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Motivation

◮ Parabolic parametrized partial differential equation of the form

∂tu(x, t;µ) + Lu(x, t;µ) = f , (1a)

u(x, 0;µ) = u0, (1b)

◮ Solution of (1) for many different parameters in a small amount
of time (i.e. design optimization, optimal control,
online-simulation, financial markets)

◮ Computation of a detailed solution (i.e. FEM, FV, FD) is
rather expensive

 model order reduction
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The detailed (semi-discretized) evolution problem

Let X ⊂ Y := L2(Ω) be a Hilbert space and µ ∈ P ⊂ R
p. We want

the solution sequence u =
(

uk
)M

k=0
∈ (X )M+1 of the detailed

evolution scheme

u
0 = PX (u0) (2a)

L
I (µ, tk)uk+1 = L

E (µ, tk)uk + b(µ, tk) (2b)

s
k(µ) = l(uk , µ), (2c)

with L
I ,LE ∈ L(X ), PX : Y → X the continuous projection,

l : X × P → R a linear and continuous functional, u0 ∈ Y the initial
values and b ∈ X the inhomogeniety, so that

u
k(x ;µ) ≈ u(x , tk ;µ), k = 0, . . . ,M.
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The reduced (semi-discretized) evolution problem

Let a problem (2) be given. Let XN ⊂ X be a reduced basis space,

µ ∈ P. We want the solution sequence uN =
(

ukN

)M

k=0
∈ (XN)

M+1

of the reduced evolution scheme

u
0
N = PXN

(PX (u0)) (3a)

L
I
N(µ, t

k)uk+1
N = L

E
N(µ, t

k)ukN + bN(µ, t
k) (3b)

s
k
N(µ) = l(ukN , µ), (3c)

with PXN
: X → XN the orthogonal projection related to the scalar

product 〈·, ·〉X and with the operators

L
I
N := PXN

◦ LI

L
E
N := PXN

◦ LE

bN := PXN
(b).
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A-posteriori error estimator

Definition of the residual

Rk := 1
∆t

(

L
Eu

k−1
N − L

IukN + b

)

∈ X

Let u and uN be solutions of (2) and (3), then the error
ek := ‖uk − ukN‖X is bounded by

‖uk − u
k
N‖X ≤ ∆N(µ, t

k)

with

∆N(µ, t
k) :=

k
∑

i=1

(

γE

αI

)k−i
∆t

αI
‖R i‖X +

(

γE

αI

)k

‖e0‖.
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Offline/online decomposition?

 is possible!
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Offline/online decomposition?

 is possible!

Regarding the reduced space XN

◮ uk+1(µ) depends on uk(µ)

◮ uM(µ) ∈ XN not sufficiet for uMN (µ) = uM(µ). Whole trajectory
has to be well approximated

Idea of the POD-Greedy-procedure

XN := argmin
Y⊂X

dimY=N

max
µ∈Ptrain

1

M + 1

M
∑

k=0

‖uk(µ)− PY u
k(µ)‖2
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POD-Greedy-procedure

Let Ptrain ⊂ P be finite, εtol > 0, ∆(µ,XN) a suitable error
indicator, ΦN0

⊂ X initial RB an ONB with N0 := |ΦN0
|:

◮ input: ΦN0
, N0

◮ N := N0, ΦN := ΦN0
, XN := span{ΦN}

◮ while max
µ∈Ptrain

∆(µ,XN) > εtol compute

◮ µN+1 := argmax
µ∈Ptrain

∆(µ,XN)

◮

{

uk (µN+1)
}M

k=0
◮ ekN+1 := uk(µN+1)− PXN

uk(µN+1), k = 0, . . . ,M

◮ ϕN+1 :=argmin
ϕ∈X
‖ϕ‖=1

∑M

k=0 ‖e
k
N+1 − 〈ϕ, ekN+1〉ϕ‖

2

◮ ΦN+1 := ΦN ∪ {ϕN+1}, XN+1 := span{ΦN+1}, N := N + 1
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Evolution scheme in space-time (via PG)

Let X be a Hilbert space (HS) and XN ⊂ X be a RB-space. Then
X̃ := (X )M+1 is a HS with X̃N := (XN)

M+1 ⊂ X̃ the corresponding
RB-space. We define

a(u, v ;µ) :=
M−1
∑

k=0

〈LI (µ, tk)uk+1 − L
E (µ, tk)uk , vk+1〉X + 〈u0, v0〉X

f (v ;µ) :=

M−1
∑

k=0

〈b(µ, tk), vk+1〉X + 〈PXu0(µ), v
0〉X .

If a and f are continuous

(2) ⇐⇒ find u(µ) ∈ X̃ : a(u(µ), v ;µ) = f (v ;µ), v ∈ X̃

(3) ⇐⇒ find uN(µ) ∈ X̃N : a(uN(µ), v ;µ) = f (v ;µ), v ∈ X̃N
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Definition: primal/dual detailed model

Let X̃ be a HS, P ⊂ R
p, a a suitable bilinearform and f , l̃ suitable

linearforms. We define the primal detailed solution upr (µ) ∈ X̃

through

a(upr (µ), v ;µ) = f (v ;µ), ∀v ∈ X̃ (4)

and the dual detailed solution udu(µ) ∈ X̃ through

a(v , udu(µ);µ) = −l̃(v ;µ), ∀v ∈ X̃ . (5)

The output is defined through

s(µ) = l̃(upr (µ);µ). (6)
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Definition: primal/dual reduced model

Let X pr
N , X du

N ⊂ X be two RB-spaces. Then X̃
pr
N :=

(

X
pr
N

)M+1
,

X̃ du
N :=

(

X du
N

)M+1
are two RB-spaces with dimension Npr , Ndu ∈ N.

Given µ ∈ P we define the primal reduced solution u
pr
N (µ) ∈ X̃

pr
N

through

a(uprN (µ), v ;µ) = f (v ;µ), ∀v ∈ X̃
pr
N , (7)

the dual reduced solution uduN (µ) ∈ X̃ du
N through

a(v , uduN (µ);µ) = −l̃(v ;µ), ∀v ∈ X̃
du
N , (8)

and the improved reduced output s∗N(µ) ∈ R through

s
∗
N(µ) = l̃(uprN (µ))− r

pr (uduN (µ);µ). (9)
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Further steps I

Using the space-time BLF and linearform in (5) and assuming
l̃(u;µ) = l(uM ;µ) yields the dual detailed evolution scheme

u
du,M = −

(

L
du,I (µ, tk)

)−1
vl (10a)

L
du,I (µ, tk)udu,k = L

du,E (µ, tk)udu,k+1, k = 1, . . . ,M − 1 (10b)

u
du,0 = L

du,E (µ, tk)udu,1 (10c)

with L
du,I =

(

L
I
)†
, Ldu,E =

(

L
E
)†

and vl the riesz-representant of l .
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Further steps II
The same can be done for the reduced case in (8) yielding the dual

reduced evolution scheme

u
du,M
N = −

(

L
du,I
N (µ, tk)

)−1
vN,l (11a)

L
du,I
N (µ, tk)udu,kN = L

du,E
N (µ, tk)udu,k+1

N , k = 1, . . . ,M − 1 (11b)

u
du,0
N = L

du,E
N (µ, tk)udu,1N (11c)

with the dual residual

R
du,k :=

1

∆t

{

−L
du,Iu

du,k
N + L

du,Eu
du,k+1
N , k = 1, . . . ,M − 1

−u
du,0
N + L

du,Eu
du,1
N , k = 0

.
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Further steps III

The typical error estimators hold:

‖epr (µ)‖ ≤ ∆pr ,∗
N (µ) :=

‖vprr (µ)‖

α̃LB(µ)

‖edu(µ)‖ ≤ ∆du,∗
N (µ) :=

‖vdur (µ)‖

α̃LB(µ)

|s(µ)− s
∗
N(µ)| ≤ ∆s,∗

N (µ) :=
‖vprr ‖ ‖vdur ‖

α̃LB (µ)

Offline/online-decompositions for s∗N(µ), ∆
pr ,∗
N and ∆du,∗

N possible.
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Application - The Black-Scholes-Equation

Pricing of a vanilla European put option, i.e. searching the solution
P(S1,S2, t, µ) of the parametrized parabolic PDE

∂P

∂t
−

1

2

2
∑

k,l=1

Ξ(k , l)SkSl
∂2P

∂Sk∂Sl
−

2
∑

k=1

rSk
∂P

∂Sk
+ rP = 0

with the parameter matrix

Ξ =

(

σ2
1

2ρ
1+ρ2

σ1σ2
2ρ

1+ρ2
σ1σ2 σ2

2

)

and the parameter vector µ = (r , ρ, σ1, σ2).
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Numerical results - error estimator
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Figure: Sequences of the error ek := ‖uk − ukN‖X (red) and the error
estimator ∆N(µ, t

k ) (blue) over the time steps tk for a reduced basis with
200 basis vectors and µ = (0.05, 0.4, 2, 0.5).
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Numerical results - dual problem improvements

functional l 1
|G0|

∑

xij∈G0
Pk
i ,j

1
|G0|

∑

xij∈G0

Pk
i+1,j−Pk

i−1,j

2h1

s20(µ) 13.8331045579815 −0.248507988692125
s20N (µ) 13.8324367556314 −0.248461984173756
s∗N(µ) 13.8324367558403 −0.248461984698320
∆s

N 2.975 · 104 2.661 · 104

∆s,∗
N 0.062 0.018

Table: Table including detailed output s20(µ), reduced output s20N (µ),
reduced improved output s∗N(µ) and the difference between the output
error estimator ∆s

N and improved output error estimator ∆s,∗
N for various

output functionals and µ = (0.05, 0.4, 2, 0.5).
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Conclusion

◮ Presented a complete reduced basis method for linear evolution
equations

◮ Extended the method with a dual problem resulting in an
improved reduced output and improved output error estimator
(shown by numerical results)

◮ Implementet in RBmatlab
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http://www.morepas.org/software/rbmatlab/0.11.04/doc/index.html


RBM for inverse problems
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Model problem

Find a solution u ∈ H1
0 (Ω) of

div (σ∇u) = 1, in Ω, (12)

with σ ∈ L∞+ (Ω), Ω = [0, 1]2.

Forward problem

F : D(F ) = L∞+ ⊂ L2(Ω) → H1
0 (Ω) the non-linear forward-operator

maps a parameter σ ∈ L∞+ (Ω) to a solution u of (12):

F (σ) = u.

Inverse problem

For a given u ∈ H1
0 (Ω) find the corresponding σ ∈ L∞+ (Ω) ⊂ L2(Ω)

with F (σ) = u.
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How to tackle inverse problems

General motivation

◮ Inverse problem is ill-posed (i.e. F−1 is discontinuous)

◮ Only noisy data uδ with ‖u − uδ‖H1 < δ given

◮ ⇒ F−1(uδ) 9 F−1(u) for δ → 0

◮ Replace F−1 by continuous approximations Rα

Aim: Rα(δ,uδ)u
δ → F−1(u) for δ → 0

1
see A.Rieder: Keine Probleme mit Inversen Problemen
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How to tackle inverse problems

General motivation

◮ Inverse problem is ill-posed (i.e. F−1 is discontinuous)

◮ Only noisy data uδ with ‖u − uδ‖H1 < δ given

◮ ⇒ F−1(uδ) 9 F−1(u) for δ → 0

◮ Replace F−1 by continuous approximations Rα

Aim: Rα(δ,uδ)u
δ → F−1(u) for δ → 0

Other approach1

◮ To numerically solve the inverse problem consider
σδ
n+1 = σδ

n + sδn with a starting value σδ
0 ∈ D(F )

◮ Try to approximate sen := σ+ − σδ
n with sδn , where σ+ is a

solution

1
see A.Rieder: Keine Probleme mit Inversen Problemen
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REGINN(REGularisation based on INexact Newtoniteration)

REGINN(σ, τ, {ti}, {Θn})

n := 0, σδ
0 := σ;

while ‖F (σδ
n)− uδ‖H1 > τδ do

{ i = 0;

repeat

i := i + 1;
sn,i :=

(

F ′(σδ
n)

∗F ′(σδ
n) + ti I

)−1
F ′(σδ

n)
∗(uδ − F (σδ

n));

until ‖F ′(σδ
n)sn,i + F (σδ

n)− uδ‖H1 < Θn‖F (σ
δ
n)− uδ‖H1;

σδ
n+1 := σδ

n + sn,i;

n := n + 1;
};
σ := σδ

n;
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REGINN(REGularisation based on INexact Newtoniteration)

REGINN(σ, τ, {ti}, {Θn})

n := 0, σδ
0 := σ;

while ‖F (σδ
n)− uδ‖H1 > τδ do
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sn,i :=

(

F ′(σδ
n)

∗F ′(σδ
n) + ti I

)−1
F ′(σδ

n)
∗(uδ − F (σδ

n));

until ‖F ′(σδ
n)sn,i + F (σδ

n)− uδ‖H1 < Θn‖F (σ
δ
n)− uδ‖H1;

σδ
n+1 := σδ

n + sn,i;

n := n + 1;
};
σ := σδ

n;
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Outlook

◮ First numerical results
◮ Comparison REGINN with RB vs. without RB
◮ Model problem too simple?
◮ More sophisticated algorithm/RB-space construction?

◮ How to treat a continuous parameter σ ∈ L∞+ theoretically and
numerically
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Thanks for your attention!
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