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Definition: The Bruhat-Tits Building of PGLd

Let R be a discrete valuation ring with field of fractions K,
valuation map v : K � Z ∪ {∞}, uniformizer t and residue field k.
Fix a K-vector field V of dimension d.

Definition (Bruhat-Tits Building of PGLd)

A R-submodule of V (necessarily free) of rank d is called a lattice.

Two lattices L1, L2 are called homothetic, if L1 = cL2 for some
scalar c ∈ K×.
The equivalence class of L is denoted [L]. It is called a vertex.
The set of all vertices is denoted B0

d.

Two vertices [L1], [L2] are called adjacent, if tL ′
1 ( L ′

2 ( L ′
1 for

some L ′
1 ∈ [L1], L ′

2 ∈ [L2]. This defines an undirected graph.

The corresponding clique complex is called the Bruhat-Tits
building of PGLd(K) and denoted Bd.
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Facts about Bd

The vertices adjacent to [L] correspond to lattices between
tL and L, i. e. (nontrivial) k-subvector spaces of L/tL ∼= kd.
Simplices in the link of [L] correspond to flags in L/tL.

Therefore, Bd is pure of dimension d − 1, and is locally finite iff k

is finite.

Example (d = 2)

If d = 2, nontrivial subspaces of L/tL ∼= k2 are lines, so
# {vertices adjacent to [L]} = #P1k.
B2 is of dimension 1, so it is a graph, and, in fact, a tree.
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B2

Example (d = 2, k = F2)
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Apartments: Why Buildings are Tropical

Bd is covered by special subcomplexes called apartments:
For any basis {b1, . . . ,bd} of V, let

A0
d(b1, . . . ,bd) :=

{[∑
Rtuibi

]
: u ∈ Zd

}
,

and let Ad(b1, . . . ,bd) be the full subcomplex of Bd with vertex
set A0

d(b1, . . . ,bd).

Since [
∑

Rtuibi] = [
∑

Rtvibi]⇐⇒ u − v ∈ (1, . . . , 1)Z, there is a

bijection A0
d(b1, . . . ,bd)

∼−→ Zd/(1, . . . , 1)Z.
It induces an isomorphism from Ad(b1, . . . ,bd) to the standard
integer triangulation of TPd−1 = Rd/(1, . . . , 1)R.
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Example: An Apartment in B3

Every apartment in B3 is isomorphic to the standard integer
triangulation of TP2 = R3/(1, . . . , 1)R:
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Example: Apartments in B2

Example (d = 2)

The vertices in A0
2(b1,b2) are given by[

Rb1 + Rπrb2

]
, r ∈ Z.
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Example (d = 2)

The vertices in A0
2(b
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1 + Rπrb ′
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The Scheme Associated to a Vertex

For any lattice L, set P(L) := Proj Sym L, where

Sym L = {polynomial expressions in elements of L} and

ProjA is “the” variety with homogeneous coordinate ring A.

We identify Proj Sym L and Proj Sym cL for c ∈ K× via the natural
isomorphism Sym L

·c−→ Sym cL.

Since Sym L = R[b1, . . . ,bd] for any basis {b1, . . . ,bd} of L, we
have P(L) ∼= Pd−1

R ; and especially P(L1) ∼= P(L2) for any lattices
L1, L2, but non-canonically.

On the other hand, L⊗R K = V canonically, so we have canonical
embeddings P(V) ↪→ P(L) as generic fiber for each L.

8 / 14 Werner, Cartwright, Sturmfels, H. Degenerations of Projective Space
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The Scheme Associated to a Vertex (schematically, d = 2)

P(L) P(V)

(0)

Spec R
(t)

9 / 14 Werner, Cartwright, Sturmfels, H. Degenerations of Projective Space



The Bruhat-Tits Building of PGLd(K)
From the Building to Schemes

Some Results
Open Questions

The Mustafin Variety

For a finite set of vertices [L1], . . . , [Ln], the embeddings
P(V) ↪→ P(Li) give an embedding P(V) ↪→

∏
i P(Li). We call the

closure of the image the Mustafin variety M([L1], . . . , [Ln]).

The Mustafin variety is a flat, integral, normal scheme of
dimension d − 1, projective over R. By construction, its generic
fiber is P(V). Its special fiber is connected and reduced, but in
general not irreducible.

It has been studied by Mumford in the case d = 2, and by Mustafin
in the case that the vertices form a convex subcomplex of Bd.
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Some Results: d = 2

The case d = 2 is now well understood.
The special fiber of M([L1], . . . , [Ln]) has exactly n comonents,
each isomorphic to P1

k, meeting transversally in such a way that
they form a tree, “dual” to the convex hull of [L1], . . . , [Ln] in B2:
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Some Results: d > 2

For d > 2, M([L1], . . . , [Ln]) might have more than n components,
and they need not be isomorphic to Pd−1

k .
But they are rational varieties, and if [L1], . . . , [Ln] lie in a
common apartment, they are toric varieties corresponding to the
cells in the Newton polytope of a tropical hyperplane arrangement:
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Some questions that are still open:

What happens for vertices not contained in one apartment?

Which algebro-geometric invariant of the Mustafin variety
describes the distance of vertices in the building?
(This is known for d = n = 2.)

Does it make sense to build the Mustafin variety for an
infinite number of vertices?
(It is known that it does in special cases.)
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Thank you!
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