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The forward problem

Consider
V- (e(xX)Vu(x)) =1, x € Q:=(0,1)?, u(x) =0, x € 09.

Assume: o is piecewise constant ~» o(x) = 2521 o gx0,(X).

Forward operator

F:P CRP — X C HI(Q), o — u°, the detailed solution, solving

b(u’,v;o) = f(v), forall v € X, with (1a)

b(u,w; o) = /QJVU-Vde, f(v) = —/dex. (1b)
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Inverse problem and its difficulties ONIERSITAT

Inverse Problem

For given solution u € X of (1), find corresponding parameter
ot € P with F(o1) = u (,a-example®).

» Naive inversion (solving o™ = F~'(u)) fails due to ill-posedness
of the problem (in general F~' discontinuous!)

~ Small errors get amplified!
» Typically only noisy data u° (|lu — u’||x < &) given
~s FY(u®) » F~'(u) as 6 — 0!

Goal: Ry 5)(U°) = F~'(u) as § — 0.
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Landweber method EAANKY SR AN iat

Landweber iteration

> opiy = 0p+wF(op)* (U — F(a)))
» Terminate as ||F(cd) — u°||x < 76 (discrepancy principle)

» Numerous evaluations of F for many different parameters.
» Detailed solution (e.g. FEM, FV, FD) is expensive.

~> model order reduction
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The reduced problem & Properties

Assume: snapshot based reduced basis (RB) space Xy is given.

Reduced forward operator

Fn:P — Xn, o — ug, with ug;, the reduced solution, solving

b(uf, v;o) =f(v), Vve Xn.

» Certification: ||u” — uf||x < An(o) == ‘(‘lv(rﬂ)x

with (v, V) x := r(v; o) := f(v) — b(uf, v;0),Vv € X
» Offline/online decomposition: rapid computation of ug,

» Reproduction of solutions: u? € Xy = ug, = u°
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RBM and Inverse problems

G./Haasdonk/Harrach, A Reduced Basis Landweber method for
nonlinear inverse problems, 2016 Inverse Problems 32 (3) (doi).
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RBM & Landweber method - Various approaches ONIERSITAT

Naive approach
» Construct global Xy approximating whole R(F) (offline-phase)
» Rapidly compute Fy(o) and substitute F(o) for Fy(o) in the
Landweber iteration (,online-phase”)
Limitation: Only feasible for low-dimensional parameter spaces, not
feasible for imaging.

Our approach: Create problem-adapted RB-space by iterative
enrichment (inspired by Druskin & Zaslavski 2007, Zahr & Fahrhat
2015 and Lass 2014).
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Reduced Basis Landweber (RBL) method ONIERSITAT

Algorithm 1 RBL(ogtzrt, 7, D)

n:= O, O'g .= Ostart
- while ||F(09) — u°||x > 76 do
enrich RB using o)
i=1, a? =0
repeat
calculate reduced Landweber update s
U,‘-s+1 = 0’,(-; + WS,
i=1i4+1
until ||Fy(0?) — u?||x < 76 or An(0?) > (T —2)0
10: o0 =0
11: n:=n+1
12: end while
13: return opg, 1= 0?0

O Na~ N2

©
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The dual problem

Recall 03, := 03 + wF'(ad)* (v — F(c3))

For o,k € P and | € X, one can show

(k,F'(c)" )p = /QHVUJ -Vuy dx, (2)

with uf € X the unique solution of the dual problem

b(u,v;o) =m(v;l), forallve X, m(v;l):= —/ lvdx.
Q

In Algorithm 1 ~ two RB spaces Xy 1, Xy 2

8
> enrich Xy 1 via F(03) and Xy 2 via u;" with | := u® — F(0?)

» calculate s, j using (2) and associated reduced solutions
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Setting: p =900, 7 = 2.5, = 1% and w = 1(||F'(ostart)||) "
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Figure: g (top left), exact solution o™ (top right). Reconstruction via RBL
method (bottom left) and Landweber method (bottom right).
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Numerics - time comparison

» Outer iteration: space enrichment, projection (,offline")

» Inner iteration: one iteration of repeat loop (,online®)

Algorithm Landweber RBL
time (s) 187189 14661
. outer 20
# lterations 608067 iner | 608083
h . outer | 3.705
time per lteration (s) 0.308 ner | 0.024
# forward solves 1216134 40
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HUH‘BL — O'Lpr ~ 1.118 - 10_5
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Figure: Error ||ogs. — 0| » over the decreasing relative noise level §.
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Current Work
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Magnet Resonance Eletrical Impedance Tomography ONIERSITAT
ES M Inverse Problem
- » Object Q with electrode pairs I:'jjE
Q attached to it
» Apply current between electrode
= Ef pair

» generates magnetic flux density B
(measurable with MRI scanner)

» Use this data to reconstruct
E; 1T conductivity of object

~ V2-Bz-Algorithm (Seo, Woo, et al. 2003)
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MREIT - first numerics (10000 pixels, no noise) ONIERSITAT

2 — » V2-Bz Algorithm

" 14 forward solves
» RB-variant

10 forward solves
* » no time reduction
(err. est,, ...)

Figure: initial guess (top left), exact solution
(top right), reconstruction via
V2-Bz-Algorithm (bottom left) and it’s
RB-variant (bottom right).

speed-up ~+ work in progress!

D. Garmatter: Reduced Basis Landweber method for nonlinear ill-posed inverse problems



I UNIVERSITAT
Conclusion A AN

v

Solving inverse coefficient problem requires many PDE solves

v

Reduced basis (RB) approach can speed up PDE solution

v

But standard RB approach is only applicable for low
dimensional parameter spaces

v

Using adaptive problem-specific RB enrichment, we can handle
high-dimensional parameter spaces, e.g. for imaging problems

~ RBL method outperforms standard Landweber
(exp.: 13 times faster without loss of accuracy)

v

Further improve RB-variant of V2-Bz Algorithm
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Thank you for your attention!
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