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Abstract

A method based on a differential algebraic equation (DAE) approach is em-
ployed to find stationary solutions of the Poisson-Nernst-Planck equations with
steric effects (PNP-steric equations). Under appropriates boundary conditions, the
equivalence of the PNP-steric equations and a corresponding system of DAEs is
shown. Solving this system of DAEs leads to the existence of stationary solutions
of PNP-steric equations. We show that for suitable range of the parameters, the
steric effect can produces infinitely many discontinuous stationary solutions. More-
over under a stronger intra-species steric effect, we prove that a smooth solution
converges to a constant stationary solution.

1 Introduction and statement of results

To study biological ion channels, the Poisson-Nernst-Planck system ([2], ], [6], [8]) is
commonly used as a model to describe the ionic flows in open ion channels. The Poisson-
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Nernst-Planck system is given by
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for v € (—1,1) and ¢t > 0. Here ¢, = ¢,(x,t) is the density of anions and ¢, = ¢,(z,1)
is the density of cations; ¢ = ¢(z,t) is the electrostatic potential; D,, and D, are the
diffusion coefficients; —z, and z, are positive integers; p is the permanent charge density;
€ is a parameter. Next we introduce a new type of Poisson-Nernst-Planck system by
considering the steric effect (or size effect) which occurs due to the fact that each atom
within a molecule occupies a certain amount of space:

o 0

% |:A( )(gnncn ac + Gnp Cn (;1'):|
Oc de,

% [A(*T) (gppcpa_;'{'gnpcp 3?1;)} )

(9, 5 0 ey 0
a_ct_ (@) Oz [A(:z:)(a—cx%—zncna—i)}—l—

()

S
iS]
>

ox
-l d |10 G560+
ot — A(x) Ox oz T Oy

()

_A(gx) % (A(x)%) = Zp Cp + 2p Cp,

(1.2)
for x € (—1,1) and t > 0. Here ¢,, = ¢,(z,t) is the density of anions and ¢, = ¢,(z,t) is
the density of cations; ¢ = ¢(x,t) is the electrostatic potential; A = A(x) is the cross-
sectional area of the ion channel at position x; gnn, gpp and gy, are positive constants;
—z, and z, are positive integers;  and ¢ are two parameters.

Assuming constant cross-sectional area A(x), without loss of generality, we consider
the following two-component drift-diffusion system

uw =V - (1 Vu+9uVep)+V-(gnuVu+gpuVv), ze€Q, t>0,
v =V -(daVo+190Vp)+ V- (ga1vVu+gpvVu), xz€Q >0, (1.3)

—Ap=mu+yv, e t>0,

where u = u(x,t) and v = v(x,t) are densities of the two species u and v, which are
assumed to be nonnegative functions; ¢ = ¢(x,t) is the electric potential; d; and dy are
diffusion rates. Throughout this paper, ¥1, g11, 912, 921, 922 and 7y, are positive constants;
9 and 7, are negative constants, unless otherwise specified. {2 C R™ is a bounded domain
with smooth boundary.

When the domain under consideration is extended to the entire space R", be-
comes

uw=V-(dyVu+9uVe)+V-(gnuVu+gipuVv), zeR" >0,
Ut =V (dgVU‘l"L?QUngS)*FV (921UVU+922UVU)7 x eRna t> 07 (14)

—Ap=mu+yv, zeR" t>0.



We note that, in the absence of g11 u Vu, giou Vv, goy u Vo, and geo v Vo, (|1.3) reduces
to the Keller-Segel type equations

u=V-(dVu+9uVe), zeR" t>0,
vy =V-(dVo+1dy0Ve), ze€R" >0, (1.5)
—Agb:%u—l—vgv, zreR" t>0.

Keller-Segel model is a classical model in chemotaxis introduced by Keller and Segel
([I1]). For the last two decades, there has been considerable literature devoted to the
Keller-Segel model. For the Keller-Segel model, we refer to the textbook [12} 13|, review
papers [0, [10] and references therein.

In this paper, we are concerned with stationary solutions to and , i.e. with
time-independent solutions to the following elliptic systems

02V-(d1Vu+191uV¢)+V-(ganu—i—glgqu), ZL‘EQ,
0=V -(daVo+1920Vp)+ V- (go1vVu+ gpvVuv), x€Q, (1.6)
—Ap=mu+rv, zecll

Using the elementary fact that V(logu) = Vu/u, the first and second equations in
(1.6) can be rewritten as

O:V(UV(dl 10gu+791¢+911’u+9121)>>, LUGQ,

(1.7)
0=V- (UV(dg logv+192¢+gglu+922v)), x € Q.
It is readily seen that if we can find u, v and ¢ satisfying the algebraic equations
dy logu+9 ¢+ gnnu+giev=c, x€
(1.8)

dy logv + 020 + garu+ goav =z, €,

where ¢; and ¢y are constants, then such u, v and ¢ automatically form a solution of
. A natural question arises as to whether any solution of also satisfies .
It will be shown in Proposition that the answer is indeed affirmative when certain
appropriate boundary conditions are imposed on the solutions, i.e.

F
uFy % <0, on 09, (1.9)

and oF
v Fy a—; <0, on 89, (1.10)

where F1 = di logu + 91 ¢ + g1 u + giov and Fy = dy logv 4+ Y9 ¢ + go1 u + g v. For
instance, %P; t =0 (i=1,2) on 99, or the Neumann boundary conditions
Ju v 09
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As a consequence, our problem now turns to establishing the existence of solutions
for the differential algebraic equations (DAEs):

di logu+9104+ griu+ giav=cy, x€XI,
do logv+192¢+g21u+922v =C, IE Q, (112)
—Ap = u+yv, x€cll

To the best of the authors’ knowledge, this is the first time such DAE approach has
been employed to drift-diffusion systems such as . In Section , we investigate in
Theorem the existence and uniqueness of solutions u = u(¢) and v = v(¢) to (1.8))
under the following hypothesis:

(H1) 911922 — q12 921 > 0.

Note that is a system of nonlinear algebraic equations for which explicit solutions
expressed by the form u = u(¢) and v = v(¢) in general cannot exist. Due to (H1)
however, the solution u = u(¢) and v = v(¢) of in implicit form can be given
uniquely. With the aid of Theorem we are finally led to the following semilinear
Poisson equation

—Ap=G(¢p), z€, (1.13)
where G(¢) = v u(é) + y2v(¢). To establish existence of solutions of (|1.13]) under the

zero Neumann boundary condition

9¢

— =0 on 09, 1.14

5 (1.14)
more delicate properties of the nonlinearity G = G(¢) and the solution u = u(¢), v = v(¢)
are explored in Proposition These important properties turn out to be essential in
proving the existence of solutions of ((1.13)) by the standard direct method in the calculus
of variations.

Theorem 1.1 (Existence of stationary solutions to PNP-steric equations under
(H1)). Assume that (H1) holds and ¢ and ¢y be fized. (1.6) coupled with the Neumann
boundary conditions (1.11)) has a solution (u(z),v(z),¢(z)) € C*(Q).

The intuition behind the differential algebraic equation approach we use in obtaining
Theorem [L.1]is elementary. However, the result is remarkable in that only (H1) is needed
to ensure the existence of solutions to the elliptic system together with the Neumann
boundary conditions . On the other hand, under the hypothesis:

(H2) 11922 — q12 921 < 0,

([1.8) admits triple solutions (see Section [3). Moreover, in this case there may exist
infinitely many solutions for (1.6]).



Theorem 1.2 (Existence of stationary solutions to PNP-steric equations under
(H2)). Assume that (H2) holds and ¢, and cy be fized. coupled with the Neumann
boundary conditions (1.11)) has either a C* solution or infinitely many discontinuous
solutions (u(x),v(z), ¢(z)).

2 Two species equations

To begin with, we show that under the boundary conditions (1.9) and (1.10]), every
solution of (1.7 also solves (|1.8)), as mentioned in Introduction.

Proposition 2.1 (Equivalence of algebraic equations and differential equations).
The systems of PDFEs

0=V (uV(d1 logu+v§1¢+gnu+guv)>, x €,
0=V- (vV(dz logv+192¢+gglu+gggv)), x €,

together with the boundary conditions

F
uFlﬁ <0, on 01,

ov

and OF
UF2—2 <0, on 01,

ov

where F1 = d1 logu + 191§b + gl u + gi2 v and F2 = dg logv + 192§b + ga21 U + g2 U, 18
equivalent to the system of algebraic equations

dllogu—i-z?lgb—i-gnu—i-gmv:cl, IGQ,
dy logv+Uad+ goru+ goov =9, x €S

Proof. Integration by parts leads to the desired result. Indeed,

o0Fy

/uFlAF1d$:—/V<UF1)VF1d$+/ UFl—dS
Q Q a0 ov

g—/uyVF1|2dx—/F1vu-VF1dx.
Q Q
(2.1)

However, V - (u VF;)=0 gives 0 = F; V - (uVF}) = F} Vu - VF; + u F{AF;. This shows
that [, u|VF;|*dz <0, and thus Fy should be a constant independent of . In a similar
manner, we can prove that F» is a constant independent of x from V - (v VE,) = 0. The
proof of the converse is trivial. Hence the proof is finished. n
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Since we have established Proposition [2.1] it is now necessary to investigate existence
and uniqueness of solutions to (|1.8]). In particular, the solution of interest takes the form

(u? U) = (u<¢)> U(¢))

Remark 2.1. When the zero Neumann boundary conditions % = % = % =0 on 0f) are

considered, it is easy to see that these boundary conditions lead to % =0 and %ij =0
on 0L2. However, note that the converse is not true. Since the first two equations of (1.3

are in divergence form, the total charges are conserved:

ﬂ:/ﬂu(a:,t)dx:/gu(x,O) dx, @:/Qv(x,t) dx:/gv(x,O)da:, (2.2)

where (u(x,t),v(z,t)) is a solution of (1.3). It follows from the divergence theorem and
the Poisson equation in (|1.3) that in the case of the homogeneous Neumann boundary
condition % = 0, we have

MU= =72, (23)

which is equivalent to the electroneutrality condition. Here v, and 7, stand for the valence
numbers of ions u and v, respectively.

Theorem 2.2 (Existence of solutions to (1.8))). Assume (H1). Then for any given
¢ = ¢o € R, there ezists a unique solution (u,v) = (ug,vo) of

dy logu+91 ¢+ ginnu+ giav = c,
(2.4)

dy logv + Yo ¢+ go1 U+ goo v = Co.

Moreover, (3.8)) has a unique solution (u,v,¢) which can be represented implicitly as
(u,v) = (u(@),v(d)) and u(¢),v(p) are C functions. Prove that

Proof. For any given ¢g € R, we first show that the system of algebraic equations
has at least one solution (u,v) = (ug, vg). In other words, the two curves d; logu+ g1 u+
g2V = ¢ — U1 ¢p and dy log v+ go1 U+ gao v = o — V5 ¢g on the v-u plane has at least one
intersection point. To see this, we differentiate d; log u(v) + g11 u(v) + gia v = ¢ — 91 ¢y
with respect to v to obtain

I _ g12 u(”)
u'(v) = A <0, (2.5)

which is always strictly less than zero because of the term logu appearing in the first
equation of and u cannot take nonpositive value in logu. Therefore, the profile
u = u(v) of dy logu + g11u + g12v = ¢; — U1 ¢ on the v-u plane has the following
property:

® as v — —00, U — 00;

e asv — oo, u— 07;



e u = u(v) is decreasing in v € R.

In a similar manner, we have for the second equation dy logv(u) + go1 u + g v(u) =

¢ — Y2 ¢ of (B.9),
V) = -T2 . (2.6)
dy + g2 v
The profile v = v(u) of dy logv + go1 u + goa v = o — Vo ¢y on the v-u plane enjoys the
following property:

® as u — —00, U — 00;
e asu — 0o, v— 0T
e v =v(u) is decreasing in u € R.

As a consequence, it follows from the property of the profiles of the two curves
dy logu + g1 u + g1ov = ¢1 — Y1 ¢g and dy logv + go1u + goo v = o — U5 @, that the
two curves in the first quadrant of the v-u plane intersect at least once. That is, given
any ¢ = ¢ € R, we can find at least one solution (u,v) = (ug,vy) which satisfies (3.8)).
We eliminate the possibility of non-uniqueness of solutions (u,v) to for a given
¢ € R by contradiction. Suppose that, contrary to our claim, there exist in the first
quadrant of the v-u plane two distinct solutions (uy,v1) and (ug,vy) which satisfy
for given ¢ = ¢9 € R. Denote by M;(u,v) (respectively, Ms(u,v)) the slope of the curve
dy logu+ gi1u+ giav = ¢1 — U1 ¢g (respectively, ds logv + gog u + gao v = 3 — U ) at
(u,v). It is easy to observe that,

(Ml(ul,1)1> — MQ(Ul,’Ul)) (Ml(UQ,’UQ) — MQ(UQ,UQ)) < 0. (27)

Without loss of generality, we may assume that M (uy, v1)—Ma(ug, v1) < 0 and M (ug, vo)—
Ms(usz,v9) > 0. According to the Intermediate Value Theorem, there exists (u*,v*) for
which M (u*,v*) — Msy(u*,v*) = 0, where u* lies between u; and us while v* lies between
vy and ve. However, using ([2.5)) and (2.6), M;(u*, v*) = My(u*,v*) leads to

Grzu"  dy+ gap v’

— 2.8
di + g1 u* go1 U* (2:8)

It turns out that the last equation is equivalent to

d d
(—1 + 911) (—z + 922) = 012 921, (2.9)
u v

which contradicts (H1). Consequently, for given ¢ € R, uniqueness of solutions to
follows. By applying the local implicit function theorem at each point (u(¢),v(¢), @)
which satisfies (3.8]), we obtain C' smoothness of the solution (u,v) = (u(¢),v(¢)). The
proof is completed.

[

Certain important properties of solutions to ([1.8)) are investigated in the next propo-
sition. These properties include non-simultaneousness of vanishing u and v, monotonicity

7



of u = u(¢) and v = v(¢), and monotonicity and convexity of u = u(v). An important
consequence of these properties is , which turns out to play a crucial role in em-
ploying the direct method to establish existence of solutions for the semilinear Poisson
equation (|1.13)).

Proposition 2.3 (Properties of solutions to (1.8))). As in Theorem assume
(H1). Then (3.8) is uniquely solvable by the implicit functions (u,v) = (u(@),v(d)).
Concerning the properties of (u,v) = (u(¢),v(¢)), we have

(i) (Non-simultaneous vanishing of u = u(¢) and v = v(¢)). For fired ¢ = ¢y
and (u,v) which solves (3.8)), for 6 > 0 one of the following holds:

u>9, v<d, (2.11)
u<d, v>0. (2.12)

It is equivalent to say: there exists 6 > 0 so that u < ¢ and v < § cannot simulta-
neously be true;

(ii) (Momnotonicity of u = u(¢) and v = v(¢)) v (¢) and v'(¢) can be expressed in
terms of u(¢) and v(¢), i.e.

1202 — 04 (% + 922)

g12 921 — (% + 911> (% + 922)

u'(¢) = — , (2.13)

92161 — 0y (% + 911>

912 921 — (% + 911) (% + g22>
Also, u/'(¢) < 0 and v'(¢) > 0 for ¢ € R, i.e. u = u(¢p) is monotonically decreasing

in ¢ € R, while v =v(¢) is monotonically increasing in ¢ € R. Furthermore, u'(¢)
and V'(¢p) are uniformly bounded for ¢ € R. In addition, we have

nu(o) +7v'(9) < -k, (2.15)

o(9) = - (2.14)

for some constant k > 0;

(i1i) (Monotonicity and convexity of u = u(v)) u can be expressed by u = u(v).
Moreover,

vy u(v) (d2 01+ g b v — 1202 v)
u'(v) =
v (dl 92 + gi11 92 U(U) — g21 91 u(v))
which implies competition between u and v, and
dy 03 v* u'(v)? — dy 01 u?(v)

u'(v) = v2u(v) (dy 0y + g1 02 u(v) — go1 01 u(v)) > 0. (2.17)

<0, (2.16)




Proof. We prove (i) by contradiction. Assume to the contrary that there exists 6 > 0
such that v < ¢ and v < ¢ hold simultaneously. As ¢ is sufficiently small, u, v are even
smaller and log u,logv < 0. On the other hand, 6; ¢ and 6, ¢ have opposite signs since
0, > 0 and 6, < 0. Therefore, in either d; logu cannot be balanced with 6; ¢ or
ds log v cannot be balanced with 5 ¢. Either case leads to a contradiction.

To prove (i), we first differentiate the two equations in (3.8]) one by one with respect
to ¢, and obtain two equations in which the unknowns can be viewed as u/(¢) and v'(¢).
Solving them gives u/(¢) and v'(¢) as stated in (i7). Due to (H1), it is easy to see that
u'(¢) < 0 and v'(¢) > 0 for ¢ € R.

Using (i), when u,v > 6, clearly it follows from (2.13]) and (2.14]) that

G126 — 6y (d—2 + 922) G2 02 — g2 01
< = _ 2.18
ule) < 912 921 — (% + 911) (%;—2 + 922) (%1 + 911) (%2 + 922) — 12921 (2.18)
and J .
sz -l o) mhihGra) g,
912921 — (£ 4+ g11) (2 + g2) 911 922 — G12 921

for ¢ € R. As for the other two cases u > §,v < § and u < §,v > 9, it suffices to consider
one of them since they are symmetric. Suppose that v > d,v < d. For u > d,v < §y < 9,

(2.13) and ([2.14) lead to
01 01

lim u'(¢) = — < — (2.20)
v 0" (—u‘?(lz)) + 911) (% +9u1)
and
lim v'(¢) = 0. (2.21)
v—0t

On the other hand, when u > §, 5y < v < §, estimates of u'(¢) and v'(¢) similar to (2.18)

and ([2.19) are given by

0, — 0 (& —
W (¢) < — g12 U2 1 (OO +922) _ G12 02 — goa 0 (2.22)

912 921 — (%1 +911) <f;l—§ + 922) (%1 +9n1) (}l—i + 922) — g12 921

and

_ Go1 01 — 0 (%1 + 911) _ 9= 01 — 6 (dTl + 911)
912 g21 — (% + 911) (%2 + 922) g11 (%2 + 922) — 12921

V(@) > (2.23)

As a consequence, we conclude that there exists a constant k& > 0 such thtat v, u/(¢) +
720" (¢) < —k.

Multiplying the first equation in (3.8]) by 6, and the second equation in (3.8) by 6,
we obtain two equations. Subtraction of the two resulting equations gives an equation in

terms of u and v. Implicit differentiation then gives the desired result in (ii7).
[



Theorem [2.2] and Proposition [2.3] lead us to consider the Neumann problem for the
semilinear Poisson equation (1.13), i.e.

Ab=CG(¢) n 9,
(2.24)
% ~0  on 00

We are now in a position to prove Theorem [I.1]

Proof of Theorem[1.1] First of all, it can be shown by means of Proposition that G(o)

satisfies (A1) and (A2) of Theorem Upon using Theorems 2.2 and [3.3] we establish

the existence of (1.12)). Applying Proposition completes the proof of Theorem [1.1}
]

3 Triple solutions; g;;-induced triple solutions

For the case where the hypothesis (H2) is assumed we can also establish an existence
theorem for ([1.12)). In particular, in this case (1.8]) admits a triple solution in the sense
that for some ¢g, we can find three pairs of solutions (u;(¢o),vi(¢o)) (i = 1,2,3). See
Figure for an example. This is essentially different from the case where (H1) holds.

u(@)
. L

° e * oo .

I L]
10 e,

L L]

L]

r )
0.8 - e

[ °

L L]
0.6 - °

L L]

L]

L L]

04 . °
Ve
L4
02+ %
\ L ]
° L]
L] L] L] L] ® @Goo ) ° ° ° °
| I I I I | I I I I | I I I I | ° | ¢
1.50 1.55 1.60 1.65

Figure 3.1: A triple solution.

As shown in Figure[3.1] there may exist a triple solution and thus uniqueness no longer
holds when (H1) is violated, i.e. when g1 gao — g12 g21 < 0. When non-uniqueness occurs,
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it is readily seen that there must be a ¢* € R such that «/(¢*) = v/(¢*) = co. Due to
(2.13)) and ([2.14]), this can occur only when g5 go1 — (% - gu) <% + 922> = 0. Indeed,
it is possible that the numerator g5 6 — 6, (% + 922> — —00 (g1 01— 02 <% + gn) —
—o00) in (2.13)) ((2.14)) as v(¢) — 0 (u(¢) — 07). However, as we have mentioned in
the proof of Proposition [2.3] that

lim u'(¢) = —L, lim v'(¢) = — b2

07 (% + 911) u=0t <% + 922>

Y

it is therefore necessary to find (u,v) at which gy2 go1 — (% + gu> <% + 922> vanishes
by solving the equations:

dy logu + 91 ¢ + g11u+ giav = cy,
dy logv + 02 ¢ + gar1 U + go2 v = 2, (3.1)
912921 — (L + g11) (2 + g22) = 0.

It turns out that (3.1) is reduced to a single equation o(u) = 0 by eliminating ¢ and

da (d14g11 w) :
T(oragor—gm1 093) T goa” More precisely,

substituting v =

dg (dl + gi1 u) ) _
U (912 g21 — g11 922) — dy g2

i (02 —dsy log (u( dz (d + 9 w) )

912 921 — J11 922) —dy g2
dy (dy + g11u) )
u (912 921 — 911 922) — d1 g2o

U(U) = (Cl —dy logu — gi1u — gr2

— 021U — g22

Now the question remains to determine the profile of o(u) = 0. To this end, we first
observe that o(u) makes sense only when u > u*, where u* := —4922_ > (. Also, it
. . . 912 921 —4g11 g22

is readily verified that

lim o(u) = lim o(u) = —o0. (3.2)
u*)(u*)“‘ UuU—00

To find extreme points of o(u) = 0, we calculate

p(u) (U (921 01 — g1162) —dy 92)

= 5 (3.3)
6102w (dy + g11w) (u(g12 921 — 911 922) — di Go2)

o' (u)
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where p(u) = ks u? + ko u® + ky u + ko, and

k3 = g11 (911 922 — g12 921)2 s
ko = dy (912 921 — 3911 922) (912 921 — g11 922) )

ki = di (d2 g21 g3 + 2d1 g21 g22 G12 — 31 g1 G3)

ko = d? 932-
(3.4)

We remark that the denominator of ¢'(u) is always away from 0 since v > u*. Let the
numerator of (3.3]) be zero. Then the four roots are 0 > %, u1, Uz, and ug, where
uy, ug, and ug are the three roots of p(u) = 0. Indeed, uy, us, and ug are three distinct

real roots. To show this, we use Fan Shengjin’s method. As in [7], let
A=k} —3kiks, B=kky—9koks, C=ki—3koks (3.5)

and the discriminant

Agis = B2 —4AC. (3.6)

Lemma 3.1 (Shengjin’s discriminant([7])). There are three possible cases using the
discriminant Ngs:

(1) If Agis > 0, then p(u) = 0 has one real root and two nonreal complex conjugate
roots.

(i1) If Agis = 0, then p(u) = 0 has three real roots with one root which is at least of
multiplicity 2.

(1) If Agis < 0, then p(u) = 0 has three distinct real roots.

It can be shown that Ags > 0 cannot be true under the assumption (H2). Using
Lemma (3.1} we conclude that the cubic equation

p(u) = ksu® + kou? + kyu+ko=0 (3.7)

has three distinct real roots uz < us < uj. Due to p(£oo) = +oo and ko, k3 > 0, it
is easy to see that either uz < us < u; < 0 or ug < 0 < uy < u;. However, the case
ug < ug < up < 0 cannot occur since o(u) makes sense only for u > u* > 0. For the
other case ug < 0 < ug < uy, uz cannot be a extreme point of o(u) because of uz < 0.
Accordingly, there are at most two extreme points u; and us. We have by the
asymptotic behavior o(u) — —oo as u — u* or u — oo, which leads to the fact that
the number of extreme points of o(u) = 0 can only be odd. As a consequence, one of u;
and uy cannot be a extreme point of o(u) = 0 and the other one is the extreme point of
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o(u) = 0. Suppose that uy is a extreme point of o(u) = 0, then so is u;, which yields a
contradiction. Therefore, u; is the extreme point of o(u) = 0. In fact, it can be shown
that us < u* so that o(ug) dose not make sense. Now a question remains, i.e., how to
determine the sign of o(u;)? We see that the maximum of o(u) is attained at u = u; or
max, s, o(u) = o(uy). Moreover, the criterion for determining the roots of the equation
o(u) = 0 is stated as:

e when o(uy) > 0, o(u) = 0 has two distinct positive solutions;
e when o(u;) <0, o(u) = 0 has no solutions;
e when o(u;) =0, o(u) = 0 has a unique positive solution (i.e. u = uy).

Noting that as o(u1) = 0 and o’(u;) = 0, we have u'(¢) = —v'(¢) = u"(¢) = —v"(¢) = 00
evaluated at u = u;. In other words u(¢) and v(¢) has a reflection point at ¢ = ¢ for
some ¢ € R.

On the other hand, as o(u;) < 0, the denominator g5 go; — (% + gll> (% + g22>

of (2.13) (also (2.14])) always keeps it sign since o(u) = 0 has no solutions. Indeed, it
is easy to see that g1 ga1 — (% + g11> (% + 922> < 0, which leads to u/(¢) < 0 and

v'(¢) > 0.

Theorem 3.2 (Trichotomy under (H2)). Assume that (H2) holds and (u(),v(¢))
solves

dy logu+91 ¢+ grru+ gi2v = ¢y,
(3.8)

dy logv + Y9 ¢+ go1 U+ goo v = Co.
Then

(i) (triple solutions) when o(u;) > 0, there exist ¢, € R such that
— u(¢) (and v(p)) takes three distinct values for ¢ € (¢, ¢);

— (@) (and v(p)) can be represented uniquely for ¢ € (—oo, ¢) U (¢, 00);
— u(¢) (and v(p)) takes two distinct values at ¢ = ¢, d;

(ii) (uniqueness of monotone solutions) when o(uy) < 0, u(¢) and v(¢p) can be
represented uniquely for ¢ € R. Moreover, u'(¢) < 0 and v'(¢) > 0 for ¢ € R;

(iii) (unique and monotone solutions with inflection points) when o(uy) = 0,
u(¢) and v(®) can be represented uniquely for ¢ € R. Furthermore, there exists
¢ € R such that

— u'(¢) <0 and v'(9) > 0 for ¢ € (—00,$) U (¢, 00);
— u(¢) = —'(¢) = 00 at ¢ = 6.
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We are able to explain ¢; ¢y in the following manner. According to Theorem the
sign of o(u;) determines the properties, such as the number of solutions, of (3.8). Here
uy is the largest positive root of p(u) = 0 and the discriminant as shown in (3.5 relies
on d; and g;; (i,j = 1,2). Consequently, u; is determined once d; and g;; (7,5 = 1,2) are
given. Now ¢; and 6; (i,j = 1,2) can be suitably chosen such that anyone of the three
cases as described in Theorem [3.2] can occur.

Theorem 3.3 (Existence of solutions to Poission equations with discontinu-
ous nonlinearity). Assume that Q@ C R"™ is an open and bounded domain with smooth
boundary 02 and

(A1) p'(u) is piecewise continuous and discontinuous at finite points foru > 0; | [,. p'(s) ds| <

oo for all 1* CR;

(A2) there exist constants K, L > 0, such that |p'(u)| < L for |u| < K and |p(u)| > 3 u?
for Ju| > K.

Then the following Neumann problem
Au = p'(u) in Q,

(3.9)

%:0 on  0f),

has a unique weak solution v € H*(£2).

Proof. For ug € R, let

w(u)—%/Q|Vu]2dx—|—/ﬂ(p(u)—p(uo))dac. (3.10)

As seen previously, it is sufficient to consider the minimizing problem

min  (u). (3.11)

ueH(Q)

Using (A2), we have

v() = [ (pla) = pla) da

1
> [ ptwder [ Sutde - plu) o)
ful<K jul>K 2

> /W plu) di — plug) 2]

- /|u<K (/Ou p(s)ds + p(O)) dz — p(uo) [

> — (K L+[p(0)] + p(uo)) 1€2]. (3.12)
Therefore, there exists M € R such that

M = inf — 1
uegll(mwuw 00, (3.13)
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and we can find a sequence of functions {u,(z)}"= € H'(Q) with lim,,_, ¥ (u,) = M.
Now we show that 1 (u) is coercive, that is

lim (u) = oo, (3.14)
||uf[—=o00
where ||u|| = ||u||L2(0)+]|Vul|2@). Indeed, when ||Vu,||12(q) — 00 as n — oo, we clearly

have (3.14). On the other hand, when |[Vuy,||;2(q) is bounded and ||uy||r2(q) — oo as
n — oo, it follows that (3.14]) also holds. To see this,

wln) = [ (plie) = plu)) do

— [ ptwdet [ ) de = plu) 9
|un |<K |lun|>K
1
z—KL]QH——/ u? dr — plug) |9

[un |>K
(3.15)
Since |[un||r2@) — c0asn — coand [, | up dv < K?[Q, we conclude that [, - up dz —

oo and ¥ (uy,) —> coasn — oo T he coercivity condition leads to the fact that
there exists a constant My > 0 such that ||u,|| < M, (otherwise, the unboundness of
||un|| together with contradicts (3.14)). It follows that the sequence {w,(z)}"=g°
is bounded in H'(£2), and there exists a subsequence {u,,} of {u,} with

u, —u* in HYQ) as j— oo (3.16)

J

We select a subsequence {u,, } of {uy,} which converges in L*(Q), i.e.
U,, —u* in L*(Q) as k — oo. (3.17)
Tk

Since LP convergence implies pointwise convergence of a subsequence almost everywhere,
we have
Un;, —u’ ae in Q as [— oo, (3.18)
!

where {u,; } is a subsequence of {u,, }. We denote this subsequence obtained by

{uy, pr=se. To find a minimizer of our minimizing problem, it suffices to establish weak
lower semicontinuity, i.e.

d(u”) < liminf o) (uy), (3.19)
which gives
M = lim w(uk)

> hm mf W (ug)

:nggf( /|Vuk| dx+/( (uk) — p(uo)) dm)

>5 [ |2dx+/(< ) = plu)) da

=¢(u*) > inf w() (3.20)

ueH1(Q
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This shows that u* solves the minimizing problem (3.11). Now we prove (3.19)). Indeed,

pl) = [ 5)ds-+ p(0

is continuous since p'(s) € L'(Q*) for all Q* C R. Since ug(zr) — u*(z) a.e. in Q as
k — oo, we have p(uy) — p(u*) a.e.. Applying Fatou’s lemma to obtain [, p(u*) dz =
Joliminfy o p(ug) do < liminfy o [ p(uy) dz yields

lim inf ¢ (uy)
k—o0

~ lim inf (% /Q Va2 dr + /Q (plwr) — pluo)) dx)

> % /Q |Vu*|? do +/Q (p(w") = pluo)) dz = (u’),
(3.21)

where we have used the fact that [, [Vu|*dz — [, [Vu*]* dz as k — oo. In fact, elliptic
regularity of weak solutions ensure smoothness of u*. This completes the proof of the
theorem. O

4 Trend to equilibrium

In this section, the following initial conditions
u(z,0) =up(x) >0, wv(z,0)=1v9(x) >0, z€, (4.1)

are imposed to determine completely the evolution. Since the first two equations of (1.3))
are in divergence form, total charges are conserved:

a:/Qu(x,t) dx:/Quo(:c) iz, ﬁz/Qv(a:,t) dx:/gvg(x) dr. (42)

The means w; and wy of the charges u and v over () are defined by

IR
wy, = |Q|, wao |Q|, (43)

respectively. The following two Lemmas are crucial in proving Theorem [4.3] We note
that Csiszdr-Kullback-Pinsker inequality (references refer to the ones cited in [3]) comes
from information theory.

Lemma 4.1 (Csiszar-Kullback-Pinsker inequality). For u,v € L'(Q), u,v >0,

/Q (u log (=) —u+ v) da > Cie(Q) (/Q fu — vl dg;)Q, (4.4)

where Ck(Q) is a constant.
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Lemma 4.2 (Logarithmic Sobolev inequality ([1])). For yu € H'(Q), u > 0,
/ wlog % dz + C(n, ) < Co(€) / Y/l de, (4.5)
Q Q

where w = ‘ = [qudz, CL(Q) is the Logarithmic Sobolev constant, and C(n, ) is a
constant depending onn and T.

Consider the initial value problem for (|1.3) with initial conditions u(z,0) = ug(x),
v(z,0) = vo(x), ¢(z,0) = ¢o(z) and the Neumann boundary condition

ou Ov 0¢
5 =5y =9y =0 TEM t>0. (4.6)

Under certain hypotheses on the initial conditions and the parameters appearing in
(1.3]), we show that the solution of the initial-boundary value problem (|1.3)) tends to w;
and w; in the L' sense. More precisely, we have

Theorem 4.3 (Trend to equilibrium). Assume
71

(Hl) (2911 — J12 — ggl) > max ( — %(’}/2 191 + 71 (2191 + 192)),0),’

—1

(H2) &

(2922 — g12 — go1) > max ( — 2(11 92 + 72 (205 + ¥1)),0);

Q w1

W
In (H1) and (H2), Cp is the Poincaré constant. If a global-in-time solution (u(x,t),v(x,t))
of the time-varying problem (1.3), (4.1)), (4.6) exists, then it tends to the corresponding
constant steady-state solution (wy,ws) in the L*-norm as t — oo, i.e.

| — w1 pr @), |v — Wal[z1@) — 0, as t — oo. (4.7)

Furthermore, the time-varying solution (u(x,t),v(x,t)) converges in the L'-norm expo-
nentially fast to its mean with explicit rate B:

lu — @171y + o = w710y < O™ Hoe ™", (4.8)

where B will be specified in the proof, and Cg s the constant in the Csiszar-Kullback-
Pinsker inequality (Lemma [4.1]).

Proof. As in [5], we define the relative entropy functional H[u,v](t) by

Hlu,v|(t) = /Q (u log — + v log —> dx. (4.9)

w2

By virtue of the elementary fact logz + % —1 >0 for z > 0, it can be shown that

Hlu,v](t) > 0 for all t > 0. Indeed,
Og/u(log_ijtﬂ—l)—i—v(log_i%—%—l)da:
Q w1 u Wao (%
—H[u,v](t)—i-/wldx—/udx—i—/wgdx—/vdx
Q Q Q Q

=H [u,v|(1). (4.10)
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Note in particular that [, (u log wll) dz, [, (v log @12) dr > 0 for all t > 0. For simplicity
of notation, let Z; = d; Vu+ Y1 uVo+ giuuVu+ gouVo and Iy = dy Vo + 950 Vo +
g21 v Vu + goo v Vu. We calculate the time derivative of H[u,v] to obtain

8tH[u,U]:/ ut<log_£+1>+vt<log_i+1>dq:
Q w1 W2
u v
:/V-I1<10g—+1)—|—V-Il<10g—+1)da:
Q w1 Wa
u v
:/ —Il-V(log_——i—1>—Il-V<10g_—+1)dx
Q w1 Wo

_—/Q (zl-@+12-@)dx

u (%

=— / <d1 u | Vul? + 9, Vo - Vu+ g1y |[Vul*> + g1a Vo - Vu
Q
dyv ™" [Vo)? + 93V - VU + gog [Vl + gy V- w) do
=— dl/ ut |Vl dz — dQ/ v Vol do
Q Q

—71191/ uzdx—wﬂg/ dea:—(71192+72191)/ wvdr
Q Q Q

—gn/ ]Vu]Qda:—ggg/ \Vv\2d$—(g12+921)/ Vu-Vodz, (4.11)
Q Q Q

where we have used Green’s first identity and —A¢ = v u + 2 v to get fQ V¢ -Vudr =
T [ v daty, [, uvdraswellas [, Vo-Vode =, [, v* de+y [, uwvdz. On the other
hand, it is readily seen that [, vvdz = [, (u—w;)(v—ws) dz+ [, Wy Wy dz. In particular,
we have [, v’dr = [, (u—w)*dz+ [, @} de and [, v*dz = [, (v—1ws)* dz + [, 03 dx.
As a consequence,

O Hu, v] :—dl/ u_1|Vu|2dx—d2/ v Vo do
Q Q
—71191/(u—w1)2d$—72192/(v—wz)de
Q Q

_(’717924‘72191)/9(1&—@1)(1)—H)Q)da:

— gn/ |Vu|2 dr — g22/ |V’U|2dl' — (912 + 921)/ Vu - Vv dr — A(U_Jl,U_Jl),
Q Q Q
(4.12)
where .,4(71)1,7111) =M ’191 fQ QIJ% dx +’YQ 192 fQ u?% dz + ("}/1 792 +"}/2 191) fQ W1 Wa dzx.

Under the hypotheses (H1) and (#2), applying the Cauchy inequality a b < 3(a*+b?),
the Poincaré inequality [, (u — w1)*dz < Cp [, |Vul*dz, where Cp is the Poincaré
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constant, and the logarithmic Sobolev inequality in Lemma [4.2] we find

3tH[u,v]§—4dlCLl/ulog_idx—éldgCLl/vlog_idx
Q

—’)/1791/(U—’(D1)2d$—’72192/(U—U_)2>2dl’
Q Q

1 1
—5(71192+72191)/(U—w1)2d$—§(71192+72?91)/(U—wz)Qdﬂf
Q Q

—911/ |VU|2d$—gzz/ [Vol? da
Q Q

1 1
+ 5(912 + 921)/ |Vu|2 dr + 5(912 + 921)/ |Vv|2 dr — .A(wl, wl)
Q Q

1
< — 4 min(ah, do) O Hluv) = Sy + 71 (2014 0) [ (w— ) d
Q

1
— 5(71 Vo + ¥ (209 + ¥4)) / (v — o) dz — A(wy, W)
Q

1 1
+ 5(912 + go1 — 2911)/ |Vul® dz + 5(912 + g21 — 2922)/ |Vo|* do
Q Q

1
S —4 min(dl, dg) Cgl H[u, U] — 5(’}/2 191 + Y1 (2 191 + 192)) / (u — 1171)2 dz
Q

1
— 5(% Vo + ¥ (2099 + 1)) / (v — wy)?* dz — A(wy, W)+
Q

CH! CH!
Tp(gm + g21 — 2 911) / (u—w)?* dr + Tp(gm + g1 — 2 922) / (v — Ws)* dx
Q Q
S —4 min(dl, dg) CZI H[U, U] - A(wl, U_)l). (413)
In fact, A(wy,w;) can be rewritten as
A(wy, 1) =y1 01 @7 [ + 7292 @3 [Q] + (7192 + 72 91) Wy w2 9]
_9 wy\ 2 w1
=Wy |Q| Y1 191 (_—> + (’71 192+’72791)_—+’}/2192 . (414)
w2 W2
Due to the compatibility condition (or the electroneutrality condition) of the Neumann

problem for ¢, we show that A(wq,w;) = 0. To this end, the boundary condition % =0

on 0f) yields
d¢
0:/ —dx:/V-(qu)dx:%/uda:—i-w/vdx, (4.15)
o0 OV Q Q Q

or Y1 W; = —73 Wy, which results in A(w;,w;) = 0. This leads to the following initial
value problem involving a differential inequality

8tH[u,v](t) < _B<d17d270L> H[u,v](t), t> 07

(4.16)
H{u,v](0) = Hy,
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where B(dy, dy, C1) = 4 min(dy,dy) C; ' Hy = H|u, v](0) determined by (4.9)) is a positive
constant depending on ug(z) and vg(x). Gronwall’s inequality yields

Hlu,v)(t) < e P Hy, (4.17)

where B = B(dy,dy,Cp). Thanks to (H3), 0 < Hy < oo. Since from the Csiszar-
Kullback-Pinsker inequality (Lemma , the L'-norm of v — w; and v — W, can be
controlled by H{[u,v](t). The same decay rate as in (4.17)) is given by

Hu — U_)lHil(Q) + ||U — 1172”%1(9) < CK_l Ho €7Bt. (418)

This completes the proof of the theorem. n
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