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PROBLEM DESCRIPTION

We work with degenerations in equicharacterisitc 0 with
algebraically closed residue field. Let g ≥ 2 and fix an
integer k ≥ 1. Let X be a smooth algebraic curve of
genus g over the generic point. A k-differential η is a
section of K⊗kX .

Consider the analogous objects in tropical geometry:
• tropical curve: finite graph Γ = (V,E) with vertex

weights g : V → N, edge lengths l : E → R>0.

• canonical divisor:

KΓ :=
∑
p∈Γ

(
2g(p)− 2 + valence(p)

)
p .

• rational function: a piece-wise linear function f :
Γ→ R with integer slopes.

• induced divisor:

(f ) :=
∑
p∈Γ

(
sum of outgoing slopes of f at p

)
p .

•pluricanonical divisor: divisor of the form kKΓ+(f ).

Tropicalization associates to smooth algebraic data
(X, η) tropical data trop(X, η). The combinatorics of
trop(X, η) is the discrete information taken from a de-
generation of (X, η) and edge lengths are deformation
parameters.

Question: Which tropical pairs (Γ, D = kKΓ + (f ))
are realizable? I.e. for which tropical pairs can we
find smooth algebraic (X, η) such that trop(X, η) =
(Γ, D)?

MAIN THEOREM

Main Theorem [RS21]

The pair
(
Γ, D = kKΓ + (f )

)
is realizable if and only

if there exists a tropical normalized cover π : Γ̂ → Γ
such that:

1. There is no illegal vertex in π.

2. For every horizontal (w.r.t. f ) edge ê in Γ̂ there is an
effective cycle in Γ̂ through ê.

3. For every inconvenient vertex v in Γ there is an ad-
missble cycle in Γ̂ through one of the pre-images of
v or there is an independent pair of cycles.

MOTIVATION

1. Tropical curves and tropical pluri-canonical divisors
are defined to mimic the behavior of the correspond-
ing algebraic objects. Potential application: solve
problems in the tropical language and lift the solu-
tion to algebraic geometry. For this we need to know
which tropical objects are actually algebraic. This is
the realizability problem.

2. Realizability problem for tropical curves with divisor is
very hard in general [Car15]. We present a solution
to the problem when restricted to a special class of
divisors.

3. We generalize [MUW21], which treats the k = 1 case.

4. A combinatorial criterion for realizability has com-
putational applications for topology of strata of k-
differentials.

DEGENERATING k-DIFFERENTIALS

A twisted k-differential is a nodal curve C with a
k-differential ηv on every irreducible component sub-
ject to compatibility conditions:

• vanishing orders on marked points as prescribed,

•matching orders and (k-)residues at nodes,

• compatibility with level function, and

• global k-residue condition.

A nodal curve C with a k-differential ηv on ev-
ery irreducible component is a degeneration of a
smooth k-differential (X, η) if and only if it is a
twisted k-differential [BCGGM19].

The underlying combinatorics of a twisted k-
differential is encoded in an enhanced level graph
(G, l, o) where

•G is the dual graph of C,

• l : V → Z a level function, and

• o : H → Z the zero or pole orders of ηv at the
points corresponding to the half-edges of G.

CANONICAL COVERS

Let (C, {ηv}v) be a twisted k-differential. There ex-
ists a canonical (up to multiplication with a k-th root
of unity) cover

τ Ĉ ω

C η

π

such that

• π is cyclic of order k, possibly ramified and/or dis-
connected,

•ω is an abelian (i.e. k = 1) twisted differential and
π∗η = ωk, and

• τ ∗ω = ζω for a k-th root of unity ζ.

This is called normalized cover of (C, {ηv}v). De-
generating a k-differential and taking the normalized
cover commute. The combinatorics of a normal-
ized cover is encoded in a normalized cover of en-
hanced level graphs.

REDUCTION STEP

A tropical normalized cover is a tropical Hurwitz
cover (see [CMR16]) π : Γ̂ → Γ of degree k with a
k-canonical divisorD = kKΓ+(f ) on Γ and a canon-
ical divisor F = KΓ̂+(f̂ ) on Γ̂ such that the combina-
torics are those of a normalized cover of enhanced
level graphs (with f and f̂ as level functions).

Have commutative diagram:

{ smooth k-
differentials}

{
tropical curves with
k-canonical divisor

}
{ normalized cover of

smooth k-differentials} {tropical normalized
cover }

trop

trop

forget

Corollary

(Γ, D) is realizable if and only if there exists a real-
izable tropical normalized cover π : Γ̂→ Γ.

REALIZING A TROPICAL COVER

Let π : Γ̂ → Γ be a tropical normalized cover with
underlying enhanced level graph G. Want to build
for each vertex v ∈ G a smooth curve Cv with k-
differential ηv such that the zero and pole orders µ =
(m1, . . . ,mn) of ηv match the o-values of half-edges
incident to v. [GT20] classify the possible k-residues
that such k-differentials may have.

1. v is illegal if no k-differential of type µ exists.

2. k-residues on horizontal edges must not be 0.

3. For some types µ, there are further restrictions
of the possible residues. Such a v is inconve-
nient.

It suffices to prescribe τ -equivariant (1-)residues on
the cover Ĝ – this then induces k-residues on the
base G. We want that gluing the (Cv, ηv) gives a
twisted k-differential. Strategy: first set all residues
on Ĝ to 0. Now all conditions of a twisted k-
differential are satisfied. Modify this choice at every
horizontal edge e and every inconvenient vertex v
with the following procedure.

Modifying residues

Take a generic r ∈ C× and a simple closed cycle
γ passing through e (resp. v) but not through any
level below that of e (resp. v). On every half-edge
h ∈ γ on the same level as e (resp. v)

1. add r to the residue if γ enters through h, and

2. subtract r if γ leaves through h.

Repeat on the cycle τ i∗γ with value ζ ir for i =
1, ..., k − 1.

The last step ensures a τ -equivariant result but
might lead to cancellation.

1. An effective cycle produces a non-zero change
to the residue.

2. An admissible cycle produces residues that en-
sure the realizability of an inconvenient vertex.

3. An independent pair of cycles is a pair (γ1, γ2)
such that the change of residues induced by γ1

around the vertex v is linearly independent from
that induced by γ2.

EXAMPLE

Let g = k = 2. The following is realizable if and only
if the four support points of D are placed symmetri-
cally on the loop. There is a unique normalized cover
without illegal vertices.

Ĝ

f

(Γ, D)
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