., e, generate s(Q)). Write the Higgs field 6 in

these coordinates as

n

Oea) =D 0k sfadz.

i=1 p=1
By [Gr70, Theorem 5.2] the curvature R of the metric connection V; on E'? is
given by
(43) Rpo=0A0"=> (Rpo)"dz Az, where (Rpio)l/, = Zez 05

ij=1
For the subbundle X C E'° the composition
b: K — EY I BYOg0l — 0Ok

of the metric connection and the quotient is called second fundamental form. Tak-
ing complex conjugates we obtain a map

c: K=K — Qo0 = 9" e o).

Both maps are only C*°. We write the map ¢ in coordinates

n k
o) = Z Z ¢, geadz;.

i=1 g=1

y [Gr70, Theorem 5.2] the curvature of the metric connection on Q is given by

Ro = (0s)N(0s)" +cNhc" = Z (Ro)"dz; N zj, where

=
(4.4) aﬁ_ZHM M+Z by, for a,fe{k+1,... 0}

We conclude that for all i, the matrices (Rg)"* are positive semi-definite. Moreover
their traces are zero if and only if 0/, ; =0 and ¢, ; =0 for alla, 3 € {k+1,...,(}.
We write R(€2;) for the curvature of det(£2;). By Lemma 4.1 ii) and after rescahng
z; by suitable constants we may assume that over W
R(QZ) = dij_1+1 VAN dzmj_1+1 + -+ dij VAN dij,

keeping the convention my = ny = 0. Then

R(Q)" ' AR(Q)" A ARQ)™ =Y Ci- \dz Adz,
i=1 i
for some binomial coefficients C; > 0. The hypothesis p,1)(Q) = 0 is equivalent
to o
v—1

0= (?) : /Utr(RQ) AR TTARQ)™ A AR(Q)™.
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Since tr(Rg) and all the R(€);) are positive semidefinite, the integral has to be zero
on all open sets, in particular on WW. We deduce

0= / (i tr(Rg)" dz; A dz;) A (i C; - /\de A dz;)

1,j=1 =1 jFi

- / Citr(Ro)™ J\ dz; A dz;.
w

J=1

(4.5)

Hence tr(Rg)"* = 0 for all i and we obtain the vanishing on U of the composition
pr, o 6 o s as claimed in a) and of all ¢, ;5. Since the (0,1)-part of the metric

connection V), is 0, the vanishing of ciy’ 5 1s what is claimed in b). Since the sheaves

Q,, EY% and E%! are locally free, both vanishing statements extend to the whole
of Y. 0

5. PURITY OoF HIGGS BUNDLES WITH ARAKELOV EQUALITY

In this section we will prove Theorem 0.5. So keeping the assumptions from
Section 4 we will assume in addition that V is non-unitary and that it satisfies the
Arakelov equality

H(V) = (™) = u(EP) = (4 (log ).
By [VZ07, Theorem 1] we know that EF'? and E%! are both p-semistable. We keep
the notations from the last section. In particular as in 4.1 and 4.2 we define tuples

DY of divisors for t = 1,..., s with p = ppe) - Moreover
pf =+ e 0]

denotes a small perturbation of the slope u. First we show that this is the slope
associated with a small perturbation of the original collection of divisors by a
suitable collection of nef divisors, as studied in Section 3.

Lemma 5.1. For some tuples of nef R-divisors ﬂ(i) one has uib} = Up@e) 4 g® -

Proof. There are several choices for the H¥. In the description of the tuple of
divisors f)(L) in 4.1 denote the first entry by Dy. Then the first entry in D® is

"a, - Dy. Here £ =1, if n, > 1, or some other index in case that n, = 1.

Then choose the tuples of R-divisors H™ with HJ@ =0fort=1,...,s and for
j=1,....,n—1, except for H{L) which is chosen to be »</«, - D,. This implies
that DY + ¢- HY = DO for i # 1, whereas

(DY +eHY)" ! = (1+¢)- (DY)
So for a sheaf F one finds

Bp@ e (F) =Y tpor e (F) = (L+€) - ppo(F)+ Y ppo (F)
i=1 i

=€- ;LQ@)(}—) + ZMQ<1‘)(F) =€ ,UQ(L)(JT) + MQO)(F) = PJ;{L}(}—)-
=1
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By Corollary 3.8 one finds a filtration G of EX° and some ¢, > 0 such that
G is a pl-Harder-Narasimhan filtration of EX, for all € € (0, €0], and a weak
p-Jordan-Holder filtration. Of course we may choose €y to be independent of .

So the quotient sheaves G\ /G, are u"}-semistable for all € € [0, ¢o], however
not necessarily f1p)-semistable.

Lemma 5.2. Let F be a p-stable subsheaf of EY° with u(F) = u(EYY). Then F
is pure of type v for some v € {1,...,s}. Moreover, each subsheaf F' of E° which
s isomorphic to F is pure of the same type .

Recall from Definition 0.4 that F is pure of type ¢ if the restriction 6|z of the
Higgs field factors like

Fl B g0, S E% @ 0l(log S).
Equivalently, writing T; for the dual of ; and 6} for the the composite

10 g P9, ot g . @ 7y contraction B
one requires 0 (F ® T;) to be zero for i # ¢. Since V is non-unitary this is only
possible if 6Y(F @ T,) # 0.
Proof of Lemma 5.2. Assume that 7' = F and that for some i # ' one has

0/ (FRT,)#0 and 6)(F @Ty) #0.

We will write B; and B; for the saturated hull of those images. The Arakelov
equality implies that 8 and 6} are morphisms between pi-semistable sheaves of the
same slope, hence u(B,) = p(F) + wu(1,) for v =i, i'.

The sheaves F and T, are u-stable. By Lemma 3.6 for € > 0, sufficiently small,

and for all j the sheaves F and 7, are pul'-semistable. Hence F ® T, is pu’’-
semistable, and consequently,

p (B = pH(F) + L) and pp)(B) 2 pp (F) + spo (1),
For « =i and j # ¢ one obtains
02 pp (Bi) 2 ppw (F) + ppu (Ti) = ppo (F),
and for . =i £k
02 ppw (Br) = pupe (F) + ppo (Ter) = ppoo (F') = ppw (F).-

Then i # 4 implies that ppi)(F) < 0 for all j, hence u(F) < 0. Since V is
non-unitary and since p(F) = p(E"?) this contradicts part iii) of Lemma 4.4. [J

Let us define
(5.1) K" =Ker(E"" — E*' ® Q}(log §) — E*' @ @)
JF
Corollary 5.3. There exists some v with KW # 0.

Proof. Choose a direct factor F of the socle of E'Y, hence a u-stable subsheaf
F C EY with u(F) = p(E™?). Then by Lemma 5.2 the bundle F is contained in
K@ for some ¢. O

Lemma 5.4. Assume that V is pure of type ¢, hence that E'° = K. Then for
all j # v one has ppe (EM?) = 0.
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Proof. If E° = K| the saturated image B, of
0y . BV’ T, — E™
has to be non-zero. 6" is a map of p-semistable sheaves of the same slope, hence
1(B,) = p(EY) — pu(€),). For e sufficiently small E° ® 7T, is u”-semistable, and
pINB,) = pH(EM) — pl(9,).
Then for j # ¢ one finds
1o (B.) = ppo (B™) = ppm () = ppw (EY°),
which by Lemma 4.4 can neither be positive, nor negative, hence it must be zero.

O

A similar argument will be used to obtain a stronger statement, which finally
will lead to a contradiction, except if EM = K® for some ¢.

Lemma 5.5. Let ¢ be the length of the filtration G,
a. Then QéL_)l C KW,
b. If KW # B then ppn (G /G)) = 0.

Proof. Let v € {1,...,{+ 1} be the largest number with gﬁl CKW. Ifr=(+1
then B0 = gé” = K and there is nothing to show. So let us assume that v < ¢,
or equivalently that K # E1.0.

For all j # ¢ the restriction of 6 to G induces a morphism

(5.2) g&)/ggl ® T, — B,

and by assumption for at least one j # ¢ this morphism is non-zero. So we will fix
such an index j and assume in the sequel that the saturated image B; of 6| gw s
non-zero.

Since G is a weak p-Jordan Hélder filtration, the morphism in (5.2) is a mor-
phism between p-semistable sheaves of the same slope, non-zero by assumption.
Then

w(G /G @ Ty) = w(E™) + n(Ty) = p(E) = p(B;).
Since j # ¢

MQ(L)(QS)/QSL ®1T;) = ,LLQ<L>(QL(,L)/Q1(,L_)1), and hence
(G 16 © ) = € jp (G5 G) + n(By).
For 0 < e < ¢y the sheaf g&)/gﬁil ® T} is piL}—semistable, which implies that
(5:3) e ppo(By) +u(By) = uH(B)) 2 € jpw (G/G,01) + n(By).
By the choice of G as a u!")-Harder-Narasimhan filtration one has an inequality
(5.4) G /6% < (G 16,2)).

with equality if and only if v = £. Since G is a weak p-Jordan-Holder filtration

the slope p( “ / gﬁ?l) is independent of v. So the inequality 5.4 carries over to
one for the slope ppw. As we have seen in Lemma 4.4, i) one has K (B;) <0,
so rewriting the inequalities 5.3 and 5.4 one gets

(5.5) 1po (67 /689)) < npw (69 /611) <.
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Lemma 4.4, ii) implies however that ;LQ@)(QZSL) /G) > 0. So both inequalities
in 5.5 are equalities and b) holds true. Moreover 5.4 is an equality, hence v = ¢, as
claimed in a). O

Corollary 5.6. If in Lemma 5.5 the sheaf Q = EY°/KY is non-zero, it is pi and
{e}

e’ -semistable. One has

Q) = p(Q) = u(E™) = p(E™) + 1(Qy (log 9)),
and hence jipw(Q) = 0.

Proof. Since K" as the kernel of a morphism between j-semistable sheaves of the
same slope is p-semistable, Q has the same property.

By Lemma 5.5, b) the slope MQ(L)(gé‘)/ggi)l) = (. Since QEL) is a weak p-Jordan-
Holder ﬁltratlon and a ui} Harder-Narasimhan filtration, for all 0 < € < ¢, the
quotient Q’e / Q’e | 1s u{ }_semistable and has slope

g /gg W) =G 1G:%) = w(E).
For j # ¢ the sheaf (; is i -stable of slope pl* }(Q D= 1() = () (log 9)),

hence
g 19" e P,
J#e

is again pi")-semistable of slope p(E1).

Let B be the saturated image of Qéb)/géb_)1®@
and b (B) > p(EO).
On the other hand Lemma 4.4 implies that ;) (B) < 0, hence pi(B) = p(EY).

{}_semistable sheaf of the same slope has to be ,u;{L} -

iz Ty in E®'. Then u(B) = p(E*')

So B as a quotient of a pe
semistable of slope

u(E™) = ul(G /6% © P T)-
J#e
Since @ = EM0/K") is a subsheaf of B® @,, ©; one finds
Q) < 1l (B P y) = u(E™),
e
and since it is a quotient of G\ /G, one has u{?(Q) > u(E®!). One obtains the

{e}

equality of slopes in Corollary 5. 6 Finally Q as a subsheaf of a ¢’ -semistable

sheaf of the same slope is itself Me }_semistable. O

Proof of Theorem 0.5. Renumbering the factors we will assume that ") # 0, and
we will write

Q0= and T=0"

So KW is the kernel of the composition

EY — E% @0l (logS) 2 E% Q.
Let K be the kernel of

EYY — E% @ QL (log S) 25 B @ Q.
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Claim 5.7. E0 is the direct sum XM @ K.

Proof. By Corollary 5.6 the sheaf Q = EY0/K(M) satisfies 1) (Q) = 0. So Propo-
sition 4.6, a), tells us that the orthogonal complement s(Q) is contained in KC;.

The intersection of K and Ky lies in the kernel of . Hence it is zero and the
induced map Ky — Q is injective. On the other hand

Q- EY 9
factors through K; — O, and the latter must be surjective. This implies that
EYW =W g K,.

Let B and By be the saturated images of
EFY®T — E* and EY T, — E%,
respectively.
Claim 5.8. BV N B; = 0.
Proof. Dualizing the exact sequences
0— BY — g0, e = pol/BM)
and 0 — B, — E™ — C, =E"/B, — 0
one obtains that
e = Ker(E>'" B(l)v) and C) = Ker(E®" 5 BY).
The dual Higgs bundle EY has E%'" as subsheaf of bidegree (1,0) and E%!" is of
bidegree (0,1). The composite
oY T WY S Y 20 and EOYY T B/ =BV g0
are the components of the dual Higgs field. Applying Claim 5.7 to £ one obtains
a decomposition E*'Y =M ¢ Y, hence %' =M @ €y and BO N B, =0. O
So one obtains a direct sum decomposition of Higgs bundles
(B,0) = (KW @ BY 0V =0|cm) @ (Ki @ Bi,0; = 0lx,)
corresponding to a decomposition V = V) @ V,. The irreducibility of V and the
assumption KM # 0 imply V; = 0, hence K; = 0. U

5.1. Using superrigidity. As mentioned in the introduction, the purity of the
Higgs fields in Theorem 0.5 follows from the Margulis Superrigidity Theorem, with-
out using the Arakelov equality, provided all the direct u-stable factors of 2}, (log S)
are of type C. We will show below, that for variations of Hodge structures of weight
1 it is sufficient to assume that the universal covering U of U is a bounded sym-
metric domain. In different terms, if €2; is of type B we suppose that it satisfies
the Yau-equality

2(71@ -+ 1) . CQ(QZ‘).Cl (Qi)ni_Q.Cl (wY(S))n_ni =n,; - C (Qz)”’cl (wy(S))n—nz
([Ya93], see also [VZ07, Theorem 1.4]).
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Proposition 5.9. Suppose that U is a bounded symmetric domain and that V
is an 1rreducible complex polarized variation of Hodge structures of weight 1 with
unipotent monodromy at infinity. Then the associated Higgs bundle (EY° @ E™!, )
is pure of type v for some v € {1,...,s}.

Sketch of the proof. By assumption U = F\U is the quotient of a bounded sym-
metric domain U = M; x -+ x M, by a lattice I'. We can write M; = G;/K; as
quotient of a real, non-compact, simple Lie group by a maximal compact subgroup.

Assume first that U = U; x U,. By [VZ05, Proposition 3.3] an irreducible local
system on V is of the form priV; ® pr;Vsy, for irreducible local systems V; on U,
with Higgs bundles (F;, 6;). Since V is a variation of Hodge structures of weight 1,
one of those, say V, has to have weight zero, hence it must be unitary.

Then the Higgs field on U factors through E%' ® Q. By induction on the
dimension we may assume that V is pure of type ¢ for some ¢ with M, a factor of

U;. So the same holds true for V.
Hence we may assume that U is irreducible, or even that

(5.6) no finite étale covering of U is a product of proper subvarieties.

By [Zi84] § 2.2, replacing " by a subgroup of finite index, hence replacing U by a
finite unramified cover, there is a partition of {1,...,s} into subsets I such that
I' = [[,I'x and I’y is an irreducible lattice in Hie I (G;. Here irreducible means
that for any N C [[,;, Gi a normal subgroup, I'; is dense in [[;.; Gi/N. The
condition (5.6) is equivalent to the irreducibility of I', so I, = {1, ..., s}.

If s =1 or if V is unitary, the statement of the proposition is trivial. Otherwise,
G :=1[;_, G; is of real rank > 2 and the conditions of Margulis’ superrigidity the-
orem (e.g. [Zi84, Theorem 5.1.2 ii)]) are met. As consequence, the homomorphism
[' = Sp(V,Q), where V is a fibre of V and where @ is the symplectic form on V,
factors through a representation p : G — Sp(V, Q). Since the G; are simple, we can
repeat the argument used in the proof of [VZ05, Proposition 3.3] in the product
case: p is a tensor product of representations, all of which but one have weight
0. O

Corollary 5.10. Under the assumptions made in Proposition 5.9 let Q # 0 be a
quotient of EM with jip0 (Q) =0, for somei € {1,...,s}. Then Q = E'.

Proof. By Proposition 5.9 V is pure of type ¢ for some ¢. On the other hand
Proposition 4.6 implies that the orthogonal complement of Q lies in the kernel of
the composite

EY L B @ Ok (log §) 25 BO @ ;.
Since 0 is injective and factors through E%! ® Q, this implies that i = ¢ and we
assume that both are 1.

Now one argues as in the proof of Proposition 4.6. The metric connection V, is
zero in directions not contained in M, hence in the equation (4.3) one finds that
(Rg1o)™ =0 as soon as i > ny or j > ny. Similarly ¢, ;3 = 0 for i > ny, and hence
the equation (4.4) implies that (Rg)fjﬁ =0 for ¢ > ny or j > ny. One has again

ppw»(Q) = (E) '/Utr(RQ) A R(Q)" AR Q)™ A -

27
A R(Qj_l)nj71 N R(Qj+1)nj+1 A A R(Qs)ns
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As in equation (4.5) this is the same as

/W(i tr(Rg)™dz; A dz;) A ( nzj C; - /\de A dZ;).

i,7=1 i:nj,1+1 j;ﬁz

For j > 1 this is zero, hence ;(Q) = 0 and one can apply Lemma 4.4. O

6. STABILITY OF HIGGS BUNDLES, LENGTHS OF ITERATED HI1GGS FIELDS AND
SPLITTING OF THE TANGENT MAP

In this section we prove Theorem 0.7, the numerical characterization of Shimura
varieties, the equivalent numerical and geometrical characterizations of ball quo-
tients stated as Addendum 0.9, the Corollary 0.12 and we finish the proof of Propo-
sition 0.3. Moreover we recall the proof of Corollary 0.6, essentially contained in
[VZ07, Section 5].

As usual we assume that U has a non-singular projective compactification Y with
boundary S =Y \ U a normal crossing divisor, satisfying the Assumptions 0.1. In
addition, replacing U by an étale covering, we will assume as in Section 1.2 that
the family f : A — U is induced by a generically finite morphism ¢ : U — A, to a
fine moduli scheme A, of polarized abelian varieties with a suitable level structure.

So we consider again an irreducible non-unitary complex polarized variation of
Hodge structures V on U, satisfying the Arakelov equality, and with unipotent
local monodromy operators at infinity.

By Theorem 0.5, the logarithmic Higgs bundle (E = EM° & E% ) of V is pure
of type ¢, i.e. the Higgs field factors through E%' @ Q,. We write ¢ = rk(E"°?) and
0" =1k(E%"), and n, denotes rk({2,) = dim(M,). The Arakelov equality says that

p(EMY) — p(E™Y) = u(Qy (log S)) = p(€).

Since ¢1(E™?) 4 ¢, (E%) = 0 and hence ¢+ u(E") 4+ ¢' - u(E®') = 0, one can restate
the Arakelov equality as

040
o n(EY) = p(Q).

Let us formulate two easy consequences of the Arakelov equality.

(6.1)

Lemma 6.1. Assume that each irreducible non-unitary C-subvariation of Hodge
structures of R'f,C, satisfies the Arakelov equality. Then:

(1) If ¢ is generically finite, then for each direct factor Q, of O5-(log S) there
exists at least one non-unitary local subsystem V which is pure of type .
(2) If p(U) is non-singular, then ¢ : U — o(U) is étale.
Proof. Let F1° be the (1,0)-part in the Hodge filtration of R!f,C4. Since U is
generically finite over 4, the sheaf det( f*Qﬁ(/Y) = fwwx/y is big. Since it is nef,
using the slopes introduced in Section 5, one finds by the Property 4.5 2) that

tpo (fewxsy) = g ppw (fQ%)y) = g - ppow (FH°) >0
for all ¢. Consider an irreducible complex polarized subvariation of Hodge structures
V with Higgs bundle (E° @ E%' 0). If V is unitary ppo) (EY?) = 0 for all j.
Otherwise by Theorem 0.5 V is pure of type i = (V). Lemma 5.4 implies that
0 (BY0) = 0 for j # i(V).
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Given ¢, the inequality p 0 (F'Y) > 0 implies that there exist direct factors E°
with gy (EY?) > 0. For the corresponding irreducible subvariations V of R' f,C 4
one finds ¢ = (V).

For the second statement we choose a nonsingular compactification Z and a
normal crossing divisor ¥ C Z with ¢(U) = Z \ 3. Let us choose a blowing up
d 1Y — Y with centers in S such that S’ = 6*(S) is again a normal crossing
divisor, and such that ¢ extends to ¢ : Y’ — Z. By the Arakelov equality the
image Z of 7 : F10® FO1"Y — QL (log S) has the same slope as Q) (log S). Since the
second sheaf is p-polystable, 7 is a subsheaf of a direct sum of certain direct factors
of 0} (log S) and both are p-equivalent. The first part of Lemma 6.1 implies that
all direct factors occur, hence Z — 3, (log S) is an isomorphism over some open
set U'. The part viii) of Addendum 4.2 allows to choose U’ = U.

Since A, is a fine moduli scheme, the Higgs bundle is the pullback of the Higgs
bundle on ¢(U). Hence §*(7) factors through

" Qy(log X1) — Oy (log §)
with image in 6*Q, (log S) C 21.,(log S’). Since the last inclusion is an isomorphism

over U, the surjectivity of the Higgs field on U implies the morphism ¢ is unramified
on U. 0J

Let us return to the Higgs bundle A“(E,6) introduced in (0.3) and to the
Higgs subbundle (det(E')) generated by det(E'?). From now on we will write
(det(EM)) for the saturated Higgs subbundle of A*(E,0). So (det(E0))tmm
denotes the saturated hull of the image of the induced map

t—m m
0" det(EM) @ S™(T) — B = N\ (BY%) @ \ E”".
Note that by this change of notation we neither change the slopes, nor the length
S(E) =<((E,0)) = Max{ m € N; (det(E"%))*""™™ + 0}.
So the next Lemma implies Corollary 0.6.

Lemma 6.2. Assume that ), is of type A or B, hence that S™(£),) is p-stable for
all m. Then the Arakelov equality implies that

-0 (n,+1)
(+0)-n,
The right hand side of 6.2 is an equality if and only if (det(E1°)) is a direct factor
¢
of N'(E, ).
Proof. For 0 < m < ¢ = ¢(E) the sheaf (det(E'?))*~™™ is a py-stable sheaf of slope

(€ =m) p(EY") +m - p(E™) = £ p(EM") —m - p(Qy (log S)) =

(4 —m) (@} (g 5)).

(6.2) Min{¢, '} > ¢(E) >
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and of rank (””;T_l). The degree of this sheaf with respect to the polarization
wy (9) is non-positive, hence

p({det(E0)) S~ (no+m—1 - B
69) 0= ooy -2 (" n ) -

(-0 S s+n,
_ . 1) -
(m~(€+€’) m+1) e <<+1)’
and one obtains the second inequality stated in 6.2. This is an equality if and only

if (6.3) is an equality. By Simpson’s correspondence for polystable Higgs bundles

the latter holds if and only if (det(E)) is a Higgs direct factor of A“(E,6). The
first inequality in 6.2 is obvious, since E“~™™ is zero for m > Min{/, ('}. O

We now distinguish three cases, according to the type of the bounded symmetric
domain attached to ),.

6.1. Type A: (), is invertible. This case is easy to understand. Let us recall the
arguments used already in [VZ07|. The Arakelov equality and Lemma 4.4 imply
that

(6.4) EY — " ®Qq,

is injective and surjective on some open dense subscheme. So ¢ = ¢ and the
inequality (6.2) implies that ¢((E,0)) = /.

Both sides in (6.4) are p-semistable of the same slope, and they are p-equivalent.
A p-stable subsheaf F of EM0 of slope u(E'Y) generates a Higgs subbundle F &
F ®T,, whose first Chern class is zero. So the irreducibility implies that F = E°
and we can state:

Proposition 6.3. If Q, is invertible, then the Arakelov equality (6.1) implies that
EYY and E%' are both u-stable of the same rank, that <((E,0)) = ¢ and that
(det(E™)) is a direct factor of N'(E,6).

6.2. Type B: S™((,) stable for all m and not invertible. In this case we do
not know whether the factor M, of the universal covering U corresponding to €, is
a bounded domain, and the Arakelov equality just implies that certain numerical
and stability conditions are equivalent.

Proposition 6.4. Let'V be an irreducible non-unitary complex polarized variation
of Hodge structures of weight 1, pure of type A or B, with unipotent local monodromy
at infinity, and with Higgs bundle (E,0). Assume that V satisfies the Arakelov
equality. Consider the following conditions:

a. EYY and E%! are u-stable.

b. EX0Y @ E% 4s p-polystable.

c. The saturated image of T, — Hom(EY°, E%Y) is a direct factor of the sheaf

Hom(E0, E%1).
d. The Higgs bundle (det(E™)) is a direct factor of the Higgs bundle N'(E, 6).
e. p({det(E10))) = 0.

-0 -(n,
£ <((B,0)) = S5t

i. The conditions c), d), €), and f) are equivalent and they imply that M, is
a complex ball of dimension n,.
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ii. The condition b) implies c).
iii. Whenever condition (%) in Lemma 0.10 is satisfied, for example if U is
projective or of dimension one, a) implies b).

If V is pure of type A, we know that the conditions a), d), and f) automatically
hold true. Nevertheless we included this case in the statement , since we will later
refer to the equivalence between c¢) and f).

Proof of Proposition 6.4. The stability of EX implies the one for E?", and hence
b) follows from a) and from (x).
For part ii) remark that the Arakelov equality says that

w(T) = p(Hom(E™?, E™)).

So ¢) is a consequence of b).

By Simpson’s correspondence d) and e) are equivalent, and by Lemma 6.2 the
numerical condition in f) is equivalent to d). So for i) it remains to verify the
equivalence of ¢) and d).

Claim 6.5. The condition d) implies c).

Proof. The inclusion (det(E10))*~b1 — E-Llis given by T, — Hom(EY°, E1),
tensorized with det(E'?). So Condition d) implies that the saturated image of
(det(EY0))-11 g a direct factor of E-1 = EY0Y @ EO! @ det(E"?), hence that
¢) holds. O

Remark 6.6. The implication ‘c) implies d)’” has been claimed in [VZ07, page
327] in a more special situation. There however, as pointed out by the referee
of the present article, the argument is not complete. We did not verify that the
image of ®,,,1 0 8™ really lies in (det(EY))="™™  This can easily be done,
using Claim 6.7 below and the property (xx) on page 294 of [VZ07]. Here, without
using the last condition, we will work out the argument in details without further
reference to [VZ07].

Let us write

l—m m m m
gtmm = N (V) @ AE) = \(EYY) @ \(E™) ® det(E™).
Using the right hand isomorphism we will regard E*~™™ as a subsheaf of
S™(EYY @ E%) @ det(EMY).
Then the dual Higgs field 6 : BT, — EBmmlmtl s given by a quotient

£—m,m
of the multiplication map

Sm(El,OV Q EO’I) Q (EI,OV Q E0,1) Q det(El’O) N Sm+1<E1,0V ® Eo,1) Q det(El’O).
restricted to E“~™™ ®T,. Since the slope is additive for tensor products pu(E~™™)
is equal to (£ —m) - u(EY°) +m - u(E®). The Arakelov equality implies that
(6.5) (BT =m-p(T,) + £ p(EY) = m - w(T,) + p(det(E'0)).

Claim 6.7. Let V be a p-semistable subsheaf of E“=™™ of slope of u(E‘"™™).

Assume that for some b > 0 there exists a morphism
Effmfl,erl . Serl (TL>®b ® det(El’O)
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such that the composite
24

Yo VT, — Bmm @ T, —0 prom=tmtl  gmi(T)® @ det(E')

is surjective up to p-equivalence, as defined in Definition 3.2. Then there exists a
morphism

Eﬁ—m,m N Sm(/IvL)EBb ® det(El’O),
whose restriction 7, : V — S™(T,)®* ® det(E?) induces v/,, in the sense that 7/,
is the composite of 7, ® idy, with the multiplication map

S™MT)® @ T, @ det(E'’) — S™(T,)® @ det(EM).

In particular ~,, is again surjective up to p-equivalence.

Proof. The morphism 7/ is generically surjective, hence one has a generically sur-
jective morphism
v ®idg, VT, ®Q — S™HT)® 0 Q, @ det(EY0),
factoring through ™" ® T, ® Q,. Restricting to V C V®T, ® (), and composing
with the natural contraction map
U : ST © Q, ® det(EY0) — S™(T,)* @ det(EM0)

one gets Y, : V —— ECmm s §m(T)® @ det(E0). By construction 4/, is the
restriction of the composite

Ym®ido, @1,
—_ 5

VT, =Vel,o0eT,

id g ®a®idy, ,
STUT)® ® O, ® T, @ det(EW0) —SIIT TT7 4B, gm+l(7)@b ) det( EM0),
where a : T, ® 2, — Oy denotes again the contraction map. The last of the
morphisms is up to the tensor product with the identity on det(E°) a direct sum
of morphisms factoring like

S™UT)®Q, & T, S™T) ® T, =% §m+(T).

So one obtains 7/ as the composite of 7,, with the multiplication map. In particular
Ym i the direct sum of non-zero morphisms and the stability of S (7)) implies that
the image of 7, is p-equivalent to S™(T})®* @ det(E?). O

am ®idTL

Let us return to the notations introduced in the first part of Section 4. In
particular NSy denotes the subgroup of the Neron-Severi group N.S(Y)g generated
by prime-divisors D with u(Oy (D)) = 0, and U’ is the complement of those prime-
divisors.

Let us write S~™™ for the cosocle of E*~™™. As remarked in the Example
and Definition 4.3 it is a u-polystable sheaf of slope u(E*~™™) of maximal rank,
for which there exists a morphism 6 : B~ — S"=™m which is surjective over
some open set. Using parts vii) and ix) of the Addendum 4.2 one finds that 6 is
surjective over U'.

Let S““™™ be the direct sum of all direct factors of S“~™™ which are u-
equivalent to the p-stable sheaf S™(T,) @ det(E'°). Remark that S“™™ is not
unique. By Addendum 4.2 vii) we may choose an effective divisor B,, € NS; such
that for some b,,

S™(T,)®" @ det(E™0) — S™™™ = S™(T,)*™ @ det(E™?) ® Oy (B,n).
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In particular both sheaves are p-equivalent. Let us denote the induced morphism
by 5m . Eﬂ—m,m _ Sﬁ—m,m_

As a next step, we will show by induction on m, that for a suitable choice of the
divisors By, the dual Higgs field 6, = defines a morphism S — St=m-tmtl,
The induction step is given by:

Claim 6.8. We assume that ¢) holds (and of course the Arakelov equality). Then
choosing the effective divisor B,,1; € NSy and hence S~ 1™+l Jarge enough,
there exists a commutative diagram

E'efm,m ® TL 5m®idTL Sffm,m ® Z'VL
(6.6) eg_mml lfv

Eﬁ—m—l,m—f—l Bm+1 Sé—m—l,m-i-l

The morphism 7Y has an explicit description. For simplicity we just formulate
this on the open subscheme U’. Part vii) of Addendum 4.2 allows to extend this
description to the boundary, perhaps after replacing B, ; by a larger divisor in
NSp.

Claim 6.9. For some morphism 7/, : S™(T,)%m — S™(T,)®’=+1 the morphism
7V|ys is the composite of 7/, ® idr, |y and the direct product of b, copies of the
multiplication map S™(T,) ® T,|y» — S™(T,)|v.

Proof of the Claims 6.8 and 6.9. By the Arakelov equality, as restated in 6.5 and
by the choice of the sheaves S*~** the four sheaves in 6.6 all have the same slope
and they are all p-semistable. By Addendum 4.2 for each of the morphisms the
image coincides with the saturated image over the open set U’. In particular the
restriction of 3, and 3,1 to U’ is surjective.

Writing V,,, for the kernel of j3,,, hence V,,, ® T, for the one of (3, ®idy;, consider
the image Z of V,,, ® T, under 6,/ , . We claim that 7 is contained in V1.

If not Bni1 06y, ,,(Vin ® T)) is a non-zero subsheaf of S~ 1"+1 By Adden-
dum 4.2, ix) its saturated hull is a p-semistable subsheaf of S“~~1m+1  Since both
are of the same slope, and since the second one is u-polystable, the saturated image
has to be a direct factor, hence isomorphic to S™(T})? ® det(E*°) @ Oy (Bp11)
for some b > 0.

By Claim 6.7 one obtains a morphism E‘~™™ — S™(T,)*@det(E*) @Oy (Bni1)
whose restriction to V,, is non-zero. Obviously this contradicts the definition of
St—m=Lm+l a9 a maximal p-polystable quotient and of V,, as the kernel of f,,.

The restriction of 3, ® idr, to U’ is surjective. Since QZ_m’m(I) C Vi1, the
morphism 7% exists on U’, and enlarging B,,, it extends to Y.

In order to get the explicit description stated in Claim 6.9, we apply Claim 6.7
to V = E*~™™_ The image of v/ = Bn410 0/ . 18 @ p-semistable subsheaf of the
p-polystable sheaf S*="~1m+1 hence p-equivalent to a direct factor of the form
ST, @ det(E10). Claim 6.7 implies that for some

Y @ BT S™(T) PP @ det(EM0)

the morphism (3,41 0 6/

- m.m 18 the composite of 7, ® idy, with the multiplication

map. Since 7,, factors through the cosocle 8“~™™ and hence through S*~"™ one
finds the morphism 7, . O
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Recall that (det(E'?)) is the saturated subsheaf of E*~™™ which is generated
by det(E?). If non-zero (det(E°))e"™™ contains S™(T,) @ det(E°) and both
are p-equivalent. As a next step we will show that (det(E1?))*=™™| is a direct
factor of B~y

Claim 6.10. Assume c). Then the composite
<det(El,0)>€—m,m L Ef—m,m ﬁ_m) SZ—m,m
is injective and defines a splitting of the inclusion (det(E0)) =™, C EC-™™| .

Proof. If (det(EX?))e=™™ = ( there is nothing to show. Otherwise by the equal-
ity 6.5 p({det(E¥0))e=mm) = y(E*™™) and by part ix) of the Addendum 4.2
(det(E10))f=mm s a y-semistable subsheaf of E4~™™ containing S™(T,)®@det(E°)
as a pu-equivalent subsheaf.

Recall that 7, is a direct factor of E'* ® E%', and hence S™(T}) a direct factor
of S™(EYY @ E%). This sheaf also contains A™(E"") @ A™(E%) as a direct
factor. Writing

m

Sm(El’Ov Q EO,l) _ /\(El,o\/) Q /\(Eo,1) @ R,

consider the image of $™(T,) under the projection S™(E*" @ E®') — R,,. If this
is zero we are done. If not one has an injection

o S™(T,) & S™(T,) — 7\(E1’°V> ® 7\(E°’1> & R,

where the first factor maps to A™(E"") ® A™(E®!) and the second one to R,.
For both factors the composite with the projection

m

AE) & AN(E") & R,, — S™(T,)

is non-zero, hence by pu-semistability it is surjective up to p-equivalence. So o’
splits, and S™(T,) as the image of the composite of @' with the projection to
N (EYY) @ AN™(EOY), splits as well.

Since {(det(EY°))e=™m|;, is defined as the image of S™(T,) ® det(EY)|y in
B, = AN™(EYWY) @ N™(E®Y) @ det(EY0)|y, it is a direct factor, hence its
image in the cosockle is non-zero. By the choice of S”™™ we are done. 0

Claim 6.11. The condition c) implies d).

Proof. Writing 7 for the composite of 7V ® €2, with the contraction to St~ 1tm+l
one obtains by Claim 6.8 a Higgs bundle

)4 /-1
(S,T) _ <@857m,m7 @ (Sffm,m 7, Sﬁfm,m ® QL ))
m=0 m=0

together with a map of Higgs bundles
¢

(6.7) A(E.0) = (D B, 0) 2 (S,7).

For ¢ = ¢((E,0)) the sheaf
< 4

(det(E™)) = @D (det(E0)) ™™ = EP(det(E)) ™™
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is a Higgs subbundle of the left hand side of 6.7, hence its saturated image

—_——

({det(EY)), 7 4oy

in the right hand side is a Higgs subbundle of (S, 7). By Claim 6.10 the induced
map

—_—~— f—m,m

(det(EM)) ™™ — (det(E10))

is injective and both sheaves are p-equivalent. Since (det(E10))e=™m is py-stable,

—~— {—mym — —m,m
(det(EW0)) is p equivalent to a direct factor (det(ELO))K " of §&mm. By
the explicit description of 7 in Claim 6.9 the/_H'ngs field 7 respects the splitting,
and one obtains a quotient Higgs bundle (det(E1°)) of (S, 7), hence of A (E,0).
Since (det(E')) is a sub-Higgs bundle Lemma 4.4 implies that p({det(E'?))) <0,

—

and since (det(E10)) is a quotient-Higgs bundle, p((det(E1?))) > 0. So the u-
equivalence of all direct factors implies that

—

p({det(E"))) = p({det(E0))) = 0.
Using Lemma 4.4 again one finds that (det(F'?)) splits as a Higgs subbundle of
NA(E.6). O

To finish the proof of Proposition 6.4 it remains to verify:
Claim 6.12. The splitting in d) implies that M, is an n,-dimensional complex ball.

Proof. (See also [VZ07, Section 5]) The Higgs bundle (det(E')) splits as a sub-
Higgs bundle of /\Z E, hence it is itself a Higgs bundle arising from a local system.
In particular the Chern classes c;((det(E1?))) and cy((det(E?))) are zero.

Assume for a moment that there exists an invertible sheaf £ with det(E?) = L,
and consider the Higgs bundle

(F=FYaF"=LoLleT,L-L3T,®Q,).
Then S*(F) is a Higgs bundle with £° ® S™(T,) in bidegree (¢ — m,m), hence

isomorphic to (det(E'?)). The first Chern class of {(det(E'?)) is zero, hence c;(F)
as well. On the other hand,

n,+ 1
C1<F> = Cl(ﬁ) +n, - C1<£) — Cl(QL) = 7 Cl(El’O) — C1<QL),
1
and ¢1(L) = n 101(QL). For the second Chern class it is easier to calculate the
n,

discriminant
A(F) =2 -1k(F) - co(F) — (0k(F) — 1) - ¢1(F)*.
By [VZ07, Lemma 3.3], a), the discriminant is invariant under tensor products with
invertible sheaves, hence A(LC® L ®T,) = A(Oy & T,).
Since ¢;({det(E"Y)))? = cy({det(E"?))) = 0 one finds A({det(E"?))) = 0, and
[VZ07, Lemma 3.3] implies that A(F') = 0, hence

(6.8) 0=A0y®T)=2-(n,+1) co(T,) —n, -c1(T,)*

In general on may choose a finite covering o : Y’ — Y such that o*(det(E*°) = L'
for some invertible sheaf £’. Repeating the calculations of Chern classes with T,
replaced by T/ = ¢*(T,) one obtains that 2 - (n, + 1) - co(T)) — n, - c1(T)? = 0 and
again (6.8) holds true.
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By Yau’s Uniformization Theorem, recalled in [VZ07, Theorem 1.4], (6.8) implies
that M, is a complex ball. O

The Proposition 6.4 gives a numerical condition on the length of the wedge
product of the Higgs field which, together with the Arakelov equality, implies that
M, is a complex ball. A similar condition holds automatically for local systems
which are pure of type A. This is not surprising, since in this case the corresponding
factor M, automatically is a 1-dimensional ball.

In slight abuse of notation we say that a local system V is given by a wedge
product of the standard representation of SU(1,n), if the representation defining
V factors through one of the standard wedge product representations (e.g. [Sa80],

p. 461) .
A+ 8UQn) — SU ((kil) ’ (Z))

and if, moreover, the period map for V factors through the (totally geodesic) em-

bedding of symmetric spaces attached to /\k In different terms, for £k = 1 the
corresponding Higgs field is given by
__1 1 a1 o
EY=w "M eQ, E=u """ and 0=id:w, """ @Q — w, " @Q,
1
where w; """ stands for an invertible sheaf, whose (n; + 1)-st power is det(;).

Proposition 6.13. Let V be an irreducible complex polarized variation of Hodge
structures of weight 1, pure of type v, with unipotent local monodromy at infinity,
and with Higgs bundle (E,0). Assume that €, is of type A or B, and that the
saturated image of T, — Hom(E™0, E%) splits.

Then 'V is the tensor product of a unitary representation with a wedge product of
the standard representation of SU(1,n). In particular the period map T : U— M
factors as the projection U — M, and a totally geodesic embedding M, — M.

Proof. Proposition 6.4, 1) implies that M, is a complex ball.

Before we proceed, we fix some notation. For a simply connected complex
space we denote by Aut(M) the group of biholomorphic self-mappings of M.
This coincides with the definition in Section 2 if M is a hermitian symmetric
domain. We write, as usual, U = [I, My and fix origins oy in all Mj. Let
Gy = Aut(My), Ky = Stab(og). Thus for hermitian symmetric domains M},
we have hence My, = Gy /K.

Let 7 : U — M’ be the period map for the bundle V. In M’ fix an origin o,
let G’ := Aut(M') = SU((, '), and let K’ := Stab(o’). By the purity of the Higgs
bundle, 7 factors as the projection U — M, composed with a map 7 : M, — M.

The next claim derives the second statement from the main hypothesis. Remem-
ber that, since the splitting T, — Hom(E, E%!) comes from a splitting of Higgs
bundles, it is orthogonal for the Hodge metric, hence for the Kahler metric.

Claim 6.14. Let 1, : M, — M’ = G'/K’ be a holomorphic map to a hermitian
symmetric domains. Assume that 7Ty = Ty, @ R is a holomorphic splitting,
orthogonal with respect to the Kéahler metric on M’. Then M, — M’ is a totally
geodesic embedding and M, a symmetric domain.

Proof. (From a letter by N. Mok.) First, the splitting condition on 7Ty, implies
that 7 is locally an embedding. Second, we check that the image 7 (M,) is totally
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geodesic in M’. This is again a local condition. By [He62, Theorem 1.14.5] it
suffices to check that the splitting Tas|- (a,) = T @ R is preserved under parallel
transport.

Take any local holomorphic sections s of Ty, and ¢ of R. Then (s,t) = 0
with respect to the Hermitian inner product. The derivative of ¢ with respect to
a (1,0) vector is orthogonal to s because s is holomorphic and because (-,-) is
Hermitian bilinear. Since s and t are arbitrary, it follows that R is invariant under
differentiation in the (1,0) direction. But since R is a holomorphic subbundle,
it is invariant under differentiation in the (0, 1)-direction. As a consequence R is
parallel, and hence its orthogonal complement 7T}, is parallel, too.

Finally, since M’ is a global symmetric domain, it has geodesic symmetries at
each point of 7(M,). Since 7(M,) is totally geodesic in M’, these are geodesic
symmetries of 71 (M,). Consequently, 71 (M,) is a global symmetric domain and 7
is (globally) an embedding. O

We continue with the proof of Proposition 6.13 and let
B:={p e Auwt(M'): p(ri(M,)) =1 (M,)} C G.

In the next step we deduce from Claim 6.14 that 7 (M,) = B/Kp, where Kp is a
maximal compact subgroup. The first observation is:

Claim 6.15. The embedding 71 : M, — M’ is induced by a homomorphism from
71 : G, — G’ that factors through B.

Proof. As explained in [Sa65, §1.1] or [Sa80, II §2], the geodesic holomorphic em-
bedding M, — M’ is induced by a local isomorphism G, — G’ and hence a ho-
momorphism of Lie algebras Lie(G,) — Lie(G’). This induces a homomorphism
# : G, — G from the universal covering G, of G,. Tt remains to show that 7, factors
through G, then the factorization through B is obvious from the definition.

It suffices to exhibit a factorization of 7; on the R-valued points. Since

and since SI(1 + n)(C) is simply connected, this factorization is obvious. O

By this claim, the natural map res : B — Aut(M,) = G induces a surjection
B/Kp — M,. This map is also injective, since elements in B preserve M,. Conse-
quently, the kernel T of res is a compact subgroup. By Claim 6.15 again, this kernel
is a direct factor. In fact, the kernel is a maximal direct factor, since G, = Aut(M,)
does not contain direct compact factors. We deduce that given the choice of origins,
the product decomposition B =2 G, x T is canonical.

By definition of a period map, 7 is equivariant with respect to the action of
m(U) via

pr:m(U) — Aut(U) and  py: m(U) — Aut(M') = G

on domain and range.

The image of p, lies in B by definition. The usual argument with Schur’s Lemma
(e.g. Proposition 5.9 or [VZ05] Proposition 3.3) implies that ps is a tensor product
of a unitary representation and of a representation that factors through 7, : G, —
B — G

The last step in the proof of Proposition 6.13 is to exploit that there are not
many possibilities for 7; that give rise to a holomorphic totally geodesic embedding
of hermitian symmetric domains.
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Claim 6.16. The representation GG, — B — G’ is a wedge product of the standard
representation.

Proof. In order to match the hypothesis of [Sa80] precisely, we should postcompose
the map 71 : G, — G’ by a natural inclusion of G’ into the symplectic group. By
the table p. 461 and Proposition 1 in [Sa80], incl o 77 is a direct sum of wedge
products of the standard representations. This direct sum has only one summand,
since V was reducible otherwise. OJ

In order to prove the missing part v) of Proposition 0.3 we will use:

Proposition 6.17. Assume that U is the quotient of a bounded symmetric domain
by an arithmetic group. Assume that ), is of type A or B, that M, is the complex
ball SU(1,n)/K and that V is the tensor product of a unitary representation with
a wedge product of the standard representation of SU(1,n).

1. Then V satisfies the Arakelov equality.

2. LetY' be a Mumford compactification. Writing (E',0") for the Higgs bundle
of V on Y, the sheaves E™° and E"' are p-stable and E™°" @ E is y-
polystable.

Proof. Let Y', S" be a Mumford compactification (see Section 2). The bundles £’
and E'%! are irreducible homogeneous bundles as in Lemma 2.8, case a,, and ¢ = 1,
given by the wedge products of the standard representation of U(n). The same
arguments as in the proof of the first parts of Proposition 0.3 now imply 1) and 2).

By Lemma 2.7 the Arakelov equality on a Mumford compactification implies the

one on any compactification, satisfying the positivity statement in Assumption 0.1.
O

6.3. Type C: S™(f2,) is p-unstable for some m > 1. Yau’s Uniformization
Theorem, recalled in [VZ07, Theorem 1.4], implies that M, is a bounded symmetric
domain of rank greater than one. Using the characteristic subvarieties, introduced
by Mok presumably one can write down an explicit formula for ¢(V). However we
do not need this, since in this case the superrigidity theorems apply. Recall the
notations introduced at the beginning of the proof of Proposition 6.13.

Proposition 6.18. If V is pure of type v, The period map factors as the projection
U — M, and a totally geodesic embedding M, — M'.

Proof. Purity of V implies that the period map factors through the projection to
M,. In the case we treat, M, has rank greater than one, hence the metric rigidity
theorems of Mok and their generalizations due to To apply. More precisely, let h
be the pullback the restriction of the Bergman-metric on M’ to M,. By purity and
since M’ is a bounded symmetric domain of non-compact type, h descends to a
metric of semi-negative curvature on the bundle (€2,)¥ on U. Thus the hypothesis
of [Mk89, Theorem 4] are met, if one takes into account the arguments of To ([To89,
Corollary 2] and the subsequent remark) to extend from U compact to U of finite
volume. We conclude that up, to a constant multiple, h is the Bergman-metric on
M, and M, — M’ a totally geodesic embedding. O

Lemma 6.19. Let U — Ay be a generically finite map with U= [ M;. Suppose
that all for all irreducible summands V the period map 7(V) is either constant or
the composition 7(V) = 7; o pyevy of a projection and a totally geodesic embedding
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of My to the period domain of V. Then the universal covering map T : U — Ag
15 a totally geodesic embedding.

Proof. By Lemma 6.1 the hypothesis ‘generically finite’ implies that for each i
there is at least one non-unitary summand V with ¢ = ¢(V). The universal covering
map is, by definition, the product of the 7(V) composed with a block diagonal
embedding Hj M — flg. Since the latter is totally geodesic for the Bergman
metric, the claim follows from the hypothesis on the 7(V). O

Proof of Proposition 0.3. Parts i)-iv) have been verified at the end of Section 2.
By assumption f : A — U is a Kuga fibre space, V is pure of type i = i(V), and ),
is of type B. In particular the assumption made in Proposition 6.17 hold, and on a
suitable compactification the sheaf E0" @ E%! is u-polystable. So Proposition 6.4
implies that

-0 (n;+1)
FOo) = —~ - 7
Of course this equality is independent of the compactification. O

Proof of Addendum 0.9. Part I) is Proposition 6.3, if one uses in addition the equiv-
alence between f) and c¢) in Proposition 6.4 and the Proposition 6.13. Part II) is
just repeating the conclusion of Proposition 6.18.

For Part IIT) remark first that the equivalence of the conditions (3) and 7) is part
of Proposition 6.4. By Proposition 6.13 () implies ¢) and 7). O

Proof of Theorem 0.7. If for some étale covering 7 : U'" — U the pullback family
f'+ A — U is a Kuga fibre space, then the two conditions 1) and 2) on U are
equivalent to the same conditions on U’. So we may as well assume that f: A — U
is itself a Kuga fibre space. If V is a non-unitary irreducible subvariation of Hodge
structures in R!f,C4, then part ii) of Proposition 0.3 gives the Arakelov equality,
and part i) implies that V is pure of type i = (V).

If Q; is of type A or C, there is nothing to verify in 2). If €, is of type B, Part
v) of Proposition 0.3 shows that
rk(EY0) - rtk(E%Y) - (n; + 1)

tk(E) - n; '

Assume now that the conditions 1) and 2) in Theorem 0.7, b) hold. Since ¢ is
generically finite, by the first part of Lemma 6.1 one finds for each direct factor (2!
of Qy(log.S) some non-unitary subvariation of Hodge structures V, which is pure
of type ¢.

If Q, is of type C, we find that the map U — M’ to the period domain M’ of V
factors as the projection U — M, and a totally geodesic embedding M, — M.

By Proposition 6.13 the same holds if €, is of type A, or if it is of type B and if
the condition 2) Theorem 0.7 holds.

So all the hypothesis of the Lemma 6.19 are met and U — .,Zlg is a totally geodesic
embedding, hence by Theorem 1.3 there exists a Kuga fibre space f' : A* — U’
such that the image of U’ in A, coincides with the image ¢(U). In particular this
image is non singular. By the second part of Lemma 6.1 ¢ : U — ¢(U) is étale,
and replacing U’ by an étale covering we may assume that U’ dominates U.

Finally the last statement in Theorem 0.7 follows from Corollary 1.4. U

(V) =<((E,0)) =<((E,0;)) =
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Proof of Corollary 0.12. Since we assumed that U — A, is generically finite and
that the condition 7)) in Addendum 0.9 holds for all irreducible non-unitary sub-
variations of Hodge structures, the argument used at the end of the proof of Theo-
rem 0.7 shows that the pullback f': A" — U’ of f: A — U to some étale covering
U’ of U is a Kuga fibre space. Hence there exists a Mumford compactification Y.
The condition §) allows to apply Proposition 6.17, 2) to obtain the conditions «)
and () O

7. THE ARAKELOV EQUALITY AND THE MUMFORD-TATE GROUP

We keep the assumption that U is the complement of a normal crossing divisor
S in a non-singular projective variety Y, that ©3-(log S) is nef, and that wy(S) is
ample with respect to U. Let f: A — U be a family of polarized abelian varieties
such that R'f,C4 has unipotent local monodromies at infinity, and such that the
induced morphism U — A, is generically finite.

If each irreducible subvariation of Hodge structures of R!'f,C, is either uni-
tary or it satisfies the Arakelov equality and if in addition the second condition
in Theorem 0.7 holds, we have shown in the last section that the induced mor-
phism U — A, is totally geodesic. By Moonen’s Theorem 1.3 we know that U
is the base of a Kuga fibre space, and that it is the translate of a Shimura va-
riety of Hodge type. In particular this implies that the monodromy group Mon®
of R'f,C, is normalized by the complex structure, hence by the derived Hodge
group MT(R!f,C )%, In this section we will verify the last property as a direct
consequence of the Arakelov equality, without using the second condition in The-
orem 0.7, and we will determine the invariant cycles under Mon" explicitly. The
final statement is given in Corollary 7.15.

In the first part of this section we will consider arbitrary complex polarized
variations of Hodge structures V of weight k£ on U, with unipotent local monodromy
around the components of S, and we will write (£ = @’:n:o Ek=mm_0) for the
Higgs bundle. For k£ > 1 and dim(U) > 1 there is not yet any concept of Arakelov
inequality where maximality has as nice consequences as in weight one. We thus
start with an ad hoc definition of what should be the maximal case and show
that this condition is satisfied for some variations of Hodge structures derived from
variations of Hodge structures of weight one with Arakelov equality.

Definition 7.1. The Higgs bundle (E,0) (or the variation of Hodge structures V)
satisfies the Arakelov condition if there exist integers muyin < Mmax With
i. Bk=mm —£ 0 if and only if Muyin < M < Mmax.
ii. For mupim < m < Muyax the morphism 0y, , = 6| gr—m.m is non-zero.
iii. For mmin < m < Mumax the sheaves EF~™™ are u-semistable of slope

(7.1) (BRI = (BT i) — () — ) - p(Qy (log S))-

Lemma 7.2.

1. If V is unitary and irreducible, it satisfies the Arakelov condition.

2. If k =1, if V is irreducible and if both, EY° and E*' are non-zero, then V
satisfies the Arakelov condition if and only if the Arakelov equality holds.

3. IfV satisfies the Arakelov condition, then the same holds true for its complex
conjugate VY.
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Proof. Simpson correspondence implies in 1) that F is concentrated in one bidegree,
whereas in 2) it implies that the Higgs field is non-zero. Then 1) and 2) are just
reformulations of the definition. 3) is obvious, since the polarization (as indicated
by the notation) allows to identify V¥ with the dual local system. O

Lemma 7.3. Consider fori=1,...,s polarized C-variations of Hodge structures
V; with unipotent local monodromy at infinity and with Higgs bundles

k;
(EZ - @ Efi_m7m, 91> .
m=0
If the Arakelov condition holds for all the V;, it holds for V=V, ® --- ®@ V, and
for each irreducible direct factor V' of Vi ® -+ ® V.

Proof. Let (E,0) denote again the Higgs bundle of V. In order to show that V
satisfies the Arakelov condition we may assume by induction that s = 2. Write

En)m and m{h, for the integers with EFtt £ 0 for mfmn </ < ml(rnax Then for
k=Fk +ky
Ek—r,r _ Efl—hh ® Eéﬂz—b,ﬁz ?é 0’
€1§:T

it and only if myin = ml(il)n + mfﬁi)n <7 < Miax = Minax + miax. In addition, if
Mmin < Mmax — 1 then r = ¢ + ¢5 for some ¢; with either ¢; < mggx or {y < mﬁﬁix.
In the first case, for example, part of the Higgs field is given by the tensor product
of the Higgs field 6] gl with the identity on Egr@’b, hence non-zero.

The equation 7.1 tells us that as the tensor product of p-semistable sheaves
EF —hh g Ekr@’g2 is p-semistable of slope

k=l mi, ka—myp) m, 1) _ () 1

(7.2) p(Ey )+ (E; ) = (o Ly = mpy — myiy) - 1(Q2y (log 5)).

So EF=mm™ is y-semistable of slope pu( EF~mminmmin) — (m —ma0) - p(Q (log S)), if
non-zero.

For the last part, let (E’,0") denote the Higgs bundle of the irreducible subvari-
ation of Hodge structures V. We choose m, ;. and m! . to be the smallest and
largest integer with E’*~™min™min and E’*~™max™max non-zero. By Simpson’s corre-
spondence (E',¢') can not be a direct sum of two Higgs bundles, hence 0%,_.... 7 0
for m! ;. < m <m].. — 1. Finally, the y-semistability as well as the equation 7.2

carry over to direct factors of (E,6). O

Lemma 7.4. Let'V be a complex polarized variation of Hodge structures V of weight
k, with unipotent local monodromy around the components of S, and satisfying the
Arakelov condition.

a. There is a unique m such that each unitary local subsystem U of V is concen-
trated in bidegree (k —m,m). In particular all global sections s € H°(U,V)
are of bidegree (k —m,m).

b. If V is defined over R, hence of the form Vg ®r C, then k is even and

_k
m—2.

Proof. Obviously b) follows from a) using Lemma 7.2, 3).

By [De87] in a) the local system U is a subvariation of Hodge structures, in
particular the corresponding Higgs bundle (F,0) is a direct factor of (E,0). So
FP4 has to be a direct factor of EP in particular it is again u-semistable of slope
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w(EP9). Since U is unitary u(FP9) = p(EP?) = 0 and since pu(Q3-(log.S)) > 0 the
equation 7.1 implies that this is only possible for one tuple (p, q).

For the last part of a) one takes for U the trivial sub-local system generated by
H(U,V). OJ

In the sequel we consider a Q-variation of Hodge structures Wg = R f,Q, with
unipotent monodromy at infinity, induced by a family of polarized abelian varieties
f:A—U. So Wy is polarized of weight 1 and concentrated in bidegrees (1,0)
and (0,1). For Q C K we will write Wx = Wp ® K and W = We.

Lemma 7.5. There exists a totally real number field K such that:
1. One has a decomposition of variations of Hodge structures

W =Wix® - W, with W,;x =V, @k Hik,

orthogonal with respect to the polarization.
2. Vig =V, @k R is irreducible fori=1,... (.
3. Hom(Vig, Vig) is a skew field for i = j and is zero otherwise.
4. For each i the decomposition in 1) satisfies one of the following conditions:
a. V. . is a polarized K -variation of Hodge structures of weight 1 and H; i
a trivial K-Hodge structure, i.e. a K-vectorspace regarded as a Hodge
structure concentrated in bidegree (0,0).
b. H;x a K-Hodge structure of weight 1 and V', - is a polarizable variation

of Hodge structures concentrated in bidegree (0,0) and unitary.

For subsequent use we label the direct factors in Lemma 7.5 such that for some
/5 and for 1 < ¢ < {5 the condition a) holds true, whereas for /5 < i < ¢ one has
the condition b).

Proof of Lemma 7.5. By [De87, Proposition 1.12] W decomposes as a direct sum
of irreducible C-subvariations of Hodge structures. Replacing the direct factors V
which are not invariant under complex conjugation by V & VV, one obtains a de-
composition of Vg as a direct sum of irreducible polarized R-subvariations of Hodge
structures. As shown in [VZ07, Lemma 9.4, for example, such a decomposition
is induced by one which is defined over some totally real number field K, and it
can be chosen to be orthogonal with respect to the polarization. The irreducibility
implies that Hom(Vig, Vi) is a skew field if and only if Vip = V..

Of course we may write the direct sum of all direct factors, isomorphic to some
V! i in the form V! . @ H; i, for some K vector space H; . As in [De87, Propo-
sition 1.13] or in [De71, Theorem 4.4.8] one defines a Hodge structure on H; .

In 4) the bidegrees of V!, and H;x have to add up to (1,0) and (0,1). If H;x
is concentrated in bidegree (0,0) the variation of Hodge structures W, i is just a
direct sum of the V., again orthogonal with respect to the polarization, and one
obtains case a). Otherwise V! ;- has to be concentrated in bidegree (0,0). Since it
is polarizable, it has to be unitary. O

Beside of the totally real number field K in Lemma 7.5 we fix as in Subsection 1.3
a very general point y € U. If a variation of Hodge structures is denoted by a
boldface letter, the restriction to the base point y € U will be denoted by the same
letter, not in boldface, so W;  and V- will denote the fibres at y of W, i and V/,
respectively.

As in [An92], one can extend the definition of the Hodge and Mumford-Tate
group to an arbitrary polarized K-Hodge structure Wy. Since the decomposition
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in Lemma 7.5 is defined over a real number field and orthogonal, the complex
structure factors through
¢

$o ¢ St — >_<1 Sp(Wik @k R, Q

WiK) C SP(WK QK R, Q)

In a similar way the morphism A : Resc/rG,, — Gl(Wx @k R) factors through
¢
h: Rese/pGp — X Gl(Wix ©k R) C GI(Wxk @k R).
i=1

Hence for the Mumford-Tate group MT (W), defined as the smallest K-algebraic
subgroup of Gl(Wxk) whose extension to R contains the image of h, one has an
inclusion

¢

(7.3) MT(Wi) € X MT(W;x).

By [An92] and [De82] the group MT(W) is reductive, and by [An92, Lemma 2,
a)] it can again be defined as the largest K-algebraic subgroup of the linear group
G1(Wk), which leaves all K-Hodge cycles invariant, hence all elements

ne [wgmewyem]®.

The decomposition GI(V}/y) x Gl(H; k) C GI(W; k) allows to define
¢ ¢

Gy = X GV ) x {idg, . } € X GI(Wix) € GI(Wg).
i=1 =1

Addendum 7.6. Keeping the notations introduced in Lemma 7.5 one has
5. There exists a Q-algebraic subgroup G of GI(Wq) with GF*V @ K = GR*.
Moreover Gg is independent of K.

Proof. On may assume that Wy is irreducible over Q. Obviously, if K’ is a totally
real extension of K, then G3¥ = GB°Y ® K'. So one may also assume that K is a
Galois extension of Q with Galois group I

Let I" C T be the subgroup consisting of all v for which W; x is isomorphic to
the conjugate W), under 7. In particular, V%, 2 V7. So the action of v on W,
is trivial on the first factor V; ., and it leaves GI(V/) x {idg, . } invariant. Since
Vig = V%, for some & € T', unique up to multiplication with I", the group G is
invariant under conjugation by I', hence it is defined over Q and, as said already,
it is independent of K. 0

As in [De71, Lemma 4.4.9] the polarization Q|w, , is the tensor product of two
forms @} and @; on V! - and H, , respectively, one being antisymmetric, the other
symmetric. This allows to distinguish in Lemma 7.5, 4,b) two subcases:

We say that W, is of type b1 if Q) is antisymmetric and of type b2 if Q; is
antisymmetric. In the second case H; g is a polarized Hodge structure, and we can
talk about its Mumford-Tate group.

Lemma 7.7.
a. In case a) of Lemma 7.5, 4), i.e. fori=1,... {s, one has

MT(Wik) = MT(Vik) x {idp, }-
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b. In Lemma 7.5, 4.b) one finds:
1. In case b1, i.e. for symmetric QQ;, one has an inclusion

MT(W; k) C {idy; . } x SO(H, ).
In particular, for dim(H; k) = 2, the group MT(W, k) is commutative.
2. In case b2, i.e. if Q; is antisymmetric, one has

MT(W, k) = {idy, . } x MT(H, k).

3. If Q; is antisymmetric or if Q; is symmetric and dim(H; x) > 2, there
exists a non-zero antisymmetric endomorphism of W; i of bidegree (—1,1).

Proof. Consider a non-trivial element
/70,0 ’ /10,0
n€ Wi ox W™ = [Vig™ ox VI @k Hig @x HiZ™ ]
So m =m' and n can be written as

n= Z% ® h,, with =, € Vi/}%m ®ngf§m and h, € H?IQ” R Hivl‘?m.

For ¢ < /5 all the h, are of bidegree (0,0). Then 7 is pure of bidegree (0,0) if
and only if this holds for v, ® h, for each ¢, or equivalently, if v, is a Hodge cycle.
Altogether MT(W; i) and MT (V) x {idp, . } are two reductive groups leaving the
same cycles invariant. By [De82, Proposition 3.1 (c¢)] they coincide.

If i > {5, the sections 7, are all of bidegree (0,0). So again 7 is of bidegree (0, 0)
if and only if the same holds for the elements h,. Let I' be the largest subgroup of
Sp(H; k, Q;) which leaves all tensors h of bidegree (0,0) invariant. Then ~, ® h, is
invariant under {idy; .} x I" if and only if it is invariant under MT (W, k). Again
by [De82, Proposition 3.1 (c)] both groups coincide.

In case b2 the vector space H; g, together with @);, is a polarized variation of
Hodge structures, and I" is the Mumford-Tate group of H; .

In case bl one has I' C SO(H, k). Since O(2, K) is commutative one obtains the
second part of b.1).

For the third part of b) assume first that ; is symmetric. Then dim(H; k) = p is
even and for p > 4 the elements of SO(u, K') generate the matrix algebra M(u, K).
So one finds an antisymmetric endomorphism of V/,- ® H; x of bidegree (—1,1).

For @); antisymmetric there are obviously antisymmetric endomorphisms of H; i
of bidegree (—1,1). The product with the identity of V’ .- gives the endomorphism
we are looking for. O

To compare the Mumford-Tate group with the monodromy group in case a) of
Lemma 7.5 one needs some additional hypothesis on the variation of Hodge struc-
tures, in our case the Arakelov equality. By [De87, Proposition 1.12] the variations
of Hodge structures V; =V} . ®x C can be written as a direct sum of irreducible
polarized C-variations of Hodge structures. We distinguish two subcases.

Type al. V. is an irreducible C-variation of Hodge structures. This implies in
particular that V’ is isomorphic to its complex conjugate VY, and that V’ is not
unitary. In fact, if V. were unitary, it would decompose in two non-trivial sub-
systems, one of bidegree (1,0) and the other of bidegree (0,1), contradicting the

irreducibility.
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Claim 7.8. Assume that W, is of type al, and that it satisfies the Arakelov
equality. Then all global sections
ne HO (Y, Wi @ W)
are of bidegree (m —m’,m —m’).
Proof. The Arakelov equality implies that V, satisfies the Arakelov condition. Since

H; is a K-vector space concentrated in bidegree (0,0), the same holds true for
W, = V. ® H;. So the Claim follows from Lemma 7.4. O

Type a2. V; is the direct sum of two irreducible factors V; and V| dual to each
other and interchanged by complex conjugation. Remark that we allow V; and VY
to be unitary. If not, they satisfy the Arakelov equality. Hence by Lemma 7.3 the
two variations of Hodge structures V;, VY as well as their tensor product with H;
will satisfy the Arakelov condition and Lemma 7.4 implies:

Claim 7.9. Assume that W, i is of type a2, and either unitary or with Arakelov
equality. Then there exist p and ¢ such that all global sections

neH’ (Ya (Vik @k Hix)®™ @k (Vig Ok Hz'K)V®mI)
are of bidegree (p, ¢), and all global sections
neH (Ya (Vi ®Kx Hix)®™ @K (Vix QK H’iK)V®m/)

(2

are of bidegree (g, p). Moreover one has p+ ¢ =m —m/.

Claim 7.10. For W, x of type a2 the Mumford-Tate group respects the decompo-
sition of V., i.e. up to conjugation
MT(W; k) @k C C GI(V; @ H;) x GI(V,Y ® H;).

Proof. The decomposition in a direct sum can be defined over an imaginary qua-
dratic extension K (\/5) of K, say with ¢ as a generator of the Galois group. So
the Mumford-Tate group acts trivially on ¢-invariant global sections of End(W;).
Applying this to idy,gn, +idyven, and to Vb - (idyem, — idyvgn,) one obtains the
claim. 0

Definition 7.11. Let G{* be the group defined in Addendum 7.6. Then we define
the moving part of the Mumford-Tate group as
MT™(Wg) = MT(Wo) N Gg* and MT™(Wg) = MT(Wgk) N GE™.

Correspondingly we write for any of the components W, i in Lemma 7.5

MT™Y (W, k) = MT(W; k) N (GI(VZ-K) X {idHiK}).

Lemma 7.7 allows to evaluate the moving part of the Mumford-Tate group. In

case a), i.e. for i = 1,...,¢5 one finds

MT™(Wik) = MT(W; k) = MT(V/,) x {idm, . },
whereas in case b) MT™ (W, ) is trivial. By 7.3

Lo %)

(7.4) MT™ (W) = MT(Wx) ( ><1 GI(V/) x {idHZ.K}> X MT™ (W, ).

i=1
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To give a definition of MT™ (W) in terms of complex structures we define
¢

(7.5) R™ : Resc/rGr, — XGl( Wik ®x R) —> orol, XGl( Wik @k R).

Lemma 7.12.

i. MT™V(Wg) is a normal subgroup of MT(Wg).
ii. MT™Y(Wk) is the smallest K -algebraic subgroup Hy of GI(W), for which
Hyi @k R contains the image of h™Y.
iii. MT™(Wy) is the smallest Q-algebraic subgroup Hy of G1(Wqy) with

MT™ (W) C Hy ® K.

iv. MT™V(Wy) is the smallest Q-algebraic subgroup Hy of G1(Wq), for which
Hg ® R contains the image of h™°".

Proof. We may assume again that Wg is irreducible an that K is Galois over Q
with Galois group I'.

Part ii) follows from 7.4 and from the definition of MT(W; k), and part iv) follows
from ii) and iii).

To verify part iii) remark that MT(Wg) is the smallest Q-algebraic subgroup of
G1(Wg) whose extension to K contains MT(W). By 7.4

MT"Y(Wg) = MT(Wk) NGx = MT(Wk) N (Gg ® K).
Taking conjugates with o € I" one finds that
MT™Y(Wgk)? = MT(Wk)? N (Gy ® K).

For the smallest Q algebraic subgroup Hg of GI(Wg) with MT™(Wg) C Ho® K
the extension Hp ® K of scalars is the product over all conjugates of MT™" (W),
hence it is equal to (MT(Wg) ® K) N (Go ® K) and one obtains iii).

Obviously G£°" is normal in >< Gl(W; k). The latter contains MT(Wx) and all

its conjugates under I'. So MTmOV(W ) ® K is a normal subgroup of MT(Wy) ® K
and 1) holds true. O

Lemma 7.7 implies that MT™ (W, k)4 = MT(W; )" in case a) and in case
bl), provided dim(H;x) = 2. In the remaining cases by Lemma 7.7, b.3) there
exists a non-zero antisymmetric endomorphism of W, g, which by [Fa83] implies
non-rigidity. So we can state:

Lemma 7.13. Assume that Wq is a rigid polarized variation of Hodge structures
of weight 1. Then for all i one has MT™ (W, k)% = MT(W; k)% and hence
MT™ (Wg)der = MT(Wg)der.

Recall that W is the variation of Hodge structures of a polarized family of
abelian varieties f : A — U, and that Wx and Wy are the restrictions of Wy
and Wg to a very general point y € U. So MT(Wq)%" is compatible with par-
allel transport and, following the usual convention, we write MT(Wg) instead of
MT(Wg) and MT™"(Wg) instead of MT™¥(Wgq) For L = Q or L = K we consider
the monodromy group Mon(W, ), defined as the smallest L-algebraic subgroup of
G1(Wp) which contains the image of the monodromy representation. As usual the
upper Index 0 refers to the connected component of the identity. By [De82] (see
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also [An92] or [Mo98]) the connected component Mon’(f) = Mon’(Wy) is a normal
subgroup of the derived subgroup MT(Wg)der.

Proposition 7.14. Keeping the notations introduced in Lemma 7.5, assume that
each trreducible direct factor of W = Wq ® C is either unitary or satisfies the
Arakelov equality. Then

MT™ (W) € Mon®(Wi).

Before proving Proposition 7.14 let us state and prove the corollary we are head-
ing for.

Corollary 7.15. Let Y be a non-singular projective variety, and let U C Y be
the complement of a normal crossing divisor S. Assume that Q3 (log S) is nef
and that wy (S) is ample with respect to U. Let f : A — U be a family of po-
larized abelian varieties with unipotent local monodromy at infinity and such that
for Wg = R f.Q4 each non-unitary irreducible subvariation of Hodge structures of
W = Wgq ® C satisfies the Arakelov equality. Then

(7.6) MT™(Wg)* = Mon’(Wg) = MT(Wg)* N Gg*.

In particular Mon®(Wq) = MT™ (R £,Q4)%" is normalized by MT(Wg )2,
If f + A — U is rigid one finds that Mon”(Wg) = MT(Wg)d.

Proof. Choose the totally real number field K according to Lemma 7.5. Obviously
Mon’ (W) is contained in Mon’(Wq) ® K, hence by Proposition 7.14 one has an
inclusion

MT™ (W) € Mon®(Wg) @ K.

Extending the coefficients to R one finds by Lemma 7.12, i) that Mon’(Wg) ® R
contains the image of the moving part of the complex structure Ah™°V, as defined
in 7.5. By part iv) of Lemma 7.12 one gets MT™(Wq)%" C Mon"(Wg). By
[De82] one knows that Mon"(Wg) € MT(Wg)d*. Since obviously Mon®(Wq) C
G5, one obtains 7.6. The normality of MT™(Wgq)4* € MT(Wg)?" follows from
Lemma 7.12, i). Finally the last part of Corollary 7.15 is a consequence of 7.6, using
Lemma 7.13. 0J

Using the notations from Section 1.1, we choose V = H'(f~!(y), Q) for the very
general point y € U and the induced symmetric bilinear form Q.

Since Mon’(Wg) = MT™(R' f,Q4)%" is normalized by MT(R' f,Q4)%", hence
by the complex structure ¢ as well, one obtains Kuga fibre spaces over

X7 = X(MT™ (R £.Q4)*",id, o) C X = X(MT(R' £.Q4)*",id, o).

By [Mu66] and [Mu69] X is the moduli space of abelian varieties whose Mumford-
Tate group is contained in MT(R!f,Q4). So the family f : A — U induces a
morphism U — X, perhaps after replacing U by an étale covering. Since ¢ : U —
A, is generically finite over its image, the morphism U — & has the same property.

Assume in Corollary 7.15 that f : A — U is rigid, and that dim(U) > dim X.
The rigidity implies by Corollary 7.15 that MT™(Wg)d = MT(Wg)d, and
hence that A™ = X is a Shimura variety of Hodge type. Since ¢ is generically
finite over its image, ¢ : U — X is dominant, hence X = ¢(U). By Lemma 6.1, (2)
p: U — X is étale.

The same argument applies for non-rigid families if one knows that ¢ factors
through A™ and if dim(U) > dim ™. So we can state:
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Lemma 7.16. Assume in Corollary 7.15 that the induced morphism ¢ : U — A,
factors through X™ and that dim(U) > dim(X™°). Then (replacing U by an
étale covering, if necessary) ¢ : U — X™ is finite, étale, and surjective.

In particular this holds true if f : A — U is rigid, hence X™ = X and if
dim(U) > dim(X).

Example 7.17. Assume in Corollary 7.15 that the universal covering U is a
bounded symmetric domain, and that Wq is the uniformizing local system. So
U is isomorphic to Mon" (W) ® R, divided by a maximal compact subgroup

Assume either that f : A — U is rigid, or that the morphism ¢ from U to the
Siegel upper halfspace flg is induced by a homomorphism

Mon’(Wg) ® R — Sp(2g, R).
Then the assumptions in Lemma 7.16 hold true.

In fact, in both cases we know that ¢ : U— flg factors through A™°". Moreover

the real dimension of U is equal to the dimension of the quotient of Mon® (Wo)®R
by a maximal compact subgroup, hence equal to 2 - dim(X™°").

Remark 7.18. Without any assumption on rigidity Theorem 1.3 gives the exis-
tence of a Shimura variety of Hodge type X; x X such that U = &} x {b}. Using
the notations introduced above, X = &} x Xy and X™Y = & x {b}. By deforming
b to a point a with complex multiplication one gets a Shimura variety of Hodge
type X x {a}.

As we have seen the non-rigidity comes from the existence of direct factors of
type bl with dim(H; ) > 4 or of type b2. Passing from b to a corresponds to a
modification of the Hodge structure H; g in such a way, that MT(W; ) /nirme (w, )
becomes commutative.

Proof of Proposition 7.14. We will apply arguments, similar to the ones used in the
proof of [VZ07, Proposition 10.3]. By [Si92, Lemma 4.4] Mon" (W) is reductive,
hence by [De82, Proposition 3.1 (c¢)] there is no larger subgroup of GI(Wyg) which
leaves all elements 7, € WE™ @ WY®™ invariant, which are invariant under
Mon®(W). If we verify that all elements 7, € W2™ @, Wy®™ which are invariant
under Mon?(Wg ) are invariant under MT™ (Wx )3, we get the inclusion

MT™ (W) € Mon®(Wi).

If 7, is invariant under Mon” (W), one may replace U by an étale cover and assume
that 7, is invariant under the monodromy representation, hence it is the restriction
of a global section
ne H (Y, W™ @ WiE™).
Since K is a totally real number field, W} is isomorphic to W, hence det(W)?
is trivial. Up to a shift of the bigrading, W}, can be identified with
rk(Wg)—1 rk(Wg)—1
/\ Wg QK det(WK)fl = /\ Wk QK det(WK),

so we may as well consider sections of

L
ne HO(Y, W) @HO( ®W®”Z> EBHO( ®Vg®;§i)®K®H§;i,

i=1 i=1
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where 7’ is the set of tuples Kk = (ky,...,k¢) with Zle ki =k, 800 =Y 7Nk
Each component of 7 in this direct sum decomposition is again invariant under
Mon’(Wg). So we may as well assume that 7 = 7,0 for a fixed tuple x* =
(k9,...,KY) and that

l L
N0 = Vro & hﬁo with Yo € H° (Y, ®V:®;§?) and h‘ﬁo € ® H1®I??
i=1 =1

Recall that by our choice of the indices we are in case a) of Lemma 7.5, 4) for
1=1,...,0y. Let us rearrange the indices in such a way, that + = 1, ..., ¢; the local
system V’ V! i ®k C remains irreducible (type al), whereas for i = ¢;+1,..., (s
it decomposes (type a2).

Choose a Galois extension L of K with Galois group I', such that the local
systems V', decompose as a direct sum of two subsystems V;; and VY, for ¢ =
{1+ 1,...,¢y. By abuse of notation we will drop the L, hence ; stands for ;.

Consider the set Z of tuples of natural numbers

E:(k17'"7kf17kf1+17k21+15"'7k€27k227k£2+17"'7kf)7 with
k'i:/f? for zE{l,,ﬁl}U{ﬁg—l—l,,é} and
]{ZZ—F]C;::%? for i€{€1+1,...,€2}.

Then H° <Y, ®f:1 Vﬁ:g> ®x L decomposes as

H(y, ( Viok (VER @ VM) V/ok )
@ ® ) %1 ) %1

Remark that the local systems V! and V; occurring in this decomposition all satisfy
the Arakelov condition. Hence v = ~y,0 and 1 = 1,0 decompose as

Y=Y % and =) % ® hy
T T

where by Lemma 7.4
I ¢
T € @H‘)( (X)V’@k’ © @ (VP ev ™) e @ vir)
i=1 =041 i=la+1
is pure of some bidegree (py, qx)-

The Galois group I' acts on the decomposition, and since  and h = h,o are
defined over K the group I' permutes the components v;. The sum over the conju-
gates of a fixed ~y;, will again be defined over K, and by abuse of notations, replacing
7 by a subset, we can assume that Z consists of one I'-orbit.

If for some k € Z one has py # qi then 7 is not defined over R, and its complex
conjugate is of the form v for some &’ € 7. In particular p = ZI Pk = D7k, and
hence the wedge product p = A, is pure of bidegree (p,p) and defined over L.
Since wedge products are direct factor of some tensor product, p is a section in

( ® ®Vl®kl® ® V@k ®Vv®k) é V;@ki))'

i=01+1 i=lo+1
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The Galois group I' of L over K permutes the different components 7y, hence it
acts on p by a character xy : I' — {£1}. So for some § € L the cycle - p is
invariant under I'. Choosing

v ¢
v @R
i=1
of bidegree (p', p') one obtains a Hodge cycle
B-peh' € H (Y, W).

So B-p®Ah’ is invariant under MT (W )9 hence under the subgroup MT™ (W )der
as well. This group acts trivially on A’, hence (- p has to be invariant under
MT™ (Wg )4 where we consider the identification

, V4
G = X GIVy) x {idu,  } 2 X GI(Vy).
i=0 =0

This implies that the subspace
El 82 ¢
J =< keT>cPH (Y, RVt e X (Vi eV e &) Vé@ki>
z i=1 i=l1+1 i=ly+1

is invariant under the action of MT™ (W )% ® L. Since

y4
MT™ (W) < (X GUVy) x {idn, 1)

and since we have seen in Claim 7.10 that MT(W; )9 ®x C respects the decom-
position V; . @ C = V; @ VY, the action of MT™ (W) @y L leaves for each
k € T the subspaces

£ 12 14
. . k! ,
<= (V@Y @) (Vv e @ Vi)
=1 i=£1+1 i=lo+1
invariant. So one obtains a homomorphism

MT™ (W) @k L — Gl(< 7 >1) = L¥,

necessarily trivial. In particular v, is invariant under MT™(Wg )4 @ L.
Since both ), v and 7 = > 7 vk ® hyo are defined over K, they are invariant

under MT™ (Wg )4 as claimed. O

8. VARIATIONS OF HODGE STRUCTURES OF LOW RANK

In this section we will discuss the ‘complexity condition’ 2) in Theorem 0.7, b)
for C-variations of Hodge structures of low rank.

Assumptions 8.1. The C-variation of Hodge structures V is non unitary, irre-
ducible with unipotent monodromy at infinity and it satisfies the Arakelov equality.
By Theorem 0.5 V is pure for some i, and we assume that €; is of type A or B. We
write {2, T', and n for €2;, its dual, and its rank and M for the corresponding factor
of the universal covering U. As usual (£ = EM°® E%! ) denotes the Higgs bundle
of V, the Hodge numbers are ¢ = rk(E'Y) and ¢ = rk(E%!), hence the period map
is given by a morphism M — SU(Z, ().
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We will assume moreover, that wy (.S) is ample or that the following strengthening
of the condition () in Lemma 0.10 holds.

Condition 8.2.

i. If 7 and G are two pu-stable torsion free coherent sheaves, then F ® G is
p-polystable.

ii. If F is a p-stable torsion free coherent sheaf, then F admits an admissible
Hermite-Einstein metric, as defined in [BS94].

The Condition 8.2 will allow to apply [VZ07, Lemma 2.7], saying that the Higgs
field 6 respects the socle filtration. In particular, the p-polystability of E'0 will
imply the p-polystability of E° @ T', hence the p-polystability of E%!.

Lemma 8.3. If wy(S) is ample, then the Condition 8.2 hold true.

Proof. In [BS94] it is shown, that a reflexive sheaf on a compact Ké&hler manifold
admits an admissible Hermite-Einstein metric if and only if it is u-polystable. Part
i) follows from the fact, that a tensor product of two admissible Hermite-Einstein
metrics is again admissible Hermite-Einstein. In fact, in [BS94] admissibility of
metrics h; on bundles V; asks for two conditions. First, the curvatures Fj should be
square integrable and second their traces AF; should be uniformly bounded. The
curvature of hy ® hy is F} ® Idy 4+ 1d; ® F5. Thus, if h; are admissible, so is hy ® hs,
and the claim follows. O

Recall that by 6.2 the length ¢(V) = ¢((E,#)) of the Higgs subbundle A\“(E, 6)
satisfies
. -0 (n+1)
8.1 Min{l,0'} > ¢(V) > ————~.
(5.1) {00} 2 (V) 2 g
Since V irreducible, by Addendum 0.9, III) the bundle E'? is p-stable if and only
if the right hand side of 8.1 is an equality. Since (8.1) is symmetric in ¢ and ¢, in
order to verify the equality in certain cases, we are allowed to replace V by VY and
assume that ¢ < ¢’. One obtains:

Property 8.4. The irreducibility of V implies that n- ¢ > ¢ > (. If // =n - { the
numerical condition 2) in Theorem 0.7 holds, hence the right hand side of 8.1 is an
equality. In particular this is the case for n = 1, as said already in Lemma 6.3.

Example 8.5. Assume ¢ = 1. Since E*? is invertible, E%! is the saturated hull of
the p-stable sheaf E° @ T', hence of rank ¢ = n, and (8.1) is an equality.

Lemma 8.6.

i. The Hodge bundle E'° can not have a torsion free u-stable quotient sheaf
V with u(V) = u(E™°), such that V @ T is u-stable.
ii. In particular EY° can not have a torsionfree rank one quotient sheaf N with

pN) = n(EM0).

Proof. Obviously ii) is a special case of i). Assume there exists a torsion free p-
stable quotient sheaf V with p(V) = u(E"?), such that V @ T is p-stable. To be
allowed to replace V by its reflexive hull, we only assume that there is a morphism
EYY — V which is surjective on some open dense subscheme and that pu(V) =
p(EYY).

In order to keep notations consistent with [VZ07, Section 2|, we will first study
the dual situation, hence a subbundle V' of E%!. Recall that the socle S;(F) of
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a coherent sheaf F is the smallest saturated subsheaf containing all u-polystable
subsheaves of F of slope u(F). By [VZ07, Lemma 2.7] the Property 8.2, i) implies
that the Higgs field 6 respects the socle, in particular for V' C S;(E®!) the preimage
6~ (V'®Q) is contained in S(E'?). Since (£, 6) is the Higgs bundle of an irreducible
variation of Hodge structures, 6~'(V' ® Q) # 0. In fact, ¥ : EM' @ T — E%!is
surjective, since the cokernel would be a Higgs subbundle of (£, ) of degree zero.

So 671(V' ® Q) is a non-trivial subsheaf of the socle, hence p-polystable. The
p-stability of V' ® Q implies that 67'(V' ® Q) contains a direct factor which is
p-equivalent to V' ® Q.

Applying this to the cosocle S'(E'?), i.e. to the dual of S(E'®") one finds a
quotient sheaf of E%! which is p-equivalent to V ® T. So (E,f) has a quotient
Higgs bundle whose reflexive hull is isomorphic to @ = V@&V T. Lemma 4.4, ii),
applied to @ =V &V ® T, and the Arakelov equality imply that

0 < u(Q)rk(Q) = rk(V) - u(V) + 1k(V) - n - (u(V) — pu(Q)) =
tk(V) - (u(E") + - (u(E) = () = rk(V) - (u(E") 4 1 - u(E™)),
On the other hand, the property 8.4 implies that
0= p(E™) + £+ u(B™) > 0 (u(E™) + - u(E),

hence that 1(Q) = 0. Since V is irreducible, (E, #) can not have a Higgs subbundle
of degree zero, a contradiction. O

Example 8.7. If / = 2 and if the p-semistable sheaf E'Y was not p-stable, one
would find an invertible quotient, contradicting Lemma 8.6, ii).

Hence E0 is u-stable, and the right hand side of (8.1) is an equality. Since
Min{¢, ¢'} = 2 the only solution is ¢ =2 -n and ¢(V) = 2.

Next we will consider the case of a rank two quotient of £'°. To this aim, we
have to analyze the holonomy group:

Lemma 8.8. Let V be a p-stable torsion free quotient sheaf of EY° of rank two
with (V) = u(EY). Then n = 2 and for some invertible sheaf N one has an
isomorphism VYV 2T @ N.

Proof. By Lemma 8.6, ii) V has to be pu-stable. Moreover, since the assumptions
are compatible with replacing U by an étale covering, V remains p-stable under
pullback to such a covering. By Lemma 8.6, i) the sheaf V ® T can not be p-stable.
So in order to finish the proof of the Lemma 8.8 it just remains to verify:

Claim 8.9. Let V be a rank 2 torsion free sheaf on Y, whose pullback to any étale
covering remains p-stable. If V ® T is not p-stable, then n =2 and VYV X T Q@ N

Proof. For a sheaf V of rank two, the only irreducible Schur functors are of the
form {k — a,a}, for a < % By [FH91], 6.9 on p. 79, one has

| Spa(V) = SEROV) @ det(V) if 2a <k
Ste-a.a} (V) = { Staa (V) = det(V)e if 2=k "

Claim 8.10. The sheaves S™(V) (and S™(T')) are u-stable, for all m. Moreover,
the holonomy group of S™(7T') with respect to the Hermite-Einstein metric is the
full group U(n).
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Proof. Otherwise, the holonomy group with respect to the Hermitian-Einstein met-
ric on S™(V) (or on S™(T')) is not irreducible. Note that the holonomy group of
the tensor product of Hermitian vector bundles is just the tensor product of the
holonomy groups of the different factors.

Consequently, a non-trivial splitting of S™(V) (resp. of S™(T')) forces the holo-
nomy group of V (resp. of T') with respect to the Hermite-Einstein metric to be
strictly smaller than U(2) (resp. smaller than U(n)).

It is known that a proper subgroup of U(2) is a semi-product of the torus with
Zs. So one obtains a splitting of V on some étale double cover.

For T we use instead [Ya93] (see also [VZ07, Section 1]), saying that the holonomy
group of T is U(n). O

Let us continue the proof of Claim 8.9. Assume that V ® T contains a subsheaf
N of the same slope and of rank r» < 2-rk(7T") = 2-n. Since V ® T is p-polystable,
N is a direct factor. Replacing N by its complement in V ® T, if necessary, we
may assume that r < n.

By taking the r-th wedge product one obtains an inclusion of £ = A" N into
N (V ®T), and both sheaves have the same slope. Here and later on, the wedge
products of a torsion free sheaf is the reflexive hull of the corresponding wedge
product on the open set, where the sheaf is locally free.

By [FH91, p. 80], for example, one has a decomposition

/\V@T @S/\ ) @Sy (T)

where the sum is taken over all partitions A of r with at most 2 rows and n
columns and where )\ is the partition complementary to X\. The rank one subsheaf
Lof A\"(V®T) must inject to Sx(V) @ Sy/(T) for some A. Again both sheaves are
p-semistable of slope u(L). Moreover, for A = {a, a} the rank of S)/(T) is strictly
larger than one, and the Claim 8.10 implies that neither Sy(V) nor Sy (7) can be
invertible.

Let us assume that n = 2. If r = 2, the only possibilities for \ are {2,0} or
{1,1}. In the first case Sy(V) = det(V), and in the second case Sy/(T") = det(T).
So both are excluded.

If NV is a subbundle of rank one, we obtain a non-trivial map N ® Q — V. Since
both sheaves are u-stable of the same slope this must be an isomorphism on some
dense open subset, and since 2 = T' ® det({2) we are done.

So assume from now on that n > 3. A non-zero projection of £ to some Schur
functor £ — Sy(V) ® Sy (T') gives again rise to a non-zero map

S)\(V)V X L — S,\/(T)

between pu-polystable bundles of rank strictly larger than 1 and of the same slope.
Claim 8.10 implies that this is an isomorphism.

Hence the holonomy group of Sy (7") with respect to the Hermitian-Yang-Mills
connection is isomorphic to the holonomy group of Sy(V)Y, up to twisting by scalars.
Holonomy groups are compatible with Schur functors, so the Sy-representation of
the holonomy group of V is isomorphic to Sy applied to the holonomy group of
Ty, which by Claim 8.10 is U(n).

Since S/ is not the determinant representation, this representation is almost
faithful (with the kernel contained in the subgroup of scalar matrices). Since the
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holonomy group of V is U(2), it is too small to contain an almost faithful represen-
tation of U(n) for n > 3 one obtains a contradiction. So n must be two, and we
handled this case already. 0

Example 8.11. If / = 3 and if n > 3, then the right hand side of (8.1) is an

equality, hence
3:-0-(n+1)

(3+0)-n
For ¢(V) = 3 one finds ¢/ = n - £. For ¢(V) = 2 the only possibility is n = ¢ = 3.

3>¢(V)= > 1.

Proof. If EY is not p-stable, it has a torsion free quotient sheaf V of slope u(EY),
either of rank one or of rank two. Both cases have been excluded, by the Lem-
mata 8.6 and 8.8.

For ¢ = ¢(V) the equality implies that ¢ =

s-3n
(83—¢)n+3"
solution in Zss, and for ¢ = 2 the only solutions are (¢,n) = (3,3), (4,6) or

(5,15). To exclude the last two cases, consider the non-trivial map

For ¢ = 1 there is no

2
SA(T) ® det(EM0) T EY @ A\ (B,

Since both sides have the same slope, 7® must be injective. However the inequality

. ,. ,—
(n+1) ngg.é (¢ 1).
2 2
is violated for (¢',n) = (4,6) or (5, 15). O

Example 8.12. For n = 2 the right hand side of (8.1) is an equality, except
possibly for ¢ = 5.

Proof. The inequality (8.1) says that
3-0-3
3>¢(V)> ———.
=W 2 5y
Since ¢/ > 3 the right hand side is strictly larger than 2, hence ¢(V) = 3, and the
morphism

3
det(E"") @ S3(T) 22 A\ (E™)

is non-zero. Since both sides have the same slope, for ¢/ = 3 this contradicts the
stability of S3(T). For £’ = 4 the saturated image of 7® is A*(E®'). Hence the
latter and E%! are both pu-stable. The compatibility of the Higgs field with the
socle filtration implies that E'? is p-stable, and hence the right hand side of (8.1)
must be an equality. Obviously this is a contradiction. 0

Altogether we verified:

Proposition 8.13. Under the Assumptions 8.1 the numerical condition 2) in The-
orem 0.7, b) holds in the following cases:

1. n=1.

2.n=2,0<3, <V and l' £5.

3.n>3,0<3,andl <V
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