Vector bundles on curves over Cp
Annette Werner

1. Introduction.
This paper is a report on joint work with Christopher Deninger published in [De-We1], [De-We2] and [De-We3]. We define a
certain class of vector bundles on p-adic curves which can be endowed with
parallel transport along étale paths. In particular, all those bundles induce
representations of the algebraic fundamental group.
This article is intended as a survey, explaining some results more leisurely than
in the original papers. We focus mainly on the definitions and constructions
in [De-We2], outlining the ideas rather than reproducing the formal proofs.
The last section deals with Mumford curves. We explain results of Herz in
[He] which relate our construction to the paper [Fa1].
Note that in [Fa2], Faltings develops a p-adic non-abelian Hodge theory, which
in some aspects is more general than the present theory.
2. Complex vector bundles. Let X be a compact Riemann surface with
base point x ∈ X. Then every complex representation ρ : π 1 (X, x) → GL r (C)
of the fundamental group gives rise to a flat vector bundle E ρ on X, i.e. a
vector bundle with locally constant transition function. Namely, let π : X̃ →
X be the universal covering of X. Then E ρ is defined as the quotient of the
trivial bundle X̃ × Cr by the π1 (X, x)-action given by combining the natural
action of π1 (X, x) on the first factor with the action induced by ρ on the
second factor. Conversely, if E is a flat vector bundle on X, its pullback π ∗ E
is trivial as a flat bundle on X̃, i.e. π ∗ E ' Cr × X̃. Since π1 (X, x) acts in a
natural way on the pullback bundle π ∗ E, it also acts on the right hand side,
which gives a representation ρ of π1 (X, x) on Cr . This representation satisfies
E ' Eρ .
A similar construction gives for every flat bundle E and every continuous path
γ from x to x0 in X an isomorphism of parallel transport along γ from the
fibre Ex of E in x to the fibre Ex0 . Namely, choose a point y in the universal
covering X̃ over x. Then γ can be lifted to a continuous path in X̃ starting
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in y. The endpoint of the lifted path is a point y 0 in X̃ lying over x0 . Since
∼
π ∗ E is trivial, there is a trivial parallel transport (π ∗ E)y −→ (π ∗ E)y0 . Since
∼
π(y) = x and π(y 0 ) = x0 , there are natural isomorphisms (π ∗ E)y −→ Ex and
∼
(π ∗ E)y0 −→ Ex0 . Putting all these isomorphisms together, parallel transport
along γ is given by
∼

∼

∼

Ex −→ (π ∗ E)y −→ (π ∗ E)y0 −→ Ex0 .
Regarding Eρ as a holomorphic bundle on X, a theorem of Weil [Weil] says
that a holomorphic bundle E on X is isomorphic to some
L E ρ (i.e. E comes
from a representation of π1 (X, x)) if and only if E =
i Ei with indecomposable subbundles Ei of degree zero. A famous result by Narasimhan and
Seshadri [Na-Se] says that a holomorphic vector bundle E of degree zero on
X is stable if and only if E is isomorphic to E ρ for some irreducible unitary
representation ρ. Hence a holomorphic vector bundle L
comes from a unitary
representation ρ if and only if it is of the form E =
i Ei for stable (and
hence indecomposable) subbundles of degree zero.
3. Fundamental groups of p-adic curves. It is a natural question to
look for a p-adic analogue of the results described in the previous section. We
denote by Cp the completion of an algebraic closure Q p of Qp . Besides, Zp
and o denote the rings of integers in Qp and Cp , respectively. By k = Fp we
denote the residue field of Zp and o.
We call any purely one-dimensional separated scheme of finite type over a
field a curve. Let X be a smooth, projective and connected curve over Q p
and XCp its base change to Cp . We are looking for a relation between vector
bundles on XCp and representations of the fundamental group of X.
First we have to clarify what we mean by fundamental group. Of course, in
the algebraic setting there is no topological fundamental groups defined with
closed paths. However, there is an algebraic fundamental group π 1 (X, x) for a
base point x ∈ X(Cp ). It is defined as the group of automorphisms of the fibre
functor Fx . This fibre functor Fx maps a finite étale covering Y of X to the set
of Cp -valued points of Y lying over x. Hence an automorphism of F x induces
in a functorial way for every finite étale covering Y → X a permutation of
the points in the fibre over x. Note that on a Riemann surface X, a closed
∼
topological path γ on X induces such an automorphism γ : F x −→ Fx of
the fibre functor. Namely, for every finite étale cover Y → X and every point
y ∈ Y over x we can lift γ to a continuous path in Y starting in y. Its endpoint
y 0 also lies over x, and one can define γ by mapping y ∈ F x (Y ) to y 0 ∈ Fx (Y ).
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Since the algebraic fundamental group involves only the finite étale coverings,
it is in fact analogous to the profinite completion of the topological fundamental group on Riemann surfaces.
There is also an analogue of non-closed paths. For two points x and x 0 in
∼
X(Cp ) we call any isomorphism Fx −→ Fx0 of the corresponding fibre functors
an étale path from x to x. Such an étale path associates for all finite, étale
Y → X to every point in the fibre of Y over x a point in the fibre of Y over
x0 .
The étale fundamental groupoid of Π 1 (X) of X is defined as the category such
that the points in X(Cp ) are the objects and such the set of morphisms from
x ∈ X(Cp ) to x0 ∈ X(Cp ) is the set of étale paths from x to x 0 , i.e. the set of
∼
isomorphisms of fibre functors Fx −→ Fx0 .
4. Finite vector bundles. The algebraic fundamental group only involves
finite étale coverings, hence in the algebraic setting there is no universal covering. Therefore we can imitate the constructions on Riemann surfaces in the
p-adic situation only for finite vector bundles, i.e. for vector bundles E on
XCp such that there is a finite étale covering π : Y Cp → XCp for which π ∗ E is
trivial .
Namely, for every finite vector bundle E on X Cp we choose a finite, étale and
Galois covering π : YCp → XCp trivializing E and a point y in YCp (Cp ) lying
over x. Then there is a short exact sequence
0 → π1 (YCp , y) → π1 (XCp , x) → Gal(YCp /XCp ) → 0.
Besides, since π ∗ E is trivial, the fibre map Γ(YCp , π ∗ E) → (π ∗ E)y is an isomorphism. As a pullback bundle, π ∗ E and also its set of global sections
Γ(YCp , π ∗ E) carries a natural Gal(YCp /XCp )-action. Via the fibre isomorphism, this action induces a Gal(YCp /XCp )-action on (π ∗ E)y , which can be
identified with the fibre Ex of E in x. Therefore we have defined a representation
π1 (X, x) = π1 (XCp , x) → Gal(YCp /XCp ) → Aut(Ex ).
In fact, this construction works for curves over arbitrary fields. In [La-Stu],
Lange and Stuhler investigate finite vector bundles on a smooth, projective
curve C over a field of characteristic p. Let us denote by F the absolute
Frobenius on C, defined by the p-power-map on the structure sheaf. By
[La-Stu], 1.4 a vector bundle E on C is finite if and only if for a suitable
∼
power F n we have F n∗ E −→ E.
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5. A bigger category of vector bundles. Let us again consider a smooth,
projective and connected curve X over Q p . We are interested in vector bundles
on XCp . Here we denote by XCp the base change of X with Cp . This kind of
notation for base changes will be used throughout this paper.
We have seen that finite vector bundles on X Cp give rise to representations
of the fundamental group. However, in this way we only get representations
factoring over a finite quotient of π 1 (X, x).
The main idea for the construction of representations for a more general class
of vector bundles is the following: We consider vector bundles with integral
models (in a sense to be made precise below) which are “ finite modulo p n ”
for all n. A similar construction as the one for finite bundles then gives for
all n representations of π1 (X, x) modulo pn , i.e. over o/pn o. In the limit we
get a representation of π1 (X, x) over o which we can tensor with C p . In fact,
we will more generally define parallel transport along étale paths.
To be more precise, let us call any finitely presented, flat and proper Z p -scheme
(repectively o-scheme) with generic fibre X (respectively X Cp ) a model of X
(respectively XCp ).
Note that any model of X descends to a finite extension of Z p and is irreducible
and reduced by [Liu], 4.3.8.
We assume that the curves and their models are finitely presented over Q p ,
repectively Zp , so that they can be descended to a finite extension of Q p ,
respectively Zp . We need this descent to a noetherian situation in some arguments. Our vector bundles and their models however live over C p , respectively
o.
Definition 1 We denote by BXCp the full subcategory of all vector bundles
on XCp for which there is a model X of X over Zp and a vector bundle E
on Xo with generic fibre E such that for all natural numbers n ≥ 1 there is
a finitely presented proper Zp -morphism π : Y → X with the following two
properties:
i) The generic fibre πQp : Y = Y ⊗ Qp → X is finite and étale
ii) The pullback bundle πo∗ E becomes trivial on Yo after base change with o/pn o.
Hence BXCp can be viewed as the category of all vector bundles on X Cp which
are in some sense finite modulo all pn . Note however that the special fibre of
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the coverings π : Y → X will in general be neither finite nor étale. Only the
generic fibre has these properties.
Note that every vector bundle E on XCp can be extended to a bundle on a
suitable model of XCp , see e.g. [De-We2], theorem 5. Hence the important
point in definition 1 is the existence of the coverings π. Although we omit it
in our notation, π depends of course on n.
This definition of the category BXCp is useful for the construction of parallel
transport, as we will see in the next section. However, it is difficult to check
whether a bundle fulfills the conditions in definition 1. In sections 10 and
11 we give a more intrinsic characterizations of B XCp (and also of a bigger
category of bundles to be defined below).
6. Parallel transport on bundles in B XCp . Let us fix a bundle E in BXCp .
For all n, the morphism π : Y → X descends to a morphism π R : YR → XR
over a discrete valuation ring R finite over Z p . If R is chosen big enough,
there is a semistable R-curve Y 0 over Y with geometrically connected generic
fibre such that the induced map π 0 : Y 0 ⊗ Zp → X also has the properties i)
and ii) in definition 1, see e.g. [De-We2], theorem 1. Hence we can assume
that all the Y in definition 1 are semistable with connected generic fibres.
It follows that the structure maps λ : Y → Spec Z p are cohomologically flat
in dimension zero. This means that the formation of λ ∗ OY commutes with
arbitrary base changes. As a consequence, we have (λ ⊗ R) ∗ OY⊗R = OR for
every Zp -algebra R.
Now let us fix two points x and x0 in X(Cp ) and an étale path γ from x to x0 ,
∼
i.e. an isomorphism of fibre functors F x −→ Fx0 . Besides, we fix some n ≥ 1.
Then there is a morphism π : Y → X as in definition 1 with a semistable Y.
We fix some y in Y(Cp ) with π(y) = x. The fibre functor γ maps y to a point
y 0 ∈ Y(Cp ) with π(y 0 ) = x0 . The points y and y 0 can be extended to o-rational
points on the proper model Y, and x and x 0 can be extended to o-rational
point xo and x0o on X .
By xn , x0n , yn respectively yn0 we denote the induced on -rational points, where
we put on = o/pn o = Zp /pn Zp . Besides, we write πn : Yn → Xn for the base
change of π with on . In particular, Xn = X ⊗Zp on and Yn = Y ⊗Zp on . Let
En = E ⊗o on be the induced vector bundle on Xn .
For the Zp -algebra R = on the equality above gives (λ ⊗ on )∗ OYn = on . This
implies that the on -rational point yn : Spec (on ) → Yn induces by pullback an
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isomorphism
∼

yn∗ : Γ(Yn , OYn ) −→ Γ(Spec (on ), yn∗ OYn ) = on .
Since πn∗ En is trivial on Yn , pullback by yn also induces an isomorphism
∼

yn∗ : Γ(Yn , πn∗ En ) −→ Γ(Spec (on ), yn∗ πn∗ En ) = Γ(Spec (on ), x∗n En ) =: Exn .
Similarly, pullback by yn0 induces an isomorphism
∼

yn∗ : Γ(Yn , πn∗ En ) −→ Γ(Spec (on ), yn∗ πn∗ En ) = Γ(Spec (on ), xn∗ En ) =: Ex0n .
0

0

0

Now we define ρE,n (γ) to be the composition
∼

0

∼

ρE,n (γ) = yn∗ ◦ (yn∗ )−1 : Exn ←− Γ(Yn , πn∗ En ) −→ Ex0n .
Then the maps ρE,n (γ) form a projective system. We denote by
lim

E xo = ← n E xn
the fibre of E over xo and by Ex0o the fibre of E over x0o . In the limit we get a
map
ρE (γ) : Exo → Ex0o .
Tensoring with Cp we finally get a “parallel transport” map
ρE (γ) : Ex → Ex0 ,
where Ex is the fibre of E in x. By construction, this isomorphism is continuous in the p-adic topology. In [De-We2], section 3, we show that the
construction is independent of all choices.
7. Working outside a divisor on XCp . The definition of parallel transport
in the last section can be extended to open subcurves of X in the following
way:
Let D be a divisor on X, and put U = X\D. In the following, only the
support of D plays a role. By BXCp ,D we denote the category of all vector
bundles E on XCp such that there exists a model X of X and a vector bundle
E on Xo with generic fibre E such that for all natural numbers n ≥ 1 there
is a finitely presented proper Zp -morphism π : Y → X with the following two
properties:
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i) The generic fibre πQp : Y = Y ⊗ Qp → X is finite and its restriction to
−1
(U ) is étale.
πQ
p

ii) The pullback bundle πo∗ E becomes trivial on Yo after base change with
o/pn o.
Thus BXCp = BXCp ,∅ . Let γ be an étale path from x ∈ U (Cp ) to x0 ∈ U (Cp ) in
U , i.e. an isomorphim of fibre functors defined on the open curve U . The same
construction as above gives for every bundle E in B XCp ,D an isomorphism “of
parallel transport”
ρE (γ) : Ex → Ex0 .
8. Properties of parallel transport. By [De-We2], theorem 22, the association ρ : γ 7→ ρE (γ) is functorial in γ, i.e. for E ∈ BXCp ,D and étale paths
γ from x to x0 and γ 0 from x0 to x00 we have ρE (γ 0 ◦ γ) = ρE (γ 0 ) ◦ ρE (γ) as
isomorphisms from Ex to Ex00 .
Recall that for U = X\D the fundamental groupoid Π 1 (U ) is the category with object set U (Cp ) and étale paths as morphisms. In fact, for x
and x0 in U (Cp ) the morphism set Mor(x, x0 ) = {étale paths from x to
x0 } = Iso(Fx , Fx0 ) carries a natural topology, since it is profinite. A functor from Π1 (U ) to the category of finite-dimensional C p -vector spaces which
is continuous on the morphism spaces is called a representation of Π 1 (U ) on
finite-dimensional Cp -vector spaces.
With this terminology, for every vector bundle E ∈ B XCp ,D the functor
ρE : Π1 (U ) → {finite − dimensional Cp −vector spaces}
given by x 7→ Ex on objects and γ 7→ ρE (γ) on morphisms is a representation
of Π1 (U ).
By [De-We2], theorem 28, we have
Theorem 2 i) The association E 7→ ρE is functorial for morphisms in BXCp ,D ,
exact and commutes with tensor products, duals, internal homs and exterior
powers.
ii) If f : X → X 0 is a morphism between smooth, projective, connected
curves over Qp , and D 0 is a divisor on X 0 , then pullback of vector bundles
induces a functor f ∗ : BXC0 ,D0 → BXCp ,f ∗ D0 which commutes with tensor
p
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products, duals, internal homs and exterior powers. Besides, for every bundle E in BXC0 ,D0 we have ρf ∗ E = ρE ◦ f∗ where f∗ is the induced funcp

tor Π1 (X\f ∗ D 0 ) → Π1 (X 0 \D 0 ) on fundamental groupoids. Here we identify
(f ∗ E)x with Ef (x) .
iii) If X = XK ⊗K Qp for some field K between Qp and Qp , then every element σ in Gal(Qp /K) acts in a natural way on BXCp ,D . Besides, σ acts
on Π1 (X\D) and on the category of finite-dimensional C p -vector spaces and
hence on the category of representations of Π 1 (X\D). The functor ρ commutes with these actions.
9. Semistable bundles. Recall that for a vector bundle E on a smooth,
projective and connected curve over a field k the slope is defined by µ(E) =
deg(E)/rk(E). The bundle E is called semistable (respectively stable), if for
all proper non-zero subbundles F of E the inequality µ(F ) ≤ µ(E) (respectively µ(F ) < µ(E)) holds.
Let E be a bundle in BXCp ,D for some divisor D. By definition, there exists a
model X of X, a vector bundle E on Xo extending E and a finitely presented,
flat morphism π : Y → X which is generically finite and étale over X\D such
that the special fibre of πo∗ E is trivial. Here we only use the condition for
n = 1 in the definition of BXCp ,D .
Using descent to a suitable discrete valuation ring and an argument due to
Raynaud (see [De-We2], theorem 13) one can show that triviality of the special
fibre of πo∗ E implies that the generic fibre πC∗ p E is semistable of degree zero
on Y ⊗ Cp . Since πCp is finite, E is also semistable of degree zero on X Cp .
10. A simpler description of BXCp ,D . It turns out that the existence of
some π : Y → X as above such that πo∗ E has a trivial special fibre is also
sufficient for a bundle to lie in BXCp ,D . To be precise, by [De-We2], theorem
16 we have
Theorem 3 A vector bundle E lies in BXCp ,D if and only if there is a model
X of X, a vector bundle E on Xo extending E and a finitely presented, proper
morphism π : Y → X which is generically finite and étale over X\D such that
the special fibre of πo∗ E is trivial.
Let E be a bundle in BXCp ,D with a model E on Xo , and let π : Y → X
be as in theorem 3. The image π(Y) is closed in X and contains the generic
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fibre, since π is generically finite. Since the model X is irreducible, π must
be surjective. Let πk : Yk → Xk be its special fibre (recall that k = F p is
the residue field of Zp and o). Let C1 , . . . , Cr be the irreducible components
of Xk with their reduced structure. Since π is surjective, every C ν is finitely
dominated by an irreducible component D ν of Yk . Hence the restriction of
Ek to Cν is trivialized by a finite covering (which of course in general is not
étale). Let C̃ν be the normalization of Cν . Then also the pullback of Ek to
the smooth projective k-curve C̃ν is trivialized by a finite covering, namely
the normalization of Dν .
11. Strongly semistable reduction. Let us denote by F the absolute
Frobenius in characteristic p.
Definition 4 Let E be a vector bundle on a smooth, projective, connected
curve C over a field of characteristic p. Then E is called strongly semistable
if and only if for all n ≥ 0 the pullback F n∗ E is semistable on C.
Let E be a vector bundle in the category B XCp ,D with an extension E to
a model Xo such that the special fibre of E becomes trivial after pullback
to some Y → X as above. We have seen in the preceeding section that
for all irreducible components Cν of the special fibre Xk the pullback of Ek
to the normalization C̃ν of Cν becomes trivial on a finite covering. As the
trivial vector bundle is strongly semistable of degree zero, we deduce that the
pullback of Ek to any C̃ν is also strongly semistable of degree zero.
One of the main results in [De-We2] shows that this property is also sufficient
for a bundle to lie in BXCp ,D .
To be precise, we say that a vector bundle E on X Cp has strongly semistable
reduction of degree zero, if there is a model X of X and a vector bundle E
on Xo extending E such that the pullback of the special fibre E k of E to all
normalized irreducible components of X k is strongly semistable of degree zero.
We denote the (full) category of all strongly semistable bundles on X Cp by
BsXC .
p

Theorem 5 For every vector bundle E on X Cp with strongly semistable reduction of degree zero there is a divisor
D such that E is contained in B XCp ,D .
S
In other words, we have BsXC = D BXCp ,D .
p
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For the proof see [De-We2], theorem 36. The idea is the following. We have
just seen that all categories BXCp ,D are contained in BsXC . Hence it remains
p
to show that for every bundle E on XCp with strongly semistable reduction E k
of degree zero there is a divisor D on X such that E is contained in B XCp ,D .
There is a finite extension K of Qp such that the model X descends to a
model XoK over the ring of integers in K and such that the special fibre E k of
E descends to a vector bundle EFq on the special fibre XFq of XoK . By enlarging
K if necessary, we can assume that the irreducible components D 1 , . . . , Dr of
XFq are geometrically irreducible, hence they give the components C 1 , . . . , Cr
of Xk by base change. Then the pullback of E Fq to all normalized components
D̃ν is strongly semistable of degree zero.
Now on the smooth, projective curve D̃ν over the finite field Fq there are
only finitely many isomorphism classes of semistable bundles of degree zero.
This implies that on XFq there are only finitely many isomorphism classes
of bundles whose pullbacks to all normalized components D̃ν are semistable
of degree zero (see the proof of [De-We2], theorem 18). For q = p r we put
Fq = F r , i.e. Fq is the Frobenius fixing Fq . We regard Fq also as a Fq linear automorphism of XFq and consider all pullbacks Fqk∗ EFq . This gives an
infinite collection of bundles whose pullback to all D̃ν is semistable of degree
zero. Since there are only finitely many isomorphism classes available, we
find two bundles in this collection which are isomorphic. Hence there are
natural numbers r > s satisfying Fqr∗ EFq ' Fqs∗ EFq , i.e. for n = r − s we find
Fqn∗ (Fqs∗ EFq ) ' Fqs∗ EFq . By the theorem of Lange and Stuhler cited in section
4, this implies that Fqs∗ EFq is a finite bundle, i.e. it becomes trivial on a finite
étale covering ω : Y0 → XFq . Hence EFq becomes trivial after pullback via
ω ◦ Fqs .
Now we have to lift this covering of the special fibre X Fq to a covering of
the whole model XoK . This is no problem for the étale part ω, which lifts
to a finite, étale morphism ωoK : ỸoK → XoK , but a non-trivial task for the
Frobenius. As a first step we find a semistable, regular and projective o K scheme YoK together with a morphism YoK → ỸoK (we might have to enlarge
K here). The map θ : YoK → ỸoK → XoK also has the property that θFq ◦ Fqs
trivializes the special fibre of EFq by pullback.
We embed YoK in some projective space PN
oK . Now we define a Frobenius lift
qs
qs
N
fqs on PoK by [x0 , . . . , xN ] 7→ [x0 , . . . , xN ] on projective coordinates. The
special fibre of fqs is the Frobenius Fqs . Let Yo0 K be the base change of YoK
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by fqs , i.e. Yo0 K sits in a cartesian diagram
Yo0 K


/ Yo
K
_

_

τ



PN
oK

fq s


/ PN
oK

Of course, the generic fibre of this Frobenius lift f qs is étale only outside
the union of the coordinate hyperplanes. But we can twist the projective
embedding τ of YoK into PN
oK by an automorphism in P GLN so that the
morphism Yo0 K → YoK → XoK is generically étale outside a divisor D on the
generic fibre XK of XoK .
Now we look at the special fibre of this morphism Y o0 K → YoK → XoK . There
is a natural map i = (τFq , Fqs ) : YFq → YF0 q . By definition, it gives the
Frobenius Fqs after composition with the projection to Y Fq . Since YFq is
semistable, it is reduced. Besides, i induces an isomorphism with the reduced
induced structure of YF0 q , see [De-We2], lemma 19. Now we dominate Y o0 K
by a semistable oK -scheme ZoK (possibly after enlarging K). Thus we get a
chain of morphisms ZoK → Yo0 K → YoK → XoK . Let us look at the special
fibres
ZFq → YF0 q → YFq → XFq .
Since the semistable curve ZFq is reduced, the first map factors through the
reduced induced structure of YF0 q , hence through i. But i composed with the
projection YF0 q → YFq is the Frobenius Fqs . Hence ZFq → XFq factors through
θFq ◦ Fqs which is equal to Fqs ◦ θFq . Hence the pullback of EFq is trivial.
Going up to o, we get a finitely presented, proper morphism π : Z → X which
generically is finite and étale over X\D such that the special fibre of π o∗ E is
trivial. Hence E lies in BXCp ,D by theorem 3, which proves our claim.
2
In this argument, the freedom of changing the embedding of Y oK into projective space by an automorphism in P GL N can be further exploited to find
a second divisor D 0 on X which is disjoint from D such that E also lies in
BXCp ,D0 . Hence by the construction in section 2, we can define parallel transport on E along étale paths in X\D and along étale paths in X\D 0 . It can be
shown that these two constructions fit together on the intersection of the open
subcurves X\D and X\D 0 and hence give rise to parallel transport along étale
paths in the whole of X (see [De-We2], proposition 34). Applying theorem 2
we then deduce the following corollary (see [De-We2], theorem 36).
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Corollary 6 There is a functor ρ from B sXCp to the category of representations of Π1 (X) on finite-dimensional Cp -vector spaces, which is exact and
commutes with tensor products, duals, internal homs and exterior powers.
Besides, it behaves fonctorially with respect to pullbacks along morphisms of
curves over Qp and is compatible with Galois-conjugation.
Let Bps
XC be the (full) category of all vector bundles on X Cp for which there
p

exists a finite étale covering αQp : Y → X over Qp such that α∗ E has strongly
semistable reduction of degree zero on Y Cp , where α : YCp → XCp is the
base change to Cp . If E lies in Bps
XCp , we say that E has potentially strongly
semistable reduction of degree zero.
Let E be a bundle on XCp with potentially strongly semistable reduction of
degree zero, and let αQp : Y → X be a finite étale covering as above. We
can assume that Y → X is a Galois covering. By corollary 6, α ∗ E defines a
representation of the fundamental groupoid Π 1 (Y ). Let γ be an étale path
from x to x0 on X. Once we choose a point y in Y lying over x, the path γ
can be lifted to an étale path δ on Y from y to some point y 0 over x0 . Then
we define
ρE (γ) = ρα∗ E (δ) : Ex = (α∗ E)y → (α∗ E)y0 = Ex0 .
Choosing another lift δ amounts to choosing another point ỹ over x as starting
point. Hence there is a Galois automorphism σ ∈ Gal(Y /X) with σ(y) = ỹ.
If σ∗ : Π1 (Y ) → Π1 (Y ) denotes the natural functor given by σ, then the path
σ∗ δ is the lift of γ with starting point σ(y) = ỹ. Since σ ∗ α∗ E = α∗ E, it
follows from corollary 6 that ρα∗ E (δ) = ρα∗ E (σ∗ δ). Hence ρE is well-defined.
Therefore the construction of representations of the fundamental groupoid
extends to bundles in Bps
XC . All the properties stated in corollary 6 also hold
for bundles in Bps
XC .

p

p

12. How big are our categories of bundles? It is easy to see that all
the categories BXCp ,D , BsXC and Bps
XCp are closed under direct sums, tensor
p
products, internal homs and exterior powers. The following theorem collects
more information about these categories.
Theorem 7 i) The category Bps
XC contains all line bundles of degree zero.
p
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ii) For every divisor D, the categories B XCp ,D , BsXCp and Bps
XCp are stable
under extensions, i.e. if 0 → E 0 → E → E 00 → 0 is an exact sequence of
vector bundles such that E 0 and E 00 are in the respective category, the same
holds for E.
iii) If E is contained in BsXC , respectively Bps
XCp , then every subbundle of
p
degree zero and every quotient bundle of degree zero is also contained in B sXC ,
p

respectively Bps
XC .
p

A proof for i) can be found in [De-We2], theorem 12, ii) is proven in [De-We2],
theorem 11, and iii) is shown in [De-We3], theorem 9.
Theorem 7,iii) implies that Bps
XCp together with its natural fibre functor E 7→
Ex for some fixed x ∈ X(Cp ) is a neutral Tannaka category, see [De-We3],
theorem 12.
If X is an elliptic curve, then by Atiyah’s classification [At] of vector bundles
on XCp the category Bps
XC contains all semistable bundles of degree zero,
p

cf. [De-We2], corollary 15. Hence for elliptic curves B ps
XCp coincide with the
category of all semistable bundles of degree zero.
For curves of higher genus it is an open question, if the category B ps
XCp coincides with the category of all semistable bundles of degree zero on X Cp .

In [De-We3], theorem 12, it is shown that this is the case if and only if the corresponding subcategories of polystable bundles of degree zero coincide. Here
a vector bundle on XCp is called polystable of degree zero if it is isomorphic
to a direct sum of stable bundles of degree zero. Denote by T ss
red (respectively
Bps
)
the
category
of
all
polystable
bundles
of
degree
zero
on
X
Cp (repectively
red
ps
of all polystable bundles of degree zero contained in B XC ). In [De-We3], thep

ps
orem 16, it is shown that the Tannaka groups of T ss
red and Bred have the same
group of connected components.

13. Representations of the fundamental group. If we fix a base point
x ∈ X(Cp ) and restrict the functor ρ to closed étale paths in x, then every
vector bundle E in Bps
XC gives rise to a continuous representation
p

π1 (X, x) → Aut(Ex )
of the fundamental group. In [De-We1], we define an analogue of B XCp and ρ
on an Abelian variety A over Qp with good reduction. We also show how our
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construction generalizes a map in [Ta] and how it is related to the Hodge-Tate
1 (A, Q ) ⊗ C .
decomposition of Het
p
p
14. Mumford curves. Finally, we consider the special case that X is
a Mumford curve (see [Mu]), i.e. X descends to a curve X K over a finite
extension K of Qp which has a rigid analytic uniformization as Ω/Γ. Here Γ
is a Schottky group in PGL(2, K) and Ω is the open subset of the rigid analytic
P1K where Γ acts discontinously. Let XoK be the minimal regular model of
XK , see e.g. [Liu], section 9.3. Then all normalized irreducible components
in the special fibre of XoK are P1 ’s.
In [Fa2], Faltings shows that there is an equivalence of categories between
semistable vector bundles E of degree zero on X K and K-linear representations of the Schottky group Γ which satisfy a certain boundedness condition.
In [Re-Pu], his results were generalized to non-discrete p-adic base fields, e.g.
Cp . In [He], Herz shows how Faltings’ construction is related to the representations of the fundamental group given by bundles in B XCp .
Namely, let E be a vector bundle on XCp which can be extended to a vector
bundle E on the minimal model Xo . By the generalization [Re-Pu] of Faltings’
results, E gives rise to a representation π of the Schottky group Γ. Herz shows
that this representation comes in fact from a represention (also called π) of
Γ on a free o-module. Moreover, he shows that E lies in B XCp . Let x be
a base point in X(Cp ) and xo in Xo (o) its extension. By construction, the
representation ρE : π1 (X, x) → Aut(Ex ) is induced from a representation
ρE : π1 (X, x) → Aut(Exo )
on the o-lattice Exo in Ex , where ρE is the limit of representations ρE,n :
π1 (X, x) → Aut(Exn ). It is shown in [He] that ρE,n factors through a finite
quotient of Γ for a suitably chosen model E, and that the induced representation on this quotient is isomorphic to the reduction of π modulo p n . Hence
b of the Schottky group Γ and is
ρE factors through the profinite completion Γ
isomorphic to the profinite completion of Faltings’ representation π.
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