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Abstract

In the study of geometric and topological properties of subanalytic
sets (or more generally of constructible functions), the normal cycle is
an extremely useful tool. The normal cycle of a subanalytic set is a
closed current on the unit tangent bundle of the ambient space which
encodes the geometry of the Gauss mapping of the set. Up to now,
only complicated constructions, based on Geometric Measure Theory,
Sheaf Theory or Stratified Morse Theory were known.

In this work an elementary construction of the normal cycle is pre-
sented, which only uses simple properties of subanalytic sets, for in-
stance cell-decompositions.

The essential notion is that of a support function. Support functions of
subanalytic sets were introduced by Ludwig Brocker. A first result of
this work is that a constructible function has compact support if and
only if its support function is Lipschitz.

It is then shown that subanalytic Legendrian cycles also admit Lip-
schitz continuous support functions. The normal cycle of a constructible
function is characterized by the fact that both support functions coin-
cide.

The main result of this work is an existence and uniqueness result for
the normal cycle of a compactly supported constructible function.

As an application of the normal cycle construction, we introduce a
sequence of tensor-valued measures. Some of them generalize classi-
cal curvature tensors of Riemannian manifolds (like scalar curvature,
Einstein tensor, Riemann tensor).






Introduction

The normal cycle construction is a convenient way to define curvature
measures of certain singular spaces, like convex bodies, sets with pos-
itive reach, or subanalytic sets. To each such set, one can associate
in a canonical way a closed Federer-Fleming current on the unit tan-
gent bundle of the ambient space which encodes the geometry of the
Gauss map. For submanifolds, the normal cycle is just the unit normal
bundle.

While in the case of convex sets or sets with positive reach the nor-
mal cycle is very easy to describe, its construction in the subanalytic
category is much more involved. Using deep tools from Sheaf The-
ory, Kashiwara-Shapira constructed the normal cycle (under the name
characteristic cycle, [33]). A construction based on Geometric Measure
Theory was found by J. Fu ([21]-[26]). In his construction, the normal
cycle of a compact subanalytic set X C R" is the limit of a sequence
of integral cycles associated to so-called subanalytic auras of X. The
existence of the limit is a consequence of the Federer-Fleming compact-
ness theorem. One of the difficulties is to show that this limit does not
depend on the choice of a subanalytic aura. This is achieved by Fu’s
uniqueness theorem, a version of which we will prove in Chapters I-111.
The normal cycle of X is a compactly supported subanalytic cycle on
R"™ x S"~! which vanishes on the contact form, i.e. a Legendrian cycle.
Trying to understand the ideal structure of the ring of constructible
functions under Euler multiplication (or convolution), L. Brocker de-
fined the support function of a (non necessarily compact) subanalytic
set and more generally of a constructible function. This is a function
on R™ with values in the group ring Z[R]. Brocker showed that X can
be recovered from its support transform and characterized the image of
the support transform as the set of homogeneous, subanalytic functions
R™ — Z[R].

It turns out that, using Slicing Theory, one can also associate to any
compact Legendrian integral cycle an almost everywhere defined sup-
port function on R™ with values in Z[R]. The normal cycle of a com-
pact, subanalytic set X C R" is then characterized by the fact that its
support function is almost everywhere equal to the support function of
X.

The aim of the first part of this thesis, consisting of Chapters [-III,
is to construct the normal cycle of a compact subanalytic set. More
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4 INTRODUCTION

generally, we will show that every compactly supported constructible
function (i.e. a finite linear combination with integer coefficients of
characteristic functions of compact subanalytic sets) admits a unique
normal cycle and that, vice versa, each compactly supported subana-
lytic Legendrian cycle is the normal cycle of a unique compactly sup-
ported constructible function.

The first main step (Theorem 1.4.2) is to show that the support function
of a compactly supported constructible function is Lipschitz continuous
with respect to the flat distance on Z[R]. Conversely, every continuous,
subanalytic, homogeneous and Lipschitz continuous function R" —
Z[R] is the support function of some compactly supported constructible
function.

The second main step consists in proving a similar statement for a
compactly supported subanalytic Legendrian cycle T, namely that its
support function (which is a priori only defined almost everywhere) can
be extended to a Lipschitz continuous function R" — Z[R] (Theorem
I1.4.1). It follows from the first step that 7" is the normal cycle of some
compactly supported constructible function.

The other direction is more involved and constitutes the heart of the
third chapter. Given a Lipschitz continuous, homogeneous and sub-
analytic function h : R™ — Z[R], we will construct a compactly sup-
ported subanalytic Legendrian cycle the support function of which is
h. Adapting arguments of J. Fu to the subanalytic situation, we give
a short proof of uniqueness. Then we establish some properties of the
normal cycle, some of which were not stated explicitly before.

In the second part, consisting of Chapter IV, we use the normal cycle
to study a sequence of tensor-valued measures Ay 4(X, —) associated
to a compact subanalytic set X. They have several striking features,
notably their symmetry and flatness properties, and can be used to
generalize some notions of Riemannian geometry (scalar curvature,
Einstein tensor, curvature tensor) to the setting of subanalytic sets.
The measures Ag (X, —) are well-known, they are the Lipschitz-Killing
measures of X. Historically, the construction of the normal cycle by P.
Wintgen, M. Zahle and J. Fu was motivated by defining these measures
for several classes of singular spaces.

Throughout this work, the reader is only assumed to have a mini-
mal knowledge of Differential Calculus and Geometry. All important
notions, like o-minimal systems, definable current, flat topology, are
introduced. The construction of the normal cycle only uses very ba-
sic properties of subanalytic sets. Indeed, besides finiteness properties,
only C?-cell decompositions are used. Since the existence of C?-cell
decompositions can be shown in the wider context of o-minimal sys-
tems and definable sets, our theorems can be formulated and proved
not only for subanalytic sets, but for definable sets. There are several
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good introductions to the theory of o-minimal systems, for instance
(18], [19], [17].

There is just one exception, which is the proof of Theorem III.3.2,
where we will use without further explication the local conical structure
of definable sets and Thom’s isotopy lemma. Since this theorem is not
needed elsewhere in this work, we do not give any details.
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the past to find my way into mathematics. Above all, Ludwig Brocker
showed a constant interest in my work and his ideas and suggestions in-
fluenced me a lot. I have profited from several discussions with Semyon
Alesker, Michel Coste, Georges Comte, Joseph Fu, Patrick Ghanaat,
Krzysztof Kurdyka, Janko Latschev, Stefan Wenger and Martina Zahle.
For their hospitality, I thank the mathematics departments of the uni-
versities of Zurich, Freiburg and Fribourg.

The financial support of the Deutsche Forschungsgemeinschaft
through grants BE2484/1-1,1-2,2-1 made it possible to enlarge my hori-
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Schweizerischer Nationalfonds and Ruth Kellerhals for the possibility
of doing research in Fribourg.

I also would like to thank my wife Anne for all she gives me and for
her encouragement for my research.






CHAPTER I

Support functions of constructible functions

1. O-minimal systems

DEFINITION 1.1. An o-minimal system is a collection M = (M),

n € 7,

where each M,, is a Boolean subalgebra of the powerset of R™

such that the following axioms are satisfied:

a)
b)

)
Q)

algebraic subsets of R™ belong to M,,;

if X e M,,Y € M, then X XY € M, 1m;

if 2 R — R™ denotes the projection on the first n coordi-
nates and X € M1, then 7(X) € M,,;

M consists precisely of finite unions of points and intervals.

EXAMPLE.

a)

b)

Let M,, be the set of semialgebraic subsets of R”, i.e. Boolean
combinations of sets of the form

{x eR": f(x) > 0}

with f a real polynomial in n variables. Axiom a) follows
since {x € R™ : f(z) = 0} is the complement of the set
{r € R* : f2(x) > 0}. If f is a polynomial of n variables
and ¢ a polynomial of m variables, then the product of the sets
{zr € R": f(z) > 0} and {y € R™ : g(y) > 0} is given by the in-
tersection {(z,y) € R™™™: f(z) > 0} N{(z,y) € R"™™ : g(y) >
0}. Axiom b) follows. Axiom c) is known as Tarski-Seidenberg
theorem. Axiom d) is easy to prove. It is also easy to see that
every o-minimal system contains all semialgebraic sets.

A subset X of a real analytic manifold M is called semianalytic
if for each x € M there exists a neighborhood U of x and a
representation of the form

XNnU = U{x ceU: fi(r) =0,gi1(x) >0,...,0k(x) >0}NU
i=1

with real analytic functions f;,g;; on U. The set X is called
subanalytic if it is locally the projection of a relatively com-
pact semianalytic set Y C M x N. A set X C R” is called
globally subanalytic if the image of X under the embedding
R" — P" (xy,...,2,) — (1 : 2y : -+ : x,) is subanalytic.
For instance, the graph of the sine function is subanalytic, but
not globally subanalytic. Letting M, be the set of globally

7



8 I. SUPPORT FUNCTIONS OF CONSTRUCTIBLE FUNCTIONS

subanalytic sets of R™ defines an o-minimal structure R,,. We
refer to [11] for properties of subanalytic and semianalytic sets.

¢) The exponential function does not belong to R, since its graph
is only locally analytic but not globally subanalytic. However,
there exists an o-minimal structure R, exp containing subana-
lytic sets and the graph of the exponential map. See [19] for
details.

In the following, we will fix an o-minimal system M. By a definable
set we mean a set X C R" which belongs to M,,.

DEFINITION 1.2. Let D C R™ be definable. A function f: D — R™ is
called definable if its graph is a definable subset of R™ x R™.

From Axiom c) we infer that the image of a definable set under a
definable function is again definable.

DEFINITION 1.3. Let k € N. A definable C*-cell decomposition of R is
a partition of R in finitely many cells, which are points (of dimension
0) or open intervals (dimension 1).

A definable C*-cell decomposition of R®,n > 1 is given by a C*-cell
decomposition of R"™% and, for each cell D of R"™1, finitely many de-
finable C*-functions

Epp < <Epyay: D — R
The cells are the graphs (of dimension dim D)
{(z,épi(r)) eER"'xR:2€ D}, i=1,...,[(D)
and the (open) bands of dimension dim D + 1
{(z,y) eR"xR:x € D, &p,i(x) <y <pii(x)}, i=0,...,1(D)
where Epo = —00,&p(D)+1 = OO.

THEOREM 1.4. C*-cell decomposition of definable sets

Given finitely many definable subsets X1,...,X,, of R" and k € Z,
there ewists a definable C*-cell decomposition of R™ compatible with
Xi,i=1,...,m (i.e. each such set is a union of cells).

We refer to [17] for the proof.

REMARK. The notion of a C*-cell depends on an ordering of the co-
ordinates. It will be convenient to use cells in a slightly more general
sense, namely we will call C*-cell decomposition any image of a C*-cell
decomposition in the above sense under an orthogonal linear map. If
W C R"™ is the image of the linear subspace generated by the first m
coordinate lines and my : R® — W the orthogonal projection, then
such a cell decomposition is compatible with 7y, in the sense that im-
ages of cells in R™ under 7y, are cells in W, preimages of cells in W are
unions of cells of R™ and 7y, restricted to cells, is submersive. Theorem
1.4 implies that, given an arbitrary linear subspace W and definable
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subsets X1,..., X,, of R", there exists a C*-cell decomposition (in the
wider sense) compatible with my and X;, 71 =1,...,m.

DEFINITION 1.5. A function ¢ : R" — 7Z is called constructible if the
range of ¢ is finite and ¢~ *(a) is definable for a € Z. A function
¢ : X — Z on a definable set X C R"™ 1s called constructible, if its
extension by 0 is constructible.

A definable subset X C R™ can be identified with its characteristic
function, which is constructible. The restriction of ¢ to a definable
subset X will be denoted by ¢ N X.

2. Euler integration

DEFINITION AND PROPOSITION 2.1. Let X C R"™ be definable. Choose
a CY-cell decomposition of R™ such that X is a union of cells. Then

the number
X(X) = 3 (-1
DCX
is independent of the choice of the cell decomposition and called Euler
characteristic of X. The FEuler characteristic of a constructible function

¢V — 7Z is defined by
X(¢) == ax(¢~'(a)).
a€Z

We will also write [g, ¢(x)dx(x) instead of x(¢) and [y ¢(x)dx(x)
instead of x(¢ N X).

In fact, x(X) is the Euler characteristic with respect to Borel-Moore
homology. It is not difficult to show that x(X UY) +x(X NY) =
x(X) 4+ x(Y), which implies also that x(¢ + ) = x(¢) + x(v) for
constructible functions ¢ and 1. Therefore, one can think of x as an
integral.

THEOREM 2.2. Fubini for Euler characteristic
Let X C R™ be definable and ¢ : X — Z be a constructible function.
Given a definable function f: X — R™, the push-forward f.¢, defined
by

foly) =x(fTy)Ne), yeR"

1s a constructible function on R™. Moreover,

/ o(x)dx(x) = [ fed(y)dx(y).
X Rm
The proof is easy using a cell-decomposition of the graph of f.

COROLLARY 2.3. Let ¢ : R™ x R® — Z be constructible. Then

/n Rncb z,y)dx(z)dx(y / Rnsb z,y)dx(y)dx(x).
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DEFINITION 2.4. The convolution of two constructible functions ¢ and
1 on R™ is the constructible function ¢ % defined by

¢ xY(x) = . ()Y (z — y)dx(y).

The set of constructible functions on R", endowed with addition 4+ and
multiplication *, is a commutative ring with unit 1.

DEFINITION 2.5. Let ¢ be a constructible function on R™ and ¢ a con-
structible function on R™. Then the exterior product ¢ ® 1 is the
constructible function on R™ x R™ defined by

(b &® w(Il,.TQ) = ¢(I1)’¢(.’E2) xr1 € Rn,.TQ e R™.
3. Support functions

The group ring Z[R] is the set of finite linear combinations S5 a;d,,,
where a; € Z and r; € R. The sum of two such elements is defined
in the obvious way, and the multiplication is given by the convolution
product:

k ! kool
(Z ai5n> : (Z bj53j> =) abiby s,

i=1 j=1 i=1 j=1
Elements of Z[R] can be considered as integer multiplicity rectifiable 0-
currents on R (compare [20]). If T = S2%  a;0,, and f € C=(R), then
T(f) == S°F a;f(r;). The augmentation of T is the integer T(1) =
Zle a;. We can identify R with a subset of Z[R] by sending x to d,.
Sometimes it will be useful to consider an element 7" = ). a;6,, of Z[R]
as a constructible function on R, which equals a; at r; and 0 otherwise
(here we assume that all r; are pairwise different).

PROPOSITION 3.1. Let ¢ be a constructible function on R.
a)
lim (¢(x) — ¢(x + 5))dx

s—0t
z€eR

is an element of Z[R], denoted by ¢’ and called jump of ¢.
b) If ¢ has compact support, then

¢'(1) = x(¢)-
c) If ¢ is continuous from the left, then

[ os)ints) = = tim o).

PROOF. Since ¢ is constructible, there exists a finite partition of R
into points and open intervals, such that ¢ is constant on each cell. If
x belongs to an open interval, then the coefficient before d, vanishes
from which a) follows. Statement b) is easily verified. If ¢ is continuous
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from the left, then ¢ is constant on finitely many half-open intervals of
the from (a,b] (where a = —oo is possible) and on one open interval
(a,00). Since x((a,b]) =0, x((a,0)) = —1, ¢) follows. d

ExamMpPLE. If ¢ is the characteristic function of a compact interval
[a, ], then ¢/ = &,

In the following, V' denotes an n-dimensional Euclidean vector space.
After choice of an orthogonal basis, V' can be identified with R". The
notions definable subset and constructible function are independent of
the choice of this basis.

DEFINITION 3.2. Let ¢ be a constructible function on V. For each
yeVietm, :V—-Rxw— (x,y) and define

ho(y) := ((my)«0)" € Z[R].
The function
hy : V — Z[R]
1s called support function of ¢.

PROPOSITION 3.3. a) hs(0) = x(¢)do.
b) hy is homogeneous in the following sense: if X > 0, then

he(Ay) = (ma)«(he(y)),

where (M) (D, aidy,) =Y. @0,
c¢) If ¢ has compact support, then the augmentation of hy(y) equals

X(¢) forallye V.

PROPOSITION 3.4. a) Let A € GL(V). Given a constructible func-
tion ¢ on 'V, define A.¢ by A.d(x) := ¢(A™'x). Then

ha.e(y) = he(A%y).
b) For constructible functions ¢ and ¥ on V,

hory = g + Dy
hgwy = hy - hy.

c) Let W be a Euclidean vector space. For a constructible function
¢ on'V and a constructible function v on W,

hoow (Y1, Y2) = he(y1) - hy(y2) Yy € Viys € W.

Proor. Using Fubini’s Theorem, the proofs are easy. O
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EXAMPLE.

e Let K C V be a compact (definable) convex set and ¢ := 1x
its characteristic function. If y € V| then the push-forward
(my)«¢ is the characteristic function of the compact interval
[minge g (@, y), maxgex (x, y)]. The jump of this function is given
bY Omax,cx(wy)- The function mapping y to max,ex(z,y) is
the classical support function of K (compare [39]). Therefore,
the support function of 1y is the same (using the embedding
R — Z[R]) as the classical support function of K.

e Let ¢ be the characteristic function of S(V) :={x e V : ||z|| =
1}. Then (m,).¢(t) equals 1 for |t| = ||ly||, O for |¢| > ||y| and
X(8"72) =1+ (=1)™ for ||t]] < ||y||. It follows that

h(y) = Oy + (=1)" 1oy

PROPOSITION 3.5. Let ¢ be a constructible function on V. Let W be
a linear subspace and m: V. — W the orthogonal projection. Then T.¢
1s a constructible function on W and

hﬂ*d) — hd)‘w
PRrooF. Immediate from Fubini’s Theorem 2.2. O
DEFINITION 3.6. A function h : R" — Z[R] is called definable if the

function
R xR — Z, (y,r) — h(y)(r)

18 constructible.

PROPOSITION 3.7. If ¢ : V' — Z is constructible, then hy : V — Z[R]
1s definable.

PROOF. Again, this is an easy consequence of Theorems 1.4 and
2.2. O

THEOREM 3.8. A function h : V' — Z[R] is the support function of a
constructible function ¢ on V if and only if h is definable and homoge-
neous.

The “only if”-part is contained in Proposition 3.3, b) and Proposition
3.7. In [12] one finds the proof of the “if”-part. In the next section we
prove a similar statement.

4. Constructible functions with compact support

DEFINITION 4.1. The flat norm of an element T = Zle a;0,; € Z[R]
1s defined by

F(T) = sup{T(f) : f € CZ(R) : [[flloc < L [f']loc < 1}.
The mass of T is defined by

M(T) =3 ol
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THEOREM 4.2. A function h : V' — Z[R] is the support function of a
compactly supported constructible function ¢ on V' if and only if h is
definable, homogeneous and Lipschitz with respect to ¥. In this case,
¢ 1S unique.

Proor. Compact support implies Lipschitz
Suppose h = hg is the support function of a constructible function ¢
on V. By Proposition 3.3, b) and Proposition 3.7, h is homogeneous
and definable.
Suppose that the support of ¢ is contained in a compact set, say spt ¢ C
B(0, R), R > 0. Since h is definable, there is an M > 0 with

M(h(y)) <M VyeV.

We claim that h is 6M R-Lipschitz with respect to F. It is enough to
show that the restriction of A to each two-dimensional linear subspace
W is 6 M R-Lipschitz. Since h|y is the support function of 7,¢, with 7 :
V' — W orthogonal projection, and since 7,¢ has support in B(0, R) C
W, it is enough to suppose from the start that dimV = 2. Thus we
assume that ¢ is a constructible function on V, dimV = 2, spt¢ C
B(0,R), M(h(y)) < M,y € V and we have to prove that h is 6 M R-
Lipschitz. We can furthermore assume that ¢ is not constantly 0.
A standard argument shows that it suffices to prove that every y € V
has a neighborhood U such that F(h(y’) — h(y)) < 6MR|y’ — y|| for
ally € U.
We fix an orthogonal basis of V' and identify V with R2.
Suppose first that y = 0. Then h(0) = x(¢)dy by 3.3 a); h(y') =
> aidy, with Y7 ai = x(0) (3.3 ¢)), X, lail < M and |r| <
)
Then
k k k
F (Z by, — x<¢>5o> <3 [ailF(6,~00) < 3 lal Rl | < M|l
i=1 i=1 i=1
Next we suppose that y # 0. Using homogeneity, we can assume
without loss of generality that y = (1,0).
By Theorem 1.4, there exists a C?-cell decomposition of R? such that ¢
is constant on each cell. We can refine the decomposition and assume
that each of the functions {p;,i = 1,...,l(D), where D runs over the
cells of R, is convex or concave.

LEMMA 4.3. If £ : I — R is a convex or concave C*-function on a
bounded open interval I C R such that graph(§) C B(0, R), then for

sel
2R

€6 < S

PROOF. Assume [ = (a,b),s € I and € is convex (the concave case
follows by applying the convex case to —¢§).
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Let ¥ : R — R denote a supporting function at s, i.e. ¥ is affine,
Wl <&, W(s) = &£(s) and W'(s) = £'(s).

For t € (s,b), ¥'(s ) = ‘I](ti S(S) < g(t% E(S) < 2 Letting ¢ tend to b
we obtain U'(s) < d( 81) The equality ¥'(s) > —%

similar way. O

is proved in a

Since ¢ has compact support, it is non-zero only on finitely many,
bounded cells. Fix a number 0 < ppee < % such that 12Rp,. is
smaller than the lengths of the cells in R above which ¢ is non-zero.

LEMMA 4.4. Let y' = (y},v5) € R?* with p := ||y — ¥'|| < pmaz- Let
t € D, where D is an open cell of R and suppose d(t,0D) > € := 6pR.
Then each intersection of the line Ly = L(y') defined by

Ly = {(z1,72) € R? 1 gy + yywo =t}
with a cell contained in B(0, R) is empty or transversal.

PRrROOF. Let D = (a,b), where a = —oo or b = oo is possible.
Let (z1,22) € B(0, R) be the intersection of L, with a cell.
Then

PR > |ypts| = [t—z1 -tz —yan| 2 [t—a1| = a1 (L—yy)| = [t—21] = pR,
which implies |t — 21| < 2pR = £
It follows that z; € D and d(zy,0D) > 2
The cell in which (z1, z2) lies is either a band or a graph of a function
§ = &p,. In the first case, the intersection is trivially transversal.
In the second case,

2R 3R 1

|€/(ZL‘1)| < d(:cl,@D) < T - %

If the intersection is non—transversal, then y4 # 0 and

|y1‘ !/
_— 5371 < —,
2p |5 = €@ 2p

a contradiction. O

Let r < ... < 1y be the endpoints of the cells of R. Denote by 7 the
projection of R? to the first coordinate. Since the Euler characteristic
of 7 (s) N ¢, s € R is constant on each cell, hy(y) is concentrated on
{Tlv s 7Tk}7 say h¢(y) = Ef:l aié?’r

Denote 7' : R? — R,z +— (z,y’). Let t € R be at distance at least €
from {r1,...,7}. By Lemma 4.4, (7')71(t) = Li(y/) intersects the cell
decomposition transversally, which implies that

X((7) (1) = x(77(1)).
It follows that, if hy(y') = 22:1 bjds,, then the s; are contained in the

open e-neighborhood of {ry,...,ry}. Note that the e-neighborhoods of
the different r; are disjoint by choice of e.
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From Theorem 2.2 and Proposition 3.1, applied to the function [r; —
€,1i+¢€) — Z,s— x(m7(s) N ¢) we infer that

X(m ' ri—er+e)Ng) =a;
In the same way,
W) ri—er+ong) = S b
Jilsj—ri|<e

The intersection of the strip 7~ ![r;—¢, r+¢) with the cell decomposition
is transversal by Lemma 4.4. The same is true for all y” on the line
between y and y'. By simple counting (or by applying Thom’s isotopy
lemma, [28], [37]), we obtain that the Euler characteristics are equal,
which means that

Jilsj—ril<e

Using F(6; — 65) < |s — t| for reals s,t, we get that

k
F(ho(y) —ho@) =F | D D (b, —b;6r)

i=1 ji|s;—ri<e

< 6MR|y" — yl.

We deduce that h is 6 M R-Lipschitz.

REMARK. For later use we note the following. Let ¢ : V — Z be a
constructible function with support in B(0, R). Let D C V be a C*-cell
such that h = hy is given on D by

k
h(y) = aibp
i=1

with definable C?-functions f; : D — R, f; < ... < f and non-zero
natural numbers a;. Then the above argument shows that the norm of
the gradient of each f; is bounded by 6R.

Uniqueness

Let h = h, be the support function of a compactly supported con-
structible function ¢. Then x(¢) = h(y)(1) for all y € V, in particular
X(¢) can be computed from h alone.
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We compute that for all t € R

B)(-50.0) = [ 6@ Lpevycn 2)dx(a).
1%
Since h is definable, the function

V2 (y) = h(y)(—o0, (z,y))

is constructible.
Then

/wa(y)dx(y)I/Vh(y)(—oo,@,w)dx(y)
— [ [ senmer e ixcIan)
= [ 60) [ tweromspen@ixmie)
- [ aly eV G —am <0 ax(s)

=0 if z=xz,(—1)" else

= (=1)"(x(¢) — ¢()).

It follows that
mwzxww44w1[ywwww>

is uniquely determined by h. This holds true for all x € V', therefore ¢
is unique.

Lipschitz implies compact support

Suppose that h : V' — Z[R] is definable, homogeneous and Lipschitz
with Lipschitz constant L > 0. We will show that h is the support
function of a constructible function with support in B(0, L).

Step 1: We claim that spt h(y) C [—Llly||, L||y||] for all y € V. To
prove the claim, fix y € V and suppose that h(y) = Zle a;6,, with
a; € Z,a; #0 and ry <19 < ... <7 Suppose 1, > 0.

Fix a real number A > 1 such that A\ry_; < 7, and (A — 1), < 1.
Let f be a piecewise affine function which equals 0 on (—oo, ry], grows
linearly on [rg, Ary], equals 1 at A\ry and which is symmetric with respect
to the center Ary. By homogeneity, h(\y) = Ele a;0xy,; and therefore
h(\y)(f) = ax, h(y)(f) = 0. Approximating f by compactly supported
smooth functions and using that h is L-Lipschitz with respect to F,
we obtain

= (O ~ A (D] < LIy — gl max{[f o, [/ } = 22
=1 :m

We deduce 7, < Ll|y|| and similarly r; > —L||y]|.
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Step 2: With h being Lipschitz, the value a := h(y)(1) € Z is inde-
pendent of y € V.
Since h is definable, the function

V2 (y) == h(y)(—o0, (z, 7))

is constructible.
We have seen in the uniqueness proof that if there exists ¢ with hy = h,
then ¢ has to be given by

o(z) == a+ (~1)" /V u(y)dx(v).

We claim that indeed hy = h.
Given vy € S(V) and ¢y € R, we set

Wo:={x eV :(x,v) =1t}

Fubini’s theorem shows that

/WO/Vwm(y)dX(y)dX(a:):/v Wowr(y)dX(l‘)dX(y).

We evaluate the inner integral and consider several cases for y.

a) y=0.
By homogeneity, h(0) = ady and thus 1, (0) = 0 for all z. It
follows
U2 (0)dx(z) = 0.
Wo
b) yllvo, y # 0.

For A > 0 we obtain

and thus

e (Mvo)dx(z) = (=1)" h(vo)(—00, to)
Wo

e (—Avo)dx(x) = (—1)" " h(—vo)(—00, —to).
Wo

c) y Mvo.
With y* := y— (y, vo)vo we get (y*, vo) = 0 and (y=,y) > 0.
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For zy € Wy, the line [ := {xg + sy* : s € R} is contained
in Wy and we compute, using Proposition 3.1, c),

/ baly)dx(z / G ey ()X (5)

- / h(y) (o0, (20 + sy y))dx(s)
= [ o) (=s0.)ax()

= —Q.

This is true for all lines in W, parallel to y* and implies, by
Fubini’s theorem,

Ue(y)dx(z) = (1) 'a.
Wo

From these considerations, we deduce that

/V [ wely)ax(@x(v) = (1) (h(en) (oo 1)+
4 h(=w0) (—00, —to)) + (1 + (—1)")(~1)" 'a.
It follows that

| d@)dx(x) = a = h(vo)(=00, to) = h(=vo)(=00, —o),

from which we easily deduce that hy = h on S(V), and then, by ho-
mogeneity of both sides, on V.
Step 3:

LEMMA 4.5. Let D C V be a C'-cell and let h : D — Z[R] be given
by h(y) = Zle ailg,(y) with real-valued C*-functions f1 < ... < fy on
D and non-zero integers a;. If h is L-Lipschitz with respect to F, then
| grad fi(y)|| < L forally € D andi=1,...,k.

PRrROOF. Fix y € D and i € {1,...,k} and set ¢ := fi(y). Let 1 >
n > 0 be smaller than the minimum of f;1(y)— fi(y) and fi(y)— fi—1(vy)
(ifi=1o0ri=Fkoreven k =1 then the corresponding difference will
be set to be 00).
By continuity of the f;, there exists a neighborhood U C D of y such
that fi1(y) > c+n, fia(y) <c—nand c—n < fi(y') < c+n for
y euU.
Define a piecewise affine function g on R by

{ 1—”—;0‘ z€lc—n,c+n

9(2) = 0 otherwise.
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Since h is L-Lipschitz and since [|g]lo =1 < & L g le = %, we get for
all y e U
|a2|
i) = fi)l = laig(fi(y)) — aig(fiw)] = 1h(y)(9) — h(y)(9)]
L
< —lly" =yl
n
It follows that || grad f;|| < £ - < L. O

Step 4: Let x € V with ¢ := ||z|| > L. Write x = tvy with vy € S(V)
and fix yo € V.
We claim that the function ¢g : R — Z defined by

g(s) := h(yo + svy)(—0o0, (z,yo + svp))
(w50 +st
z,y0)+s

is continuous from the left.
The function s — h(yo+suvp) is definable and L-Lipschitz by hypothesis.
Fix so € R. For all s in some interval (so — €, s¢), we get

y() + SUQ Zaléfz(s

with definable, real-valued C'-functions f; < ... < fi. Lemma 4.5
implies that they are L-Lipschitz. Each f; is bounded (compare Step
1) and can be extended by continuity to sg. Then we also have h(yy +
Sovo) = Zf:l aidfi(so)’
It follows that

gs)= D

i fi(s)<{x,yo)+st

for all s € (s¢ — €, so].
If fi(so) # ¢ := (x,90) + Sot, then either f;(s) < (z,yo) + st or f;(s) >
(x,yo) + st for all s in some (maybe smaller) interval (sg — €, so].
If fi(so) = ¢, then, since f; is L-Lipschitz, for all s < sy near s

fi(s) > fi(so) + L(s — s¢) = (z,yo) + st + (t — L)(so — s) > (x,yo) + st.

We deduce that g(s) = g(so) for all s < sy near sq, which proves the
claim.

Step 5:

The function g from Step 4 is continuous from the left and satisfies
lim, . g(s) = a, since spt h(yo + svg) C (—o0, (x,yo + svg)) for large s
(compare Step 1).

With [ := {yo + svp : s € R}, and using Proposition 3.1 ¢), we get

/l%(y)dX(Z/)I/Rg(s)dX(S) .
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The same holds true for every line parallel to vy. Fubini’s theorem
implies that

b(z) = a+ (—1)"! / b (y)dx(y) = 0.

Therefore the support of ¢ is contained in B(0, L). OJ



CHAPTER 1II

Legendrian cycles

1. Definable currents

Let EF(R™) be the set of differential k-forms on R™ and D*(R") the
subset consisting of k-forms with compact support. For a multi-index
I = (iy,...,1) we write dzy := dx;; A ... ANdx;,. A k-form w can be
written in the form w = ), wydx;.

The topology of D*(R") is the usual one, which is characterized by
the fact that a sequence w',w?,... € D¥(R™) converges to w € D¥(R")
if and only if there is a compact set K C R™ such that the supports
of w!,... are contained in K and such that all partial derivatives (of
arbitrary degree) of the coefficients w} converge uniformly to the cor-
responding derivatives of wy.

DEFINITION 1.1. A continuous functional T : D*(R™) — R is called a
(Federer-Fleming-) k-current on R™. The space of k-currents is denoted
by Dp(R™) = (D’“(]R")) )

The boundary OT of T' € Dy (R") is the current T € Dy_1(R™) defined
by

T (w) =T(dw)  Vwe D' (R").
T is called a cycle if 9T = 0.
The restriction of T € Di(R") to a form ¢ € DI(R"),l < k is the
current 7' ¢ € DFYR™) with

T é(w)=T(¢ENw) Yw € DFIR™).
The support of T € Dy (R") is the closed set
spt T := { ﬂ K closed : T(w) =0

KCR”

for all w € D*(R™) with sptw C R™\ K}.

EXAMPLE. An oriented, k-dimensional C'-manifold M with boundary
OM defines a k-current [[M]] € Di(R") by

Paw) = [ @ weDtE).
Stokes’s theorem implies that
o[[M]] = [[oM]].
21
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In the same way, the k-dimensional cells of a C'-cell decomposition of
R™ define k-currents whose boundaries are given by integration over
k — 1-dimensional cells.

DEFINITION 1.2. A current T € Dy(R"™) is called definable if there
exists a definable C'-cell decomposition and for each k-cell D an ori-
entation of D and a number np such that

T =Y np[[D]].
D
The mass of T is defined by
M(T) =) |np]| voly(D) € [0, o0]

D
The boundary of a definable current is again a definable current. It
follows that definable currents are locally integral currents in the sense
of [20]. In particular, they are locally normal currents, i.e. the mass
and the mass of the boundary are finite on compact sets.

If T € Dp(R") and A C R™ are definable, then the current 7'_ A defined
by

TLA=> np[[DnA]

is again a definable current.
Given a definable C'-map f : R® — R™ which is proper on the support
of T (i.e. f71(K)NsptT is compact whenever K C R™ is compact),
the current f,T" with

fT(w) = T(fw)
is again a definable current, called image of T under f. Note that
food=0of.
Given definable currents S € Dy (R") and T € D;(R™), their direct
product S x T € Dr(R™ x R™) is defined in the obvious way, i.e.
S x T is defined by integration over the products of the cells of S and
T, counted with the product of the multiplicities.

ProprosITIiON 1.3. Homotopy formula

Let T € Dyp(R™). Suppose H : [0,1] x R®" — R™ is a definable C*
homotopy of R™ between [ and g such that H=(K)Nspt T is compact
in [0,1] x R™ for any compact set K C R"™. Then

g.T — f.T = 0H,([0,1] x T) + H,(]0,1] x 9T).

PROOF. The assumption implies that the currents H,(T x [0, 1])
and H,(OT x [0, 1]) are well defined. The formula follows from

OH.([0,1] x T) = H,0([0,1] x T)
= H.((9[0,1]) x T) — H.([0,1] x 9T)
= H,(0; x T) — H.(do x T) —H.([0,1] x OT').

9xT +T
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0

For completeness, we prove a very special case of the constancy theorem
([20], 4.1.7):

ProproSITION 1.4. Constancy theorem
If a definable current T € D, (R") satisfies T = 0 and has compact
support, then it vanishes.

PROOF. Choose a C! cell decomposition of R"™ such that T =
> pnp[[D]]. The n-cells above an n — 1-cell D' of R™"! are given
by open bands

Di = {(‘ray) € D'xR: §D/,i<x> <y< fD’,i+1<x>}7 L= 07 SR l(DI)7
where {p/1 < ... < &prypry are definable C' functions on D’ and
fD',o = —OO,§D',1(D/)+1 = 00.

The boundary of [[D;]] is given by integration over the graph of £pr ;41
minus integration over the graph of {p/; plus some components lying

above the boundary of D’. These boundaries cancel out only if np, =
np,,, for i = 0,...,1(D") — 1. Since the support of T is compact,

np, = 0 and hence np, =0 for i =0,1,...,{(D’). The same argument
works above each n — 1-cell D’ of R”! and shows that np = 0 for all
n-dimensional cells D, i.e. T'= 0. O

2. Slicing definable currents
The proof of the next proposition is contained in [31], [32].

PROPOSITION 2.1. Let T € Di(R"™) be a definable current and f : R™ —
R! a definable map. Then for all y € R! such that dim f~1(y) Nspt T' <
k—1 and dim f~'(y)Nspt OT < k—1—1 there exists a definable current
(T, f,y) € Dx_1(R™), called slice of T, with the following properties:

a) spt(T. f,y) Cspt TN f~H(y);

b) 8<T7 fa y) = <_1)l<8T7 f7 y>;

c) if g : R™ — R™ is a definable function which is proper on the
support of T, and f : R™ — R! any definable function, then

9T, fog,y) = (9T, f,y)

whenever y € RY and dim(fog)~*(y)Nspt T < k—1 and dim(fo
9) '(y) Nspt T <k —1—1;
d) let f': R"™ — R be a definable function, then

(T, foy) Iy') = (T () (0, 9)

for ally € R, y' € RY such that the following dimension restric-
tions holds: dim f~1(y)Nspt T < k — 1, dim f~(y) Nspt T <
k—I1—1, dim(f")~*(y)Nspt T < k—1', dim(f") "' (y')Nspt T <
k=I'—1, dim f~Y(y)N(f") "y )Nspt T < k—1=1', dim f~1(y)N
() My )nsptdT <k —1—1"—1;
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e) if g : Rt — R is a definable diffeomorphism, then

(T.g0 f.y)=e(T, f.97(y))
whenever y € RY with dim(go f)~Y(y) NsptT < k — 1, dim(g o
Y y)NsptdT < k—1—1. Heree = 1 if g is orientation
preserving, and —1 else.

Note that the conditions on the dimensions are satisfied for almost all
y € R'. The above statement, but with the condition on the dimensions
replaced by for almost all y € R!, is well-known for any (not necessar-
ily definable) normal current 7' (compare [20], 4.3). In the proof of
existence and uniqueness of normal cycles, we will only use this weaker
version of the above proposition. Only in the construction of the nor-
mal cycles associated to projections and convolutions of constructible
functions, we will have to slice at special values and then we verify that
the condition on the dimensions is satisfied.

For our purposes, the most important case is where the function f is
the orthogonal projection 7y on a subspace W with dim W = dim 7.
In this case, we find a C*-cell decomposition of spt T compatible with
mw. If D' is a cell of highest dimension in W, then 7, (D) Nspt T is
a union of graphs on D’. It follows that for y € D’, the intersection
Ty (y)Nspt T is a finite union of points and the slice (T, my, y) (which is
0-dimensional) is the sum of the corresponding Dirac measures, counted
with multiplicities according to the multiplicities of the cells of spt T

3. Support functions of Legendrian cycles

We fix the following notation. V will denote an oriented n-dimen-
sional Euclidean vector space. The canonical projections are denoted
by m,m : VAV =V, 7,75 :V — V@V are the canonical embed-
dings. We define maps m : RV eV - VeV, (A z,y) — (z,\y) and
my: VeV —=VaVmey):=m(\z,y). Note that mg = 7 o 7.
The scalar product is denoted by u: V @&V — R, (z,y) — (z,y).

We let S(V') denote the unit sphere in V and SV :=V xS(V) Cc VoV
the sphere bundle of V.

The canonical 1-form « on V & V is defined by «a(v) = (y, (m1).v) for
v € TV @ V. We will not distinguish notationally between o and
its restriction on SV, making the latter space into a contact manifold.
After choice of an orthonormal basis of V', we get canonical coordinates
(T1, o Ty Y1, - -, Yn) o0 V BV and a can be written as

o= i yidx;.
i=1

DEFINITION 3.1. A Legendrian current is a current T € D, (V &V)
such that sptT' is contained in SV and such that

Tra=0.
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The 1-form « is a contact form on SV and TLa = 0 for a definable
current T is equivalent to saying that all n — 1-cells in the support of T’
are horizontal, i.e. tangent to the contact distribution ker ae. Note that
n—1 is the critical dimension, i.e. there are no horizontal n-dimensional
submanifolds in a 2n — 1-dimensional contact manifold.

DEFINITION 3.2. We call a current S € D,(V & V) conical if

(mA)*S =5
for X > 0. S is called Lagrangian if, with w := —da denoting the
symplectic form on' V ®V,
SLw = 0.

We recall that a linear subspace W of V & V is called isotropic if
wlw = 0. Then dimW < n and W is called Lagrangian if dim W = n.

PROPOSITION 3.3. a) If T is a Legendrian cycle, then T w = 0.
b) If S is a conical, definable Lagrangian current on V& V', then
Sta=0.

c) There is a one-to-one correspondence between compactly sup-
ported definable Legendrian cycles T and definable, conical La-
grangian cycles S on'V &V such that w (spt .S) is compact.

Proor. (Compare [27])

a) Let ¢ be an n — 3-form on V @& V. Since 0T = TLa = 0, we
obtain T w(¢) = —=T(da A ¢) = T(a A dp) = 0.

b) Fix coordinates (x1,...,%n, Y1,-..,Yn) as above. If D is an n-
dimensional cell in the support of S and (z,y) € D, then T(, D
is Lagrangian. If y = 0, then « vanishes trivially on T{,,)D. If
y # 0, then v := >, _, yiaiyi € Tz D (since S is conical) and
a|T(ac,y)D = —va|T(x’y)D = 0.

¢) We write [0,00) not only for the interval, but also for the 1-
current defined by integration over it. Given a definable Legen-
drian cycle T,

Om,([0,00) X T') = —mu (6o X T') = —(71)s (1) T

The current (m).7" is a compactly supported definable n — 1-
cycle in V' and can be filled by a compactly supported definable
n-current U, i.e. OU = (m),T. Then

S :=m.([0,00) X T') + (11).U

is a conical Lagrangian cycle and 7 (spt S) C m1(spt T') Uspt U
is compact.

Now suppose S is a conical Lagrangian cycle with 7 (spt .S)
compact. We can assume that S is given by integration over
oriented conical cells and define the current T' by intersecting
S with SV (i.e. by taking intersections of the conical cells of S
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with SV, with the same multiplicities). Then T is a compactly
supported Legendrian cycle.

It can be checked that the operations T' — S,S +— T are
inverse to each other, finishing the proof.

t

DEFINITION 3.4. Let T' € D, 1(V @ V) be a compactly supported, de-
finable Legendrian cycle and S the associated Lagrangian cycle. The
support function of T is the (almost everywhere defined) function hr :
V +— Z[R] with

hr(y) == ue (S, 2, y).

Since S is conical, the support function of a Legendrian cycle T is
(almost everywhere) homogeneous in the sense of 1.3.3, b).

4. Lipschitz continuity of support functions

THEOREM 4.1. Let T € D, 1(V & V) be a definable Legendrian cycle
with compact support. Then hp can be extended to a definable Lipschitz
continuous function V- — Z[R] (with respect to F ).

PROOF. Step 1: Let S be the definable, conical Lagrangian cycle
associated to T'. Suppose that spt S C B(0, R) x V.
Fix a definable C'-cell decomposition of V & V', compatible with spt S
and 7y (compare Theorem 1.1.4). By reverse induction we can also
achieve that the boundary of a cell in V' is a union of cells.
Fix an orthonormal base of V and let (z1,...,Zn,¥1,...,yn) denote
canonical coordinates of V @ V.
Let D C sptS be an n-dimensional cell and (z,y) € D. Given v =

S (Cia%i + diaiyi) € Tz, D, the Legendrian condition implies that

(c,y) = 0. Therefore,

(x +te,y +td) = (x,d),
t=0

UV =

dt
which implies that
<7T2,7,L)*’U: (dl,...,dn, <.§L’,d>) (1)

Suppose first that the rank of ms|p is n. Then D' := my(D) C V is
an n-dimensional cell and D is the graph of a definable, C'*-smooth
function g : D' — V. With f(y) := (g(y),y) for y € D" we get
(79, u)(D) = graph f.

From Equation (1) we deduce that grad f(y) = g(y) for all y € D'.
Since (g(y),y) € sptS C B(0, R) x V, the norm of the gradient of f is
bounded by R, which implies that f is locally R-Lipschitz on D’.

If the rank of ma|p is less than n, then Equation (1) implies that also
the rank of (mq, u)|p is less than n and thus (mq, u).[[D]] = 0.



4. LIPSCHITZ CONTINUITY OF SUPPORT FUNCTIONS 27

We obtain that G := (m,u),S is given by integration over finitely
many (say M) cells of V' x R which are graphs of locally R-Lipschitz
functions on n-dimensional cells in V. In particular, G has no vertical
components.

Note further that, with 7, : V xR = R, (y,2) — zand 7, : V xR —
V,(y, z) — y, we get for almost all y € V'

(704G 1y, ) = (7). (72 )5, 73, 9)
= (1)1 0 (2, )y (S, m, 0 (m2,0) 9)

*
N v

~\~ ~~

=Ux =72

= h(y),

i.e. G can be considered as “graph” of h.
Step 2: Lety belong to an n—1-dimensional cell. Then h is continuous
aty.

LEMMA 4.2. Let D C V be a k-cell and let f : D — R be a bounded
and definable C*-function. Then there exists a definable C?-cell decom-
position of 0D such that for each cell D' of dimension k—1 there exists
a unique continuous extension of f on DU D’.

Proor. This is a standard argument, a sketch of which will be
given. We fix cell decompositions of the boundary of the graph of f
(which is a bounded, definable, k — 1-dimensional subset of V' x R) and
of the boundary of D which are compatible with the projection to V.
Above an k — 1-dimensional cell D" C 0D, there can only be finitely
many k — 1-dimensional cells. Since D is locally connected, there is
exactly one such cell and the result follows. O

By the Lemma, we find a refinement of the cell decomposition in such
a way that each of the functions f : D’ — R can be continuously
extended to n — 1-cells in the boundary of D’.

Let D" be a cell of V' of dimension n — 1. Let D} and D), be the two
n-cells of V' containing D" in their boundary. Note that the induced
orientations on D" do not coincide.

By Step 1, there are representations of the form

k
h(y) =Y aibny Yy €D

i=1
1
h(y) =D b0y, Yy € Di,
j=1

with locally R-Lipschitz continuous functions f and g.

By construction, the functions f; (resp. g;) extend by continuity to
Dy U D" (resp. Dy U D"). Let r : D" — R be the restriction of such a
function to D”.
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Let I, C {1,...,k} be the set of indices i such that f;|pr = r and
J. C {1,...,l} be the set of indices j such that g;|pr = 7.

Since each ¢ belongs to exactly one I, and each j belongs to exactly
one J,, and since G has no vertical components, we get

Gury*l(Dll U D) = Z (Z&i[[gmph fi: D} — R]J+

r i€l

+ > bylleraphg; : Dy — RH)

JEJIr

and

0G. D" = Z (Zaia[[graph fi: D} — R]]+

r i€l

+ Z b;0[[graph g; : Dy — RH)

JETr

= <Zai[[graph fi: D" —R]]—

i€l

— " by llgraphg; : D" — RH)

JEJr

= Z <Z a; — Z bj> [[graphr : D" — R]].

r i€l JjEJIr

On the other hand, 9G = (72, u),0S = 0 and thus },.; a; =3 ,c; b,
for all r.

Let y € D" and € > 0. Since f; and g; can be continuously extended
to D", we get for all y; € D] and y, € D; sufficiently close to y that

| fi(y1) = fi(y)| < € and |g;(y2) — g;(y)| < €.
From

Z @il (y) = Z i0p(y) = Z bjdr(y) = Z bj0g;(v)

iely 1€l JeJr JEJIr
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we deduce that

F(h(y1) — h(ye)) = F (Z (Z aiéfi(yl) - Z bj(sgj(lﬂ)))

r i€l jEJy
<F <Z > @i — 5fi(y))> +
r i€l,
+F (Z Z bj(égj(w) - 59;'(@/)))
T jEJ'r

k l
< (Sl 3o
i=1 j=1

This proves the claim.

Step 3:

Let y1,y> € V be both contained in n-dimensional cells. For sufficiently
small € > 0, each point y] with ||y; —y1|| < e satisfies F(h(yy)—h(y1)) <
Mly; — y1|| and similarly for y5 (see Step 1). With a random choice
of y} € B(y1,€) and y) € B(ys,€), the line between y; and yj crosses
finitely many n — 1-dimensional cells and stays in the union of the
n-dimensional cells otherwise.

By Step 1, the restriction of h to this line is locally M R-Lipschitz
except for a finite number of points. In these points, h is continuous
by Step 2. We deduce that h is M R-Lipschitz, and it follows that

F(h(yr) = h(y2)) < F(h(yr) — h(y1)) + F(h(y)) — hys))+
+ F(h(ys) — h(y2))
< 2MRe + MRy} — ys||
<4MRe + MRy — v2||.

Since € can be chosen arbitrary small, we obtain F(h(y;) — h(y2)) <
M R||y1 — yl|. Since the union of all n-dimensional cells is dense in V/,
h can be extended to an M R-Lipschitz continuous, definable function

on V. ]






CHAPTER III

The normal cycle

As in previous chapters, V' denotes an oriented, n-dimensional Eu-
clidean vector space.

1. Construction of the normal cycle

DEFINITION 1.1. Let ¢ : V. — 7Z be a constructible function with
compact support. A compactly supported, definable Legendrian cycle
T €D,1(V@V) is called normal cycle of ¢ if hy = hy almost every-
where.

REMARK. The normal cycle of ¢ depends on the orientation of V.
Indeed, changing the orientation of V' does not alter hy, but (T, 72, y)
depends on the orientation of the target space V. Therefore, the normal
cycle of ¢ with respect to the reversed orientation is minus the normal
cycle of ¢ with respect to the given one.

THEOREM 1.2. Existence and uniqueness of the normal cycle
Each compactly supported constructible function ¢ admits a unique
normal cycle. Conversely, each compactly supported definable Legen-
drian cycle is the normal cycle of a unique constructible function with
compact support.

The first part of this theorem was discovered by Fu ([26]) using deep
methods from Geometric Measure Theory. The proof we will give below
only uses Lipschitz continuity of support functions and basic properties
of constructible functions and definable currents.

NoOTATION. The normal cycle of a compactly supported constructible
function will be denoted by T;. The corresponding conical Lagrangian
cycle will be denoted by S,. Given a compactly supported Legendrian
cycle T' (or a conical Lagrangian cycle S with 7 (spt .S) compact), we
denote by ¢r (or ¢g) the unique compactly supported constructible
function with normal cycle T

PRrOOF. The proof of the second part is already contained in Chap-
ter II. Indeed, if T'is a compactly supported definable Legendrian cycle,
then h = hy is definable, homogeneous and Lipschitz (Theorem 11.4.1).
Theorem 1.4.2 implies that there is a unique constructible function ¢
with compact support such that hy = h.

Conversely, let ¢ be constructible with compact support. By Theorem
1.4.2, h = hy is definable, homogeneous and L-Lipschitz for some L >

31
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1 (with respect to F). We have to show that there exists a unique
compactly supported, definable Legendrian cycle T" with hy = h.
Existence

LEMMA 1.3. Let D C V be a C?*-cell and f € C*(D). Suppose that D
is conical and f is homogeneous, i.e. \D = D and f(Ay) = Af(y) for
all A\ >0,y € D. Then

(D, f):={(z,y) eVOV :y € D,(z,v)=v(f)VveT,D}
1s a conical Lagrangian submanifold of V& 'V.

PRroor. Since D is conical, y € T,,D for all y € D. By homogeneity
of £, {x,y) = f(y) for all (z,y) € (D, /).
Let (z(t),y(t)) be a differentiable curve in I'(D, f) with (2(0),y(0)) =
(x,y). Then v :=y'(0) € T,D. We obtain

| O =5 e =0,

On the other hand,
C1 a0, (0) = ((0).) + (.9/(0)).
o N——

=u(f)
Comparing these formulas yields (2’(0),y) = 0, which shows that
alrp,r) = 0. Differentiation yields that da|prip,py = 0, i.e. I'(D, f)
is Lagrangian.
It is clear that I'(D, f) is conical. O

LEMMA 1.4. Let D, f be as in the preceding lemma and suppose that
| grad f|| < L. Let S be a definable, conical, n — 1-dimensional current

on V&V with sptS C I'(D, f), sptdS C OI'(D, f) and m (sptS)
compact.

IfdimD <n—1ordimD =n—1 and (73).S = 0, then there ezists
a conical, definable n-current S" with spt S’ C T'(D, f), spt(0S —S") C
OU'(D, f) and such that 7 (spt S’) is contained in the conver hull of
m(sptS) U B(0, L).

PROOF. For y € D, set g(y) := Z?i:nllD ei(f)ei, where ey, ..., €qmp

is an orthonormal base of T, D (if dim D = 0, set g(y) = 0). Clearly

(9(y),y) € T(D, f) and [lg(y)|| < L.
Define a homotopy

H:00,1] x (D, f) = (D, f), (t, (z,y)) = (tx + (1 = t)g(y), y)
and set S" := H,([0,1] x S).
By the homotopy formula II.1.3, up to a current with support in
or(D, f),

83' = H*(51 X S) —H*(50 X S)
=S
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If dim D < n — 1, then the second term vanishes since it is an n — 1-
current supported in the dim D-dimensional set {(g(y),y): y € D}.
If dimD =n —1 and (m2),S = 0, then

H, (80 % S) = (Ho).S = (g,id). 0 (m2).S = 0.

In both cases, m(sptS’) is contained in the convex hull of 7 (spt S) U
B(0, L). 0

LEMMA 1.5. Let h : V. — Z[R] be homogeneous, definable and L-
Lipschitz. Then there exist finite C?-cell decompositions of V&V and
V', compatible with 7y, such that

a) each cell D C V is conical and each cell D C V @V is conical
i the second coordinate;

b) for each cell D C V', there exists a finite family F(D) of de-
finable C*-functions fi < fo < ... < fi and integers ai, ..., ay
with

k
M) = > aid vy € D
i=1
c) if D' C 9D,dim D' = dim D—1 and f € F(D), then there exists
f' € F(D') which is the restriction of the continuous extension
of f to D';
d) the boundary of each cell is a union of cells;
e) if D CVisacell and f € F(D), then I'(D, f) is a union of
cells.

PRrROOF. In the first step, we construct a cell decomposition of V'
with a)-d). Since h is homogeneous and definable, we find a cell
decomposition of V' such that h is given above each cell by h(y) =
Zle a;ib,y)- For n-dimensional cells D, we set F(D) = (f1,..., fx)-
Using Lemma [1.4.2, we can subdivide the n — 1-skeleton in such a way
that all functions f € F(D) can be continuously extended to cells of
dimension n — 1. For a cell D" of dimension n — 1, we let F/(D’) be
the set of restrictions of all functions belonging to some F'(D) with
dim D =n and D' C OD.

Subdividing the n — 2-skeleton, we can assume that all functions f €
F(D),dim D = n — 1, extend continuously to n — 2-cells. We define
F(D’) for n — 2-cells similarly as above and continue in this way. After
n steps, we get a cell decomposition of V' with a)-d).

Note that any subdivision of this cell decomposition also satisfies a)-d)
(we let F'(D') be the set of restrictions of functions from F(D), where
D is the unique cell of the original decomposition containing D’).

In the second step, we construct a cell decomposition of V' @& V' which
is me-compatible with some subdivision of the given cell decomposition
and which satisfies d) and e). We choose a cell decomposition of V&V
such that T'(D, f) is a union of cells for each D of dimension n and
f € F(D). By subdividing, we can achieve that the boundary of
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each cell is a cell. By subdividing again, we achieve that the sets
I(D, f), f € F(D) with dim D = n — 1 are unions of cells. Continuing
in this way, we obtain me-compatible cell decompositions with a)-e). O

We fix cell decompositions as in Lemma 1.5 and set

Vep = U 1.

dim D<k,f€F (D)
LEMMA 1.6. Let D C V be a cell and f € F(D). Then
OI'(D, f) C V<dimp—1 U M,
where M s a subset of dimension < mn — 1.

PROOF. Let Dy C OI(D, f) be an n — l-cell and Dy := my(Dy).
Then D; C 0D, in particular dim D; < dim D — 1. By Lemma 1.3 and
Stokes’s theorem, a vanishes on Dj.

Let (z,y) € Dy. Then there exists a sequence (z;,1;) € T'(D, f) con-

verging to (z,y). As was remarked above, (z;,y;) = f(y;). By continu-

ity, (z,y) = [(y). N

Consider a differentiable curve v(t) = (z(t),y(t)) in Dy with (z,y) =

(2(0),4(0)) and set v := 3/(0). Then

d (@(t), y(t)) = (z,v) + (2'(0),y(0)) .
—_—

o) =2| fw) ==
=a((0))=0

dt

t=0 t=0

Since 7, : Dy — Dy is submersive, it follows that (z,y) € T'(Dy, f). O

Now we can complete the construction of the normal cycle.
We define a sequence of currents Si, k = 0,1,...,n such that

e S} is a conical, definable Lagrangian current with 7 (spt Sg) C
B(0, L);
o u,(Sk,m2,y) = h(y) for almost all y € V;

o spt ISy C V<n—k—1.
For a cell D of dimension n, h|p is given as a finite combination

k(D)

hlp =Y alsw,

=1

with functions f < ... < fi7p) from F(D).

We set
k(D)
Soi="Y_ > al[[L(D, fP)].
dim D=n i=1

From Lemma 1.3 we deduce that S is a definable, conical, Lagrangian
current.



1. CONSTRUCTION OF THE NORMAL CYCLE 35

Moreover,  (spt So) C B(0, L) by Lemma 1.4.5 and

k(D)
5077T27 Za U‘* D fD)H77T27y>
lc(D)
D
- Z @50 (grad 2 (4) 4
k(D

- Za 5fD(y
—h()

for y € D,dim D = n. This means that u,(Sy, 72, y) = h(y) for almost
all y e V.
From Lemma 1.6 we see that 95y is a cycle supported in V<, ;.
Let D be an n—1-cell, f € F(D) and Dy, Dy be the n-cells neighboring
D. Then

(O[[D1]] + O[[D:]])e D = 0.
Suppose h(y) = Zle a;07, on Dy. Let s; be the sum of those a; for
which f;|p = f. We define s, in a similar way. From the continuity of
the support function, we obtain s; = s,. Indeed, by b) and c), both s;
and s equal the coefficient of §; in h|D.

For each function f; with f;|p = f (and only for those), we get as in
the proof of Lemma 1.6 that

OT(Dy, f;) Ny D C T(D, f)
and

(m2)4 (O[T (D1, fi)llemy ' D) = (m2), O[T (Dy, fi)]JL D
=0[[D:]].D
In the same way, if h(y) = ZZ L a;0p on Dy and if fi|p = f, then
(m2)+ (O[T (D2, fi)]Jmy ' D) = O[[Da]]D.
We deduce that
(72)«(OSoLT (D, f)) = $10[[D1]]LD + s20[[Ds]]D = 0.

We apply Lemma 1.4 to the currents (05y).I'(D, f) (where D runs over
all n — 1-dimensional cells and f € F(D)) to deduce that there exists
a conical, definable, Lagrangian current S{ with 7 (spt Sj) C B(0, L),
spt Sh C Vo1 and spt(dSy — 9S)) C Ve<n_o. Hence S; := Sy — S
satisfies all conditions.

Suppose Si,0 < k < n is already defined. Then 0S5y is an n — 1
cycle with support in V<, 1. Applying Lemma 1.4 yields a conical,
definable, Lagrangian current S with m(spt .S;,) C B(0, L), spt.S; C
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Vi1 and spt(9Sy —0S},) C Y<p_1_2. Hence Syi1 := S),— S, satisfies
all conditions.

In particular, S := S, is a conical, definable Lagrangian cycle such
that hg(y) = h(y) for almost all y € V and 71 (spt .S) C B(0, L). Let T
be the associated Legendrian cycle. Then 7' is compactly supported,
definable and hr(y) = hs(y) = h(y) for almost all y € V.
Uniqueness

It suffices to show that hg = 0 implies S = 0 for compactly supported,
definable conical Lagrangian cycles S.

Claim: hg = 0 implies that (S, 7, y) = 0 for almost ally € V.

To prove the claim, we fix C%-cell decompositions of V @& V and V
which are compatible with 7 and sptS. If the conclusion does not
hold, there exist a cell D of V' of dimension n, finitely many pairwise
and pointwise different definable C? functions fi,..., fr : D — V and
non-vanishing natural numbers such that

S7T2, Zaé(f(y Y) Yy € D.

For almost all y € D we have hg(y) = Ef ;o L) = = 0. This implies
that £ > 1 and that there exists some 1ndex i # 1 with (f;(y),y) =
(f1(y),y). We thus find an open subset D’ of D and an index i # 1,
such that (f;(y),y) = (fi(y),y) for all y € D".

Let y € D’. The Legendrian condition implies that (dfl(v), y) =
(dfi(v),y) = 0 for all v € T,D'. Setting v := fi(y) — fi(y) # 0 we
obtain that

% Ny tte) = fily + )y + 1) = (L) — fily) )

-~
N ~— . —(v,0)#0
=0 since y+tve D’ for small t

This is a contradiction and finishes the proof of the claim.

Let m be the dimension of the projection me(sptS). Then m < n,
since (S, my,y) = 0 for almost all y € V. We may choose coordinates
in such a way that dim v o my(spt S) = m, where ¢ : V' — R™ denotes
projection on the first m coordinates.

Suppose S # 0. Fix compatible C?-cell decompositions of spt S, m(spt )
and 1 o ma(spt S). Let D’ be an m-dimensional cell of 1) o mo(spt S). A
cell D C mq(spt S) with ¢»(D) = D' is a graph, since bands would have
dimensions strictly larger than m. It follows that

A=y (y)Nmy(sptS) C V

is finite for almost all ¢’ € D’.

The slice (S, oms,7’) is a non-vanishing definable cycle with support
in V x A. For some y € A, its restriction R to V' x {y} is again a
non-vanishing definable cycle. Let D be the cell containing y.
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The cell decomposition of spt .S induces a natural cell decomposition
of spt R, with cells being the intersections D, := DN (V x {y}), where
D runs over all cells of spt S.

Let D C spt S be an n-dimensional cell with D,, # (. Then D = my(D).
Let v € T(x,y)[)y be a tangent vector. Since D is Lagrangian and
T(Ly)f)y - T(Ly)f), it follows that

(dmy(v),dma(w)) = (dmy(v), dme(w)) — (dma(v), dm (w)) = w(v,w) =0
=0
for all w € T(x,y)f). In other words, dm(v) is orthogonal to 7, D.

Let ¢ : V. — T,D denote orthogonal projection. Then the rank of

¢ oy, restricted to l~)y, is 0, which implies that there exists a finite set
B c T,D with

D, C ¢7'B x {y}.
Since this is true for all D as above (where B may differ), R is a
non-vanishing definable n — m-cycle with support contained in a finite

disjoint union of n — m-dimensional affine subspaces. This contradicts
the constancy theorem II.1.4. O

2. Properties of the normal cycle

2.1. Projections. Let W C V be an oriented linear subspace of
dimension [, W+ its orthogonal complement, oriented in such a way
that W+ @ W has the same orientation as V, and let my : V — W and
e : V. — W+ be the orthogonal projections.

PROPOSITION 2.1. Let ¢ be a compactly supported constructible func-
tion on V. Then

Strw)ed = \<(7TW7 id).Sgs, TyrL © T, OZ. (2)

:ZFV\[/,(S¢)

The slice on the right hand exists, is supported in W & W and can be
considered as a current on W & W.

PROOF. Claim 1: The slice exists.
Let S := S, and

A:={(z,y) esptS:ye W}.

Let w},...,w!, ; denote an orthogonal base of W+.

Fix a C?%-cell decomposition of A, a cell D and (z,y) € D. Suppose
that dim D = d and that the vectors (v;,w;) € Tz D,i = 1,...,d
form a base of T, ) D. Since S, is Lagrangian, w((v;, w;), (vj, w;)) = 0.
From w; € W we infer that (v;, w;) = (mw(v;), w;).

Let L be the subspace generated by the vectors (mw (v;), w;),i = 1,...,d.
The subspaces L and ({0} x W) are transversal and their sum is an
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isotropic subspace of V' & V', hence of dimension < n. It follows that
dim L + dim({0} x W) < n.
—n
We deduce that rank(my,id)|p < [ and thus dim(mw,id)(D) < L.
Since (mw,id)(A) is a union of such sets, it has dimension < [. Tt
follows that
dim ((spt(m, id).S) N (me 0 1) ~H(0)) <1, (3)

which implies that the slice on the right hand side of (2) exists.
Claim 2: mw(S) is a definable conical Lagrangian cycle in W @& W.
From Proposition I1.2.1 b) we see that the right hand side of (2) is a
definable cycle.

With the notations of Section I1.3 and using 11.2.1, ¢) we see that

(m)\)*«ﬂ'w, ld)*S¢, Ty L © Ta, O> = (m)\)*«ﬂ'w, ld)*S¢, Ty L © g O My, 0>

= ((my)« o (mw,id), S, Ty 0 9, 0)

—(mwid)o(my )

= ((mw,1d).S, my1 0 M9, 0).

Hence my (.S) is conical.

Since the support of my (S) is contained in (my,1d)(A), the proof of
Claim 1 also shows that this current is Lagrangian.

Claim 3: The support function of my (S) equals hg|w .

We want to apply Proposition 11.2.1 d) to the current (my,id).S and
the orthogonal projections onto the spaces VW and V@W +. We have
to check the condition on the dimension. Since d(my,id).S = 0S5 =0,
there are only three conditions. The first one is already proved, see
inequality (3).

Since spt(my,id).S is a definable set of dimension < n, we get for
almost all y € W

dim(spt(my, id).S N (T o ) " (y)) < n — 1.
Inequality (3) also implies that for almost all y € W
dim (spt(my, id).S N (2 0 7)1 (0) N (7w 0 m2) " H(y)) < 0.
We can therefore apply Proposition I1.2.1 d) to conclude that

(((mw,id).S, T 1 © 9, 0), T © T, Y)

= ((mw,1d)..S, (s o T2, mw 0 m2), (0, 9)) = (mw,id). (S, 72, )

=T

for almost all y € W.

From u o (my,id) = w on V & W we obtain that the support function
of the cycle ((my,1d).S, my1 o m, 0) equals the support function of S
for almost all y € W. Since both functions are Lipschitz continuous
(Theorem 11.4.1), they coincide for all y € W. O
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2.2. Products.

PROPOSITION 2.2. Given oriented Euclidean vector spaces V. and W
and compactly supported constructible functions ¢ on 'V and b on W,

S¢®¢ = S¢ X Sw.

PRroOF. It is easily checked that Sy xSy, is again a definable, conical
Lagrangian cycle.
With m : R xR — R, (y1,92) — 31 + y2, and using Proposition 1.3.4,
we get for almost all y; € V,yo € W
hS¢xSw(ylay2) = (S X Sy, 2, (Y1, Y2))
= Ux (<S¢7 T2, y1> X <S¢7 T2, y2>)
- m*(h5¢ (yl) X hSw (yQ))
= hsw (yl) ' hsw (yQ)
= he(y1) - huy(y2)
= hose (Y1, 2)-

2.3. Linear transformations and convolution.

PROPOSITION 2.3. Let A € GL(V) and ¢ a compactly supported con-
structible function. Then

Si.s = sgn(det A) - (A, (A4") ).,

PROOF. Let € := sgn(det A). It can be checked that (A, (4%)71).S
is again a definable, conical Lagrangian cycle. Then the assertion fol-
lows from

Re(aasy-1).5, () = ety (A, (A")71).S4, m2, 1)
= cu, 0 (A, (A) 7). (S, m 0 (A, (A) ), y)

*
2
N~ ~~

—Usx :(A*)7107r2
= U, (Sg, ma, A*y)
= he(Ay)
and Proposition 1.3.4. O
PROPOSITION 2.4. a) Let ¢,1 be compactly supported construc-

tible functions on V. Let A C V @&V be the diagonal and
T:A =V, (x,z) — x. Then the normal cycle of ¢ x is given

by
S¢*¢ = (27’, T),,JTA<S¢ X Si/’) (4)
b) Let i = 1p,e and exp® : SV — SV, (z,v) — (z + ev,v). Then

T¢*¢ = expi T¢.
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PROOF. a) We do not prove that the current on the right
hand side of (4) is a definable, conic Lagrangian cycle, this
is a straightforward computation. Now note that the following
diagram commutes:

(27,7)

AxA "= VoV
o | mo |
A 5 1%

With up : A X A = R, ((z,2),(y,y)) — 2(x,y) denoting the
restriction of the scalar product of V& V to A, we also have
wo (27,7) = ua.
By Propositions 11.2.1, 2.1 and 2.2, we have for almost all
yeV
h(QT,T)*WA(S¢><S¢)(y) = U’*<(27_7 T)*ﬂ-A(S(ﬁ X S¢)7 T2, y)
=y 0 (27, 7). (ma (S X Sy), m2 0 (27, 7),y)
———
=TOT2
= (un)(ma(Sp x Sy), w2, 7' (1))
——
=(y,y)
= hT(A(S¢><Sw)<y7 y)
= ho(y) - hy(y)
= hguy(y).

b) It is easily checked that exp T} is again a definable Legendrian
cycle. Its support is contained in the e-neighborhood of the
support of Ty, and thus compact. Now for almost all v € S(V)

hexpe 1, (V) = s (exp; Ty, ma, v)
= u, exp§ (T, ™y 0 exp®, v)
—_————
=79
= 56 . U*<T¢, T, U>
= hy(v) - he(v)
= hgu (v),
which shows that exp§ Ty is the normal cycle of ¢ * ).
O

COROLLARY 2.5. Letv € V and denote by tr, : V — V,z +— x + v the
translation. For a constructible function ¢ with compact support,

quotrv = (tI'_U, ld)*5¢

3. Support of the normal cycle

THEOREM 3.1. Let ¢ : V — Z be a constructible function with compact
support and T := Ty, S := S4. Then
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m(sptT) C {x € V : ¢ not constant near x}
mi(spt S) C spt ¢;
if ¢ is constant near x, then
¢(z) = [m(T)] € Hoa(V,V \{z}) = Z;
there exists a C?-cell decomposition of spt ¢ such that

spt Sy C U Nor D.

D cell

Here Nor D = {(z,y) e VeV :x € D,y L T, D} denotes the
normal space of a cell D.

PROOF. a) Suppose first that spt ¢ C B(0, R). By the Remark

just before the uniqueness proof of Theorem 1.4.2, h = hy is
given above each cell by functions whose gradients are bounded
by 6 R. The construction in the proof of Theorem 1.2 can there-
fore be carried out with L := 6R and shows that m(sptT},) C
B(0,6R) and m(S,) C B(0,6R)

Corollary 2.5 implies that, whenever spt ¢ C B(z, R) with
x € V,R > 0, then m(sptT) C B(z,6R) and m(sptSy) C
B(z,6R).

Now let ¢ be constant, say a, near € V. Then there exists
€ > 0 such that ¢(y) = a for y € B(z,€). Set ¢y := alp(y,) and
let TO = T¢>07 SO = S¢>0'

Since x ¢ spt(¢—¢y), we can use compactness to write ¢p— ¢y
as a finite sum ¢ — ¢g = Ele ¢; such that spt ¢; C spt(¢ — ¢p)
and such that spt ¢; is contained in some ball B(x;, ;) with the
property that x ¢ B(z;, 6r;).

Let T; := Ty,,S; = S¢;. Then m(sptT;) C B(x;,6r;) and
m(spt S;) C B(w;,6r;), i.e. © ¢ m(sptT;) and x ¢ m(spt S;).

Since T — Ty = S8 Ty, o ¢ m(spt(T — Tp)). An easy
computation shows that, in the case a # 0, w1 (spt Tp) = S(z, €).
Therefore we obtain x ¢ 7 (spt T').

If = ¢ spt ¢, then Sy = 0. Thus S = Zle S; and we deduce
that « ¢ m(spt S5).

Note that spt(m(7;)) C m(sptT;) is supported in a ball not
containing x, hence [m(7})] = 0. Therefore

[m1(T)] = [am1(To)] = a[S" " (w, €)] = 6(2).

By a), we find definable C?-cell decompositions of spt .S and
spt ¢, compatible with m;. We can suppose that all cells of
spt .S are conical. Let D’ be such a cell, (z,y) € D’ and
D :=m(D"). Then there are finitely many vectors vy,...,v4 €
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TwyD' such that dm(v;),i = 1,...,d span T, D. Now 0 =
a(v;) = (y,dm(v;)), which implies that y L T, D.
U

THEOREM 3.2. Let T' = T, be the normal cycle of the compactly sup-
ported constructible function ¢. Let T, := explT be the image of T
under the geodesic flow of SV after time ¢ > 0. Then for every x € V.

¢(x) = lm [(m).T] € Hoea (V. V \ {a}).

PROOF. By Proposition 2.4 b), T, is the normal cycle of the con-
volution ¢ := ¢ * 1pe. Forall z € V

642) = | 6(0) Lawo(z = ) dx(w) = x(60 Bz, ).
14 M_/
:lB(z,e) (y)
The local conical structure of definable sets ([17], Thm. 4.10, [18])
implies that the right hand side converges to ¢(z) as € tends to 0, i.e.
¢. — ¢ pointwise. Using Thom’s isotopy lemma ([37]) we get that, for

all small enough ¢ > 0, ¢, is constant near x. From Theorem 3.1 it
follows x ¢ m(spt(7.)) and

¢e(x) = [(m1):Te).
Letting € tend to 0 on both sides finishes the proof. U

Let p, : V \ {z} — S(z,1) be the radial projection and p*dv be the
pull-back of the volume form on S(z,1). Then for any cycle A on V
with support in V' \ {} we have

1 >k
[A] = — A(pzdv).
Sp—1
Here s,,_1 is the volume of the n — 1-dimensional sphere.
It follows from the previous theorem that

o(z) = ! lim T'((p, o m o exp®)*dv).

Sp—1 e—0t

As our argument above shows, the support of T is for small € > 0
disjoint from the singular set of the differential form (p, o7 o exp®)*dv
(which is given by the set {(z,v) € SV : z + ev = x}).

ExaMPLE. Let X C V be a compact, definable submanifold. Theorem
3.2 and some elementary topological arguments imply that the normal
cycle of T is given by integration over the unit normal bundle of X
(which carries a canonical orientation). Another way to see this is
to use Morse theory, see [35]. Similarly, using stratified Morse theory
([29]), one can show that the normal cycle of a definable compact subset
of V' can be described explicitly in terms of Morse indices associated
to height functions, see [13].



CHAPTER 1V

Tensor-valued measures

Notations. In this chapter, we will use the following conventions
and notations.
V will denote an n-dimensional oriented Euclidean vector space, S(V')
its unit sphere and SV =V x S(V') the sphere bundle over V.
For simplicity, we will formulate the definition of the measures Ay 4
and their properties only for compact definable sets X C V. The
normal cycle of X will be denoted by X. Since only the existence of a
normal cycle is used, the measures Ay, 4 are also well-defined for compact
submanifolds with or without boundary and for compact convex sets.

DEFINITION 0.3. The Kulkarni-Nomizu product of two symmetric bi-
linear forms h and g on some vector space V is the tensor h - g €

Sym? A2V* defined by

h - g(ZL‘, Y, v, w) = h(l’, U)g(ya w) + h(yv w)g<x7 ?))—
— h(z, w)g(y,v) = h(y, v)g(z, w)

for all x,y,v,w e V.

The Riemann tensor of a Riemannian manifold (M, ¢g) is denoted by
R, the Ricci tensor by ric and the scalar curvature by s. We set F :=
g —ric the Einstein tensor and call R := R—ric g+739-9g the modified
Riemann tensor. If m = dim M, then tr E = %525, tro4 R = (m—3)E.
The volume element of (M, g) is denoted by p, (or just pu).

Let v be a normal vector field defined on a neighborhood of x €
M, where M C V is a submanifold. We denote by [,(X,Y) :=
(Dxv,Y), X, Y € T, M the second fundamental form in direction v.
It is a symmetric bilinear form which depends only on the value of v
at x.

Let S,, denote the set of permutations of {1,...,n} and sgn(m) the
sign of a permutation. The volume of the n-dimensional unit sphere is
denoted by s, the volume of the n-dimensional unit ball by b,,.

To shorten notation, we will write dz;, ; instead of dx;, A ... Adx;,
and similarly for y. Also, for vectors e;,, ..., e; we abbreviate e;, _; =
€ /\/\6%

43
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1. Tensor-valued measures

The flat norm of a compactly supported definable current 7' € D,,_1(SV)
is defined by

F(T) = inf{M(A) + M(B) : A+ 9B =T},

where A and B run over all compactly supported definable currents.
REMARK. In order to define the flat norm of an arbitrary compactly
supported rectifiable current, one lets A and B run over all compactly
supported rectifiable currents. Using the Deformation Theorem, one
sees that for definable T" both definitions agree.

The flat norm induces a distance on the space of compactly supported
rectifiable currents on SV, given by d(T4,Ts) := F(T) — T3).

By the normal cycle construction of Chapter I, there is an injection
from the space of compact definable subsets of V' into R,,_1(SV). Via
this embedding, we define the flat distance and the flat topology on the
space of compact definable subsets of V. By a result of Zihle ([44]),
this topology restricts to the classical Hausdorff topology on convex
bodies.

The aim of this section is to define canonical tensor-valued measures
related to X by integrating tensor-valued differential forms over the
normal cycle X,

After choice of an orthogonal base ey, ..., e, of V and using standard
coordinates (1, ...,Zn, Y1,...,Yn), Wwe have

SV = {(l’l,...,l‘n,yl,...,yn):Zy?:l}_
i=1

Define for 0 < d < k < n — 1 the following n — 1-form on SV with
values in @24V

q)k:,d = Cn,k:,d Z Sgn(ﬂ-)yﬂ(n)dxsl...sdw(d—i—l)...ﬂ(k) A dyﬂ(k—i—l)...ﬂ(n—l)@

®€s1®---®esd®e7r(1)®---®e7r(d)-
The constant is given by

(-1
Spn_p_1(k —d)ldl(n — k — 1)

Crkd =

It can be checked (compare Theorem 1.1, c¢)) that the form is indepen-
dent of the choice of the coordinates.

Let X be a compact definable subset of V.  Define measures
Aga(X,—) on V with values in ®*V by setting for 0 < d <k <n—1

Ara(X,B) = XLr'B(®yq) € @V VB C V Borel
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and

n

Ana(X,B) :=vol,(X N B) > (e A...Aeg,) ® (e Ao Ney,).

By Theorem II1.3.1, Ay 4(X,—) is concentrated on X. We also set
Ak,d(X) = Ak7d<X7 X)

The case d = 0 is well-known, Ay o(X, —) is the k-th Lipschitz-Killing
measure of X ([26], [7]).

THEOREM 1.1. Let X C V' be compact and definable. Let B C'V be a
Borel set. Then

a) Valuation property:
Apa(X1, B) + A a(Xa, B) = Apa(X1 N Xy, B) + A g( X1 U Xy, B);

b) Translation invariance: A (X +t, B +t) = Agq(X, B) for all
teV;
¢) Rotation covariance:

Ara(pX, pB) = pAa(X, B)

for all pe O(V);
d) Continuity: If X; — X in the flat topology, then Ay (X, —)
converges weakly to Ay 4(X, —);
e) Homogeneity: Let X > 0. Then Ay 4(AX,AB) = M\Ay 4(X, B);
f) Let trgoq @ @V — ®2472V, d > 1 denote contraction of the
d-th and the 2d-th coordinate. Then
k—d+1
d

PRrROOF. If k = n, then all properties are immediate. Let us assume
kE <n. o
a) The valuation property follows from Xl + )~(2 =X;1NXy+ X;UX,
(compare [26]).
b) The forms @y, ; are invariant under the contactomorphism ¢ : SV —
SV, (z,y) — (z+t,y). From Corollary I11.2.5 we get X +t = ¢, X and
thus

trg.24 Apa(X, B) = Aya-1(X, B).

—~— ~

Apd(X 48, B+t) = X + t(lpn-1p APpg) = 0. X (¢ Lim1ip ADpyg) =
= X(1,15 A ®rg) = Apa(X, B).
¢) p induces a contactomorphism p : SV — SV, (z,y) — (pz, py) and,
by Proposition 111.2.3, pX = det(p)p.X.
Letting dx; := Z?Zl dz; ® e; ® e;, we get, up to a permutation of the

factors in the tensorial part,

Pra=Chrd Z SEN(T) Y (n) AT (1)...7(d) N AT (@41)... (k) AN AY (k1) (n—1) -
TES
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If p is given by the matrix (p;)7;_;, then ﬁ*(fi\;l =i pijpo&;j. Since
also p*dx; = pydxj, p*dy; = pijdy;, we get p*®@y 4 = det(p)p o Py 4.
It follows that

Aa(pX, pB) = pX (Le-1,5ADx.q) = det () X ((5) 11,5 (5) Dia) =
= X (lw—lg A p o (I)k,d) = pX(lﬂle VAN cbk,d) = pAk7d(X, B)

d) The map X — X is, by definition of the flat topology, continuous,
and the statement follows.

e) Let ¢y : SV — SV, (z,y) — (Ax,y). Then ¢, is a contactomorphism
and, again by Proposition 111.2.3, AX = (¢,),X. The statement now
follows from ¢ P q = Ak¢k7d.

f) Obvious. O

2. Symmetry and flatness properties

PROPOSITION 2.1.
Aya(X, B) € Sym? A%V.

PROOF. Again, the statement is trivial if & = n, so we suppose
kE <n.
Let Z be the ideal generated by a and de. Since Xia = Xida = 0
for normal cycles, it suffices to show that ®; 4 has, modulo Z, values in
Sym? A4V It is clear by inspecting the form ®;, 4 that its values are in
AV @AYV, By SO(n)-covariance, it is enough to show that the values
of &4 at the point y = (0,...,0,1) are in Sym* AV. Note that, at
that point, a = dx,, and .7~ dy, A dx, = da — dy, Ao € T.
Define for i1,... 0k J1, -« s Jn-k—1; k15, kas b1,y - la € {1,...,n—1}

A(il, .. .,’ik;jl, .. .,jn_k_l;/ﬁ,. . .,k’d;ll,. . .,ld) =
Z SEU(T)dTr(iy)...n(i) A W), (1) © Enlher).m(boa) @ Ex(ly)...m(la)-

TESH_1

Define for 0 < j <d

A =AQ1,...,jn—d+j,....,n—1,d+1,..  kk+1,...,n—1;
L,....4n—d+j,...,n—11,...,d).
By using symmetry properties and performing several changes of vari-
ables in S,,_1, we see that ®; 4 is a linear combination of A,..., A4.
It is therefore enough to show that each A; is symmetric modulo Z. If

n—d+j <k, then A; = 0. Let us now suppose that n —d + j > k.
Define for 0 <1 <d—j

A=Al ...,jn—d+j,....n—1d+1,... kik+1,...,n—1;
,....04+ln—d+7+1L,...,n—1;
L...,jyn—d+7j,....n—d+7+1—-17+1+1,...,d).
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Then A; is symmetric modulo 7 if and only if A;o = A;4_; mod 7.
For 0 <1 < d—j— 1, there are terms do(n—q+j+1) and dyrn—da+j+i)
in A;;. If we replace m(n — d + j + () in both terms by 7(i) and
sum over all ¢ = 1,...,n — 1, we get an element in Z. The terms for
ie{l,....5,d+1,....,n—1}\{n —d+ j+ 1} vanish trivially.

The terms for i = j+1,...,7+ 1l and i =n —d+ j + [ are all equal to
A1, whereas the terms for i = j 4+ {4 1,...,d are all equal to —A; ;4.
Therefore (I +1)A;; = (d—j —1)Aj;+1 mod Z. We deduce that

d—j d—j
( ZJ)Aj,lz<l+i)Aj,l+1 modZ, 1=0,....d—j—1,

and thus A, = A, 4, mod T. O

COROLLARY 2.2. If X C W for some linear subspace W C V', then for
all Borel sets B C V

A.a(X, B) € Sym? AYW.

PRrROOF. By Theorem 1.1 ¢), it suffices to prove this for W := {xz,, =
0}, since a k-dimensional space k < n is the intersection of all hyper-
planes containing it.
If X C W, then spt X € W x V by Theorem II1.3.1. In particular
Xidz, = 0. We deduce by inspecting the form @y 4 that all terms

where one of the s;,4 = 1,...,d equals n vanish on X. This implies
Apa(X, B) € MW @AY Since AW @AV NSym? AV = Sym? AWV,
the result follows from Proposition 2.1. O

The next theorem generalizes this corollary.

THEOREM 2.3. There exists a C?*-cell decomposition of X such that,
for each cell D, Ayq(X, —)|p is a Sym* AT D-valued measure.

PROOF. Fix C2-cell decompositions of spt X and X, compatible
with 7.
If K =n, then A, 4(X, —)|p vanishes for all cells of dimension less than
n, so there is nothing to prove.
Suppose k < n. Pairing X with ®y. 4 yields a Sym? A4V -valued measure
on SV. Its push-forward to V under 7 is a priori a Sym? A?V-valued
measure. Since for almost all (z,y) € spt X.z € D the tangent plane
W := T, spt T annihilates @ and da and, moreover, its projection
under m; equals T, D, the proof is finished by the following lemma.

LEMMA 2.4. Let (z,y) € SV and let W be an oriented n—1-dimensional
plane in T(,,)SV such that Wiea = Wida = 0. Then

(I)k7d(W) C Sym2 Adﬂ'l(W).

PROOF. Since @y, 4is SO(n)-covariant, we can assume that m (W) =
{reR" 2141 =... =2, =0} (| =dimm(W)). But then Widz;, =0
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for i = 1+ 1,...,n, and it follows by inspecting the forms ®; 4 that
(I)k,d(W) C Adﬂ'l(W) ® AV,

As was shown in the proof of Proposition 2.1, ®; 4(WW) C Sym?* A?V.
The statement of the lemma now follows from

Al (W) @ AV N Sym? A%V = Sym? A%m (W).

3. Comparison with Alesker invariants
Define the n — 1-form @) ; on SV with values in Sym? V' by
(-1t

o | =
M k= )in—k—1)1

X Z Z SEN(T)Yr(n) AT s (2)...x(k) NN QY (ht1)...w(n—1) €sCr(1)-
s=1 eSS,

By Theorem 2.1, ®;; = @) ; mod 7.
Define n — 1-forms on SV with values in Sym? V' by
U =P 0@ (] +---+e2) fork=1,...,n—1;
Wy =By o @ (Y161 + -+ ynen)® fork=1,...,n—1;
(—1)n+

Vs =
P s pakl(n — k —1)! %

X Z Z SEO(T) Y () Ys A (1)...w (k) AN WY (g 1)...7(n—2) €sCor(n—1)
s=1 7€S,
fork=1,....n—2, W3:=0fork=n-—1;
(_1)n+1

Wy =
Y skakl(n—k—1)! x

X Z Z SEN(T) Y (n)Ys AT (2)...x (k) /N QY (o 1)..m(n—1)Ex(1)Es

s=1 7€S,
fork=1,...,n— 1.

LEMMA 3.1.
Opy + (n—k—1)(—=1)"dVs = Ty — (n — k) Ty + (n — k)a ATy
PROOF. All the forms involved are SO(n)-equivariant Sym? V-val-

ued n—1-forms. It thus suffices to verify the equation at y = (0,...,0,1),
which is a lengthy, but simple counting of terms. 0

THEOREM 3.2. If X C V s compact and definable and 1 < k <n—1,
then

Api(X) = X(01) — (n — k)X (1),
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PROOF. Since Ay (X) = X(Pg1) = X(P), ), the equation follows
from the above lemma and X = X_La = 0. U

The theorem (at least for X = K convex) also follows by a recent
result of Alesker ([2]) which is based on [1]. He studied the space of
all translation invariant, rotation covariant continuous valuations (on
compact convex sets K) with values in Sym? V. His theorem implies
that the subspace consisting of valuations which are homogeneous of
degree k is generated by K +— K(U,) and K — K(¥,). Since Ay, is
such a valuation, it is a linear combination of these two basic valuations
and the constants can be easily computed by plugging in examples.
We remark that this is a global result. The corresponding measures
are different, as can be seen on easy examples. The reason is that
K(dVU3) = 0 only globally, but in general KiB(d¥s) # 0 for a Borel
set B. Since we are interested in curvature measures and not only in
global curvatures, we have to use the differential form ®; ; instead of
the linear combination of ¥ and W,.

4. Submanifolds

Let M C V be a compact submanifold with scalar curvature s, Einstein
tensor E, modified Riemann tensor R and volume form s (all with
respect to the induced Riemannian metric on M). Using the Euclidean
structure, we can define the dual (2,0)-tensor E# and the dual (4, 0)-
tensor R# on M.

THEOREM 4.1. Let M C V be a compact m-dimensional submanifold
and B CV a Borel subset. Then

a) Am_2o(M,B) = & [\;np Sk if m > 2;
b) Am—Q,l(My B) = %IMOB E#M me Z 3,’
¢) Np—22(M,B) = ﬁanB R# 1 if m > 4.

REMARK.

e We could also continue, but there is not much additional infor-
mation in the following terms. For instance, A,,_o 3 is related to
the (0, 6)-tensor R-g—iric-g-g++39-g-g. Here the dot means
the following: the wedge product on A*T*M induces a commu-
tative product on >, (A*T*M ® AFT*M) which restricts to a
product, called Kulkarni-Nomizu product on @y, Sym? AFT*M
(see Definition 0.3 for the case k = 1). On the other hand, A, ;
with ¢ < m — 2 yields to higher order curvature terms. They
certainly contain a lot of information, but it is hard to extract
it.

m—2

e The trace of the Einstein tensor is ™3=s, the trace of R is

tro 4 R= (m — 3)E. Furthermore, both tensor fields are diver-

gence free: JF = 6R = 0. These equations are easily obtained
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by taking traces of the differential Bianchi identity. Further-
more, F vanishes if n = 2 and R vanishes if m < 3. It seems
that, in contrast to the Einstein tensor, the tensor R has no
clear geometrical meaning and that it was not yet studied in
Riemannian geometry.

e Hilbert’s variational formula relates scalar curvature and Ein-
stein tensor of a Riemannian manifold. A generalization of this
formula, relating Ay and Ay ; for 1 < k <n is proved in [5].

PROOF. Only the proof of b) will be given. The proof of ¢) is very
similar, but a bit longer. a) is well-known, compare [3].
Since the statement is a local one, we can suppose that M is oriented
and that there is a base of normal vector fields v,,,1, ..., 1, along M.
By changing v,, to —v,, if necessary, we can suppose that, if e;A...Ae,, €
A™T, M is positive, then e; A...Aep AVpmy1(T) A. .. Avy(2) is positive
in A"T,V.
Let S®~™~1 be the unit sphere in R*~™ with coordinates t,,,1, ..., t,,
t2y1 + -+t =1 Define H: M x S" ™1 -V xSV),(xt) —
(2, tys1Vma1 () + ... + tavp(x)). The normal cycle of M is then given
by

M = (=)™ H. ([M]] x [[S"™']])

(compare Section II1.3, one can check the sign by considering m-di-
mensional spheres).

Let us compute H*®/,_,, in a point (Z,t) € M x S*™~' Since the
definition of ®;, ,, is independent of the chosen positively oriented
coordinate system, we can choose one for which the computation is
particularly easy.

We choose a positive orthonormal basis (ey, ..., e,) of V in such a way
that e; € T;M,7 =1,..., m are the principal curvature directions with
respect to the normal vector v := t,, 1Vmi1(Z) + ... + tuvm(Z). We
suppose that e; A ... A e, is positive. Let \; = \(v),i = 1,...,m
denote the corresponding principal curvatures and by (z1,...,x,) the
coordinates with respect to this basis.

Let vp(z) = (Wi(x),...,vi(x)). Since v (z) L Tz M, we have vj(z) = 0
fori=1,...,m.

For i,7 =1,...,m, the choice of the basis implies that

"\ Ovl (%)
;tkakixl = <DeiV7 6j> = /\151]

For all j = 1,...,n, we have H*x; = x;, H*y; = EZ:mH tkyi from
which we deduce (using dx; =0 on Tz M for j =m+1,...,n and the
above equation) that

. drilz j=1,...,m
Hd$j|(x’£):{ 5 j=m+1,....n
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and

H*dy;|z5 = n o= S —m ol
yj‘( b Zk:m-i-l (1//?C (Z)dtg|s + tg Zi:l akm(i )d:pi> else.

Recall that, with O := (=t

Sn—m+1(m—3)!(n—m+1)!"’

n

D, o =C Z Z SEN(T) Y ()AL s7(2)...7(m—2) N\ AYr(m—1)...7(n—1)€s€x(1)

s=1 €S,

= () Z SEO(T)Ym(r) A (1)...m(m—2) A AYe(am1)..x(n—1) €21y +
7T€$n
+ terms containing dx; A dy; or y;dx; for some j =1,...,n.

Since H*yj|zpn = 0 for j = 1,...,m and H*dz;|z5 = 0 for j =
m+1,...,n, we can omit terms containing y;dx; for some j.
Similarly, if j < m then H*dy;|zp = Ajdzj|z; and if j > m then
H*dxj|z# = 0. In both cases H*(dx; A dy;)|zp = 0, which means
that we only have to take into account the first term.

Let A be the component of degree (m,n —m — 1) of H*®], |z
Then, with Cy := ("7’;&1) Cy,

A=Ch Z SE(T) A1) An(m) ATr(1)..cn(m) | A
7T€Sm

/ 7’ (m+1) ' (n) 2
A E Sgn(ﬂ' ) E Vkm+1 Ce an tkndtkm+1---kn71 ‘{®€ﬂ(1) .
n’'eS! km+41,..- kn=m+1

n—m
J/

-~

Al

()

Now e1, ..., €em, Ums1(x), ..., up(x) is a positive orthonormal basis and
we can compute A; as follows.

n

Al - Z Sgn(ﬂ-l) Z I/]Zm(j:i—’_l) T V]:frn(n)tkndtkm+1---k?nfl

w'eS! .. km+1,-. kn=m+1

_ N D ey

= Z SEO(T ) )+ Vi) brm) et 1)..r(n-1) |
' TreS! ..

= Z sgn() tT(n)dtT(mH)...T(nq)‘{
TES! ..

= (n—m—1)(=1)""1dt|,



52 IV. TENSOR-VALUED MEASURES

Plugging this into Equation (5) and setting Cs := Cy(n—m—1)!(—1)""""!
we obtain

A=0C4 Z Sgn(ﬂ')/\ﬂ(m,l))\w(m)dl‘ﬂ(l)mﬂ(m) ‘55 Adt ® 672r(1)

TESH
= (4 dxlm\j A dt Z )\W(m—l))\w(m) &® 672T(1) .
L& ,
— Ay

The term A, is given by

1 - 2 2
Ay = P An(m—1)Ax(m) @ (Z; €s — 2€7r(m)>

TESM
=2(m — 3)! Z i\ (Z e’ — 26?)
i#j=1 s=1
= 2(m — 3)! [ > (lee)l(ejre;) = L(ei el (e e;)) €2—
ijys=1

—2(l(ei,e5)lu(e5,€5) — l(ei ej)l(ej,€s)) eiesl )

This is an expression for the integrand which is independent of the
choice of e,,,1,...,e, and we can integrate it with respect to t.

Let I, := [,,,r = m + 1,...,n be the second fundamental form in
direction v,. From Gauss equation we obtain

/ (L (€, €3)lu(ej, €5) — Lu(es, e)l (e, €5)) di

Sn—m—l

= / E trtr/ (lr<€i7 ei)lr’(eju ej) - lr<ei7 ej)lrl<€i7 6]')) dt
Snfmfl

ror/=m+1,...n

= > (zr(ei,ei)zr(ej,ej)—zr(ei,ej)zr(ei,ej))/ t2dt .

Sn—m—l

r=m+1,...n < /
7
vV _Sn—m—1
=R(e;,ej,ei,ej) n—m

With Cy := 2(m — 3)!"==2-1('3 we thus get

/S » H*(I);l_271|(i,t)dt

m

= C’4 Z (Rf(eiu €5, €4, €j)€§ - 2Rf<€i7 €, €s, ej)eies) Hz = C4E%%:u‘:i
ij,s=1
Using s, _mi1 = nQ_—”msn,m,l we easily obtain Cy = % and b) follows

by integration over B. 0
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REMARK. To check that there is no computational error for the con-
stants, we can also look at traces. We have already noticed that
tr B = 2=25. Theorem 1.1, f) implies that the constants 5 in b)
is the right one. In the same way, one can check that ﬁ is the right
constant in c).

EXAMPLE. Let M := S™ C R™"!. Since the sectional curvature of
M is 1, we get s = m(m — 1), ric = (m — 1)g,R = 1g - g. It follows
E = (m;)g and R = wg g. At v € S™, we therefore have
B = (" gt = (mgl)(zgﬁll e? —v?). Theorem 4.1 implies that, for
B C S™ Borel,

1 1 m+1
Am21 (5™, B) = o~ (m2 ) /5 i (Z e? — qﬂ) dv € Sym” R™ 1.
mn

s=1
In particular,
m+1

. m(m 2)Sm
Am-21(5") = m 4 m+1 Z

Similarly,
m+1 m+1
Apm_22(S™, B) = cm/ <Z(ei Ne)? =2 (vA ej)2> dv
STmOB N\ =1 j=1

€ Sym? A’R™"!

_ (m=2)(m-3)
with C,, = 2=20m=3),

5. Ricci curvature

Theorem 4.1 shows that the measure A,,_21(X, —) is a weak general-
ization of the Einstein tensor to the class of compact definable sets. It
is natural to ask if there is a weak notion of Ricci tensor of compact
definable sets. The answer is “no”, as the next proposition shows.

PROPOSITION 5.1. There is no map A,;. associating to compact defin-
able sets symmetric bivectors such that

a) Npie(X) = 5= [, ric* py for all compact m-dimensional subman-
ifolds X CV (m > 3),

b) Ay is continuous with respect to the flat topology,

¢) If X C W for some linear subspace, then A,;(X) C Sym* W.

PROOF. Suppose A, exists. Then A’ := A,,_o1 + A, satisfies b)
and ¢) and A'(X) = = [, sg¥ p, for compact m-dimensional submani-
folds X.

The rescalings AX, tend for A — 0 in the flat topology to the 1-point
space {0}, counted with multiplicity x(X). This follows easily from
the homotopy formula for currents.
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Let W; be an n;-dimensional Euclidean vector space containing a com-
pact two-dimensional submanifold X of Euler characteristic equal to 1
(e.g. X =RP?). Then AX converges to the one point set {0}.

Let W5 be an no-dimensional Euclidean vector space and Y C W a
compact m — 2-dimensional submanifold. We identify Wy with {0} x
Wy C Wy @ W;. Then AX XY — Y as A — 0 and therefore, by b) and
c), limy o A'(AX) xY)=A(Y) € Wy @ Ws.

From s)xxy(Az,y) = sax(A\x) +sy(y) (x € X,y € Y) and grxxy =
Ix D gy we deduce that

4N (AX xY) = / SAXXngﬁXxY/L)\XxY
AX XY

:VOI(Y)/ sxngx,uxx—i-/ SAX,LLAX/ gipy +
AX AX Y
N / N - /H’_/

EW:géVVl eR eWaWs
# 1AX #
+ Gixtax | sypy +vol(AX) [ sygypy .
AX Y Y
|
CA21(AX)—0 eR eWa@Ws

The third summand tends to 0 as A — 0, since Ay 1(AX) = A?Ag;1(X)
by homogeneity. By Gauss-Bonnet, the trace of the first summand is
non-zero and independent of A, namely 87 vol(Y)x(X) = 8rvol(Y).
The whole sum tends therefore to some element of (W, @ Ws) @ (W1 @
W3) with a non-vanishing component in W; @ Wj. Contradiction. O

6. Definable sets

DEFINITION 6.1. a) A stratification of a set X C'V is a decompo-
sition of X into a disjoint, locally finite union of submanifolds
of V', called strata, such that the boundary of each stratum is a
union of strata.

b) A stratified subset X C V satisfies Whitney’s condition B at
x € X, if for all pairs Sy, Sy of strata with x € Sy, the following
condition s fulfilled:

Let (x)ken, (Yk)ken be two sequences of points with x) €
S1, Yk € So, T # Yk, iMoo T = limg_o Yy = = such that the
lines Tryx converge to a line L and such that the tangent spaces
T,,S2 converge to a limit space T'. Then L C T.

c) The space X is said to satisfy condition B if this is the case for
each r € X.

THEOREM 6.2. Existence of Whitney stratification
Any definable set X C V' admits a Whitney-B-stratification.

PROOF. See [18]. O

THEOREM 6.3. Pawlucki’s theorem
Let X C V' be an m-dimensional Whitney-B-stratified subset. Let x €
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X be contained in an m — 1-dimensional stratum Y. Then there exists
an open neighborhood U of x such that (XNU)\Y is a Ct-manifold and
the germ at x of each of its connected components is C-diffeomorphic
to the germ at 0 of the set {x € R" : x, > 0, Tp41 = -+ = T, = 0}

PROOF. See [36]. O

It follows that, if x is contained in an m — 1-dimensional stratum Y,
there exists a finite number of outward normal vectors corresponding
to the connected components of the germ of X \ Y at z. We let w be
their sum and call w the total outward normal vector . We denote by
| =l (x) the second fundamental form of Y at x in direction w.

The restriction of g to a stratum Y will be denoted by gy. Let HEmY
denote its dim Y-dimensional Hausdorff measure. The trace of a bilin-
ear form on a stratum Y (with respect to gy) is denoted by tr.

The limit 0(X,z) = lim, g+ W is called density of X at

z. We define n(z) == 1 + (—1)’”% — 0(X,x), where x0.(X, x)
denotes the local Euler characteristic of X at z. If = belongs to an m-
dimensional stratum, then x;,.(X,z) = (=1)™ and 6(X,z) = 1, hence
n(X,x) = 0. If = belongs to a stratum of dimension m — 1 and if the
germ of X \ Y at x has k connected components, then, by Pawtucki’s
theorem, Xpoo(X,z) = (=1)™"' + k(—=1)™ and 6(X,z) = £ Again
n(X,z) = 0. But on lower-dimensional strata, n # 0 in general.

Let T; be a map which associates to each i-dimensional stratum Y a
tensor field on Y. For instance, s, [ and n are such maps, from which
we can build other ones by taking traces and by multiplying with the
metric tensor.

We say that a tensor-valued measure A(X, —) is represented by the
m + 1-tuple (Ty, T4, ..., Tp) if

A(X, B) Z Z / dele for all Borel subsets B C V.

=0 Y, dimY =1 YnB

THEOREM 6.4. Let X C V be compact definable of dimension m with
a fixed Whitney-B-stratification. Then

a) form > 2, Ny_00(X, —) is represented by
1 1
0,... tri, —
( Y 707 777 2 r 47_[_ 8)
b) form >3, Ay,_01(X, —) is represented by
1 1
gt —(trl-g—1)¥, — E*);
(0, 0,097, o (trl-g = )7, o ;
c) form >4, Ay_02(X, —) is represented by

1 1 L A
L LoV cqg-a—9-a0)* — R*

™
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PRrROOF. We refer to [9] for the proof. It is similar to the one of
Theorem 4.1. O

7. Polyhedral submanifolds

DEFINITION 7.1. e The Einstein measure of a closed smooth sub-
manifold X C 'V is the Sym? V -valued measure given by

E(X,B) := / E*du,

XNB
for all Borel sets B C V.

o The Finstein measure of a closed polyhedral submanifold X C 'V
of dimension 3 < m < n is the Sym? V-valued measure defined

by
E(X,B)=2r Y /Y 03(1 —0(X,2)) gl dHP2(2)

Y, dimY=m-2
for all Borel sets B C V. HereY runs over all m—2-dimensional
faces of X and 0(X,x) is the density of X at .

Note that x;,.(X, z) = (—1)™, since X is a topological manifold. There-
fore ny(z) = (1 —0(X,x)),z € Y. By Theorem 4.1 b) and Theorem
6.4 b), the Einstein measure of a smooth or polyhedral submanifold
X is the same as 2wA,,—21(X, —), but the above expressions are more
explicit.

The fatness of a k-simplex Y C V with vertices vy, ..., v, is defined as

HHY)

max;; [|v; — vj||*

The fatness of a triangulated piecewise linear space in V' is the minimum
of the fatnesses of the simplexes of the triangulation. Finally, the
fatness of a piecewise linear space is the supremum over the fatnesses
of all its triangulations (compare [24]).

Let M be a compact smooth submanifold of V. Then M has positive
reach, i.e. there exists r > 0 such that for all z € V with d(z, M) < r
there exists a unique £(z) € M with |z — &(x)| = d(z, M).

COROLLARY 7.2. Let M C V be a compact smooth submanifold of
dimension 3 < m < n and X1, Xs,... a sequence of m-dimensional
polyhedral submanifolds such that

a) X; converges for i — oo to M in the Hausdorff topology;

b) the fatness of X; remains bounded from below by some constant
c> 0

c) X; is closely inscribed in M, i.e. all vertices of X; are on M,
X; is contained in the domain of £ and &|x, is one-to-one.

Then the Einstein measure of X; tends weakly to the Finstein measure

of M.
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PRrROOF. By the Main Theorem of [24], the normal cycles X, con-
verge in the flat topology to M. Now apply Theorem 1.1 d). 0

The analogous statement for the modified Riemann tensor can also be
shown with the same proof.

A similar theorem, but concerning intrinsic approximations (i.e. the
lengths of the edges are induced by geodesic distances on M), is known
for Lipschitz-Killing measures ([15]). I do not know how to generalize
this to the Einstein measure.

In the case n = 3, the Einstein measure was also considered in [16],
where applications of the piecewise linear approximation of the Einstein
measure in computational geometry are presented.
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