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Inference problems: algorithms and lower bounds, 2020 

Lower bounds for  
descent algorithms 



Deep Learning

Deep Learning trademark: overparametrized nets and gradient descent 

initialization
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. . .

. . .

neural net



Descent algorithms

Nature picks F
<latexit sha1_base64="IB7qV6p8Xl4cPYtxJ5+DJZPTKrE=">AAACB3icbVDLSsNAFJ34rPUVdSnIYCu4Kkld6LIoiCupYB/QhjKZ3LRDJw9mJkIJ2bnxV9y4UMStv+DOv3GaZqGtBy4czrl37tzjxpxJZVnfxtLyyuraemmjvLm1vbNr7u23ZZQICi0a8Uh0XSKBsxBaiikO3VgACVwOHXd8NfU7DyAki8J7NYnBCcgwZD6jRGlpYB7dEpUIwDGjY4mraT9/MhXgZfg6qw7MilWzcuBFYhekggo0B+ZX34toEkCoKCdS9mwrVk5KhGKUQ1buJxJiQsdkCD1NQxKAdNJ8aYZPtOJhPxK6QoVz9fdESgIpJ4GrOwOiRnLem4r/eb1E+RdOysI4URDS2SI/4VhFeBoK9pgAqvhEE0IF03/FdEQEoUpHV9Yh2PMnL5J2vWaf1ep39UrjsoijhA7RMTpFNjpHDXSDmqiFKHpEz+gVvRlPxovxbnzMWpeMYuYA/YHx+QNYTpj2</latexit>

Choose a net initialization W (0) and a loss function L
<latexit sha1_base64="GzNo0BUedXtb6qEuopISkGE/rQw="></latexit>

For t = 1, . . . , T
<latexit sha1_base64="iBzYpJC9Fs3deyxVdIZm+X2ODNM=">AAAB/XicbVBLS8NAGNzUV42v+Lh5WWwFD6Uk9aAXoSiIxwp9QRvKZrtpl24e7H4Rain+FS8eFPHq//Dmv3HT5qCtcxpmvmFnx4sFV2Db30ZuZXVtfSO/aW5t7+zuWfsHTRUlkrIGjUQk2x5RTPCQNYCDYO1YMhJ4grW80U3qtx6YVDwK6zCOmRuQQch9TgloqWcd3UYSF+HKKXX7EagSrhdNs2cV7LI9A14mTkYKKEOtZ33pNE0CFgIVRKmOY8fgTogETgWbmt1EsZjQERmwjqYhCZhyJ7P2U3yqlT72dQ8/CgHP1N+JCQmUGgeevgwIDNWil4r/eZ0E/Et3wsM4ARbS+UN+IjBEOJ0C97lkFMRYE0Il110xHRJJKOjB0hGcxS8vk2al7JyXK/eVQvU6myOPjtEJOkMOukBVdIdqqIEoekTP6BW9GU/Gi/FufMxPc0aWOUR/YHz+ANHFktw=</latexit>

Update
<latexit sha1_base64="pWmew6RYUJzd5TsVYvVKUO22tCk=">AAAB7XicbVBNS8NAEN34WetX1aOXxSJ4Kkk96LHoxWMF0xbaUDabSbt2swm7E6GU/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvzKQw6Lrfztr6xubWdmmnvLu3f3BYOTpumTTXHHyeylR3QmZACgU+CpTQyTSwJJTQDke3M7/9BNqIVD3gOIMgYQMlYsEZWqnlZxFD6Feqbs2dg64SryBVUqDZr3z1opTnCSjkkhnT9dwMgwnTKLiEabmXG8gYH7EBdC1VLAETTObXTum5VSIap9qWQjpXf09MWGLMOAltZ8JwaJa9mfif180xvg4mQmU5guKLRXEuKaZ09jqNhAaOcmwJ41rYWykfMs042oDKNgRv+eVV0qrXvMta/b5ebdwUcZTIKTkjF8QjV6RB7kiT+ISTR/JMXsmbkzovzrvzsWhdc4qZE/IHzucPjaKPGw==</latexit>

W (t) = W (t�1) � EX⇠P̂
S
(t)
m

rL(F̂W (t�1)(X), F (X)) + Z(t)

<latexit sha1_base64="FciI1ATTZZrA1sbC3R2+WWW5W18="></latexit>

where S(t)
m = (X(t)

i )i2[m]
iid⇠ PX

<latexit sha1_base64="SHsOdVcQb1GthIqAz+jIivG7XPk="></latexit>

! Hope F̂W (T ) approximates F well
<latexit sha1_base64="+ZVvZw8Lq3Ak7+glr8XO7UX1nTA="></latexit>

W (0) $ FW (0)
<latexit sha1_base64="6VeLg4jcZj5q4N9ojpXfNOx29ag=">AAACDHicbVC7SgNBFJ2Nj8T4ilraDAYhgoTdWGgZFMQygnlAsobZ2dlkyOyDmbtKWPYDbOz9ChsLRWz9ADt7P8PCyaPQxAMDh3PO5c49TiS4AtP8NDILi0vL2dxKfnVtfWOzsLXdUGEsKavTUISy5RDFBA9YHTgI1ookI74jWNMZnI385g2TiofBFQwjZvukF3CPUwJa6haKzeukZB6kuCOYB5L3+kCkDG/xeTeZWqlOmWVzDDxPrCkpVvH34Zf7kK11Cx8dN6SxzwKggijVtswI7IRI4FSwNN+JFYsIHZAea2saEJ8pOxkfk+J9rbjYC6V+AeCx+nsiIb5SQ9/RSZ9AX816I/E/rx2Dd2InPIhiYAGdLPJigSHEo2awyyWjIIaaECq5/iumfSIJBd1fXpdgzZ48TxqVsnVUrlzqNk7RBDm0i/ZQCVnoGFXRBaqhOqLoDj2iZ/Ri3BtPxqvxNolmjOnMDvoD4/0HCVKeAg==</latexit>



The Deep Learning “miracle”

1. Overparametrization helps producing solutions of low empirical risk 
(think of random CSPs) 

2. Gradient descent seems to reach solutions that are implicitly regularized 
(without having to add explicitly a regularizer) and that generalize well 

is this specific to certain types of functions/data distributions?



odd even

M. Minsky and S. Papert, Perceptrons: an introduction to 
computational geometry, MIT Press, 1969. 

Class 1 Class 2



n/2 n/2

Randomly select a cycle of length <r,  
delete one of its edges, 

repeat until no cycles of length <r.

The Pruned-SBM(n,p,q,r)

p pq

More serious concerns:  
networks, genomics, non-image-based medicine?

Class 1 Class 2



Expressibility. Any Boolean function on n variables that can be implemented  
in poly(n)-time can be expressed by a poly(n)-size NN [Parberry 94, Sipser 06]

Formalizing the problem

Question. Given a prior on the set of possible functions, can we learn  
the function that nature selects with poly-size NN + poly-time descent?

Example. Parities: fS(x) =
Y

i2S

xi, S ⇠U 2[n]

<latexit sha1_base64="is1upRC2+m59Q6coQB/rubkBTXQ="></latexit>

X ⇠U {±1}n
<latexit sha1_base64="gmo3a9d4JMCM3ndV7K2j8S5p3vo=">AAAB/XicbVDLSsNAFL2pr1pf9bFzM7QIglCSutBl0Y3LCqYtNLFMptN26EwSZiZCDMWf8APcuFDErf/hrn/j9LHQ1gMXDufcy733BDFnStv22MqtrK6tb+Q3C1vbO7t7xf2DhooSSahLIh7JVoAV5Sykrmaa01YsKRYBp81geD3xmw9UKhaFdzqNqS9wP2Q9RrA2Uqd41EKeYqLjIi/zYoEcb3Rv5LJdsadAy8SZk3Kt5J09j2tpvVP89roRSQQNNeFYqbZjx9rPsNSMcDoqeImiMSZD3KdtQ0MsqPKz6fUjdGKULupF0lSo0VT9PZFhoVQqAtMpsB6oRW8i/ue1E9279DMWxommIZkt6iUc6QhNokBdJinRPDUEE8nMrYgMsMREm8AKJgRn8eVl0qhWnPNK9dakcQUz5OEYSnAKDlxADW6gDi4QeIQXeIN368l6tT6sz1lrzprPHMIfWF8/UqmXeQ==</latexit>

label = fS(X)
<latexit sha1_base64="m5sVu2lRJL5W8qCMJ24ivWS66gU="></latexit>

-> we cannot allow knowledge on the function and freedom on the initialization 

PX : prob. dist. on X
PF : prob. dist. on F = YXY : the label domain ({+1,�1})

X : the data domain ({+1,�1}n)
<latexit sha1_base64="Cqrh2LqDmx9GllgZ1Tkz9uj6jjc=">AAACGHicbVC7SgNBFJ31bXxFLW0GE0FR424sFCvRxjKCiYFsDHdnJ2bI7Owyc1cISz7Dxl+xsVDENp1/4+RR+DowcDjnXu6cEyRSGHTdT2dqemZ2bn5hMbe0vLK6ll/fqJk41YxXWSxjXQ/AcCkUr6JAyeuJ5hAFkt8G3cuhf/vAtRGxusFewpsR3CvRFgzQSq38UdGPADsMZFbvF+kZxQ6nISDQMI5AKLpb9LN97+DQ8/t3qrjXyhfckjsC/Uu8CSmQCSqt/MAPY5ZGXCGTYEzDcxNsZqBRMMn7OT81PAHWhXvesFRBxE0zGwXr0x2rhLQda/sU0pH6fSODyJheFNjJYQrz2xuK/3mNFNunzUyoJEWu2PhQO5UUYzpsiYZCc4ayZwkwLexfKeuABoa2y5wtwfsd+S+plUvecal8XS6cX0zqWCBbZJvsEo+ckHNyRSqkShh5JM/klbw5T86L8+58jEennMnOJvkBZ/AFbyCdeQ==</latexit>



Objective: generalizing better than guessing

Failure: P(F̂W (T )(X(T+1)) 6= F (X(T+1))) � 1/2� on(1)
<latexit sha1_base64="xVT9lkrIqe1JE5kaXOE1uPE/aeo="></latexit>

Given (PX , PF ), choose W (0), L and run SGD for T time steps
<latexit sha1_base64="gJjgSdGOlD0iO3OFh8jhoblEgPg="></latexit>

Objective: P(F̂W (T )(X(T+1)) 6= F (X(T+1))) = 1/2� ⌦n(1)
<latexit sha1_base64="PLjPRnwf9g1hEErBxGvyEh3U5e8="></latexit>

X(T+1) is a new fresh sample
<latexit sha1_base64="kdcdnTjvmVDg8DHWIBFZwkvlyYs=">AAACCnicbVC7SgNBFJ2Nrxhfq5Y2o4kQEcJuLLQM2lhGyAuSNcxO7iZDZmeXmVklLKlt/BUbC0Vs/QI7/8bJo9DogQuHc+7l3nv8mDOlHefLyiwtr6yuZddzG5tb2zv27l5DRYmkUKcRj2TLJwo4E1DXTHNoxRJI6HNo+sOrid+8A6lYJGp6FIMXkr5gAaNEG6lrHxZat2mxduqejAuYKUywgHscSFADrEgYc+jaeafkTIH/EndO8miOatf+7PQimoQgNOVEqbbrxNpLidSMchjnOomCmNAh6UPbUEFCUF46fWWMj43Sw0EkTQmNp+rPiZSESo1C33SGRA/UojcR//PaiQ4uvJSJONEg6GxRkHCsIzzJBfeYBKr5yBBCJTO3YjogklBt0suZENzFl/+SRrnknpXKN+V85XIeRxYdoCNURC46RxV0jaqojih6QE/oBb1aj9az9Wa9z1oz1nxmH/2C9fENJ5eYrw==</latexit>

! produce F̂W (T )
<latexit sha1_base64="Tq8U2yHGzG+FanV5leJ85Ibu0/8=">AAACGHicbVDLSgMxFM34tr6qLt0EW6Fu6kxd6FIUxKVCawudWjLprQ1mJkNyRyhhPsONv+LGhSJu3fk3po+FrwMXDufcm9x7olQKg77/6c3Mzs0vLC4tF1ZW19Y3iptb10ZlmkODK6l0K2IGpEiggQIltFINLI4kNKO7s5HfvAdthErqOEyhE7PbRPQFZ+ikbvGgHKIq01SrXsaBlm04ftNGMoM8HDC053nXNm9spb6f53m5Wyz5VX8M+pcEU1IiU1x2ix9hT/EshgS5ZMa0Az/FjmUaBZeQF8LMQMr4HbuFtqMJi8F07HiJnO45pUf7SrtKkI7V7xOWxcYM48h1xgwH5rc3Ev/z2hn2jztWJGmGkPDJR/1MUlR0lBLtCQ0c5dARxrVwu1I+YJpxdFkWXAjB75P/kutaNTis1q5qpZPTaRxLZIfskgoJyBE5IRfkkjQIJw/kibyQV+/Re/bevPdJ64w3ndkmP+B9fAGIFqAX</latexit>



Statistical Query (SQ) algorithms

Choose a net initialization W (0) and a loss function L
<latexit sha1_base64="GzNo0BUedXtb6qEuopISkGE/rQw="></latexit>

For t = 1, . . . , T
<latexit sha1_base64="iBzYpJC9Fs3deyxVdIZm+X2ODNM=">AAAB/XicbVBLS8NAGNzUV42v+Lh5WWwFD6Uk9aAXoSiIxwp9QRvKZrtpl24e7H4Rain+FS8eFPHq//Dmv3HT5qCtcxpmvmFnx4sFV2Db30ZuZXVtfSO/aW5t7+zuWfsHTRUlkrIGjUQk2x5RTPCQNYCDYO1YMhJ4grW80U3qtx6YVDwK6zCOmRuQQch9TgloqWcd3UYSF+HKKXX7EagSrhdNs2cV7LI9A14mTkYKKEOtZ33pNE0CFgIVRKmOY8fgTogETgWbmt1EsZjQERmwjqYhCZhyJ7P2U3yqlT72dQ8/CgHP1N+JCQmUGgeevgwIDNWil4r/eZ0E/Et3wsM4ARbS+UN+IjBEOJ0C97lkFMRYE0Il110xHRJJKOjB0hGcxS8vk2al7JyXK/eVQvU6myOPjtEJOkMOukBVdIdqqIEoekTP6BW9GU/Gi/FufMxPc0aWOUR/YHz+ANHFktw=</latexit>

Update
<latexit sha1_base64="pWmew6RYUJzd5TsVYvVKUO22tCk=">AAAB7XicbVBNS8NAEN34WetX1aOXxSJ4Kkk96LHoxWMF0xbaUDabSbt2swm7E6GU/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvzKQw6Lrfztr6xubWdmmnvLu3f3BYOTpumTTXHHyeylR3QmZACgU+CpTQyTSwJJTQDke3M7/9BNqIVD3gOIMgYQMlYsEZWqnlZxFD6Feqbs2dg64SryBVUqDZr3z1opTnCSjkkhnT9dwMgwnTKLiEabmXG8gYH7EBdC1VLAETTObXTum5VSIap9qWQjpXf09MWGLMOAltZ8JwaJa9mfif180xvg4mQmU5guKLRXEuKaZ09jqNhAaOcmwJ41rYWykfMs042oDKNgRv+eVV0qrXvMta/b5ebdwUcZTIKTkjF8QjV6RB7kiT+ISTR/JMXsmbkzovzrvzsWhdc4qZE/IHzucPjaKPGw==</latexit>

W (t) = W (t�1) � EX⇠P̂
S
(t)
m

rL(F̂W (t�1)(X), F (X)) + Z(t)

<latexit sha1_base64="FciI1ATTZZrA1sbC3R2+WWW5W18="></latexit>

where S(t)
m = (X(t)

i )i2[m]
iid⇠ PX

<latexit sha1_base64="SHsOdVcQb1GthIqAz+jIivG7XPk="></latexit>

Nature picks F 2 F
<latexit sha1_base64="wjsVxXRFka/NmaQ7BeN+xibttIU=">AAACF3icbVDLSgMxFM34rPU16tJNsBVclZm60GVRKK6kgn1AZyiZ9LYNzWSGJCOUYf7Cjb/ixoUibnXn35hOu9DWA4HDOfcmJyeIOVPacb6tldW19Y3NwlZxe2d3b98+OGypKJEUmjTikewERAFnApqaaQ6dWAIJAw7tYHw99dsPIBWLxL2exOCHZCjYgFGijdSzK7dEJxJwzOhY4XLq5VemEvoZrmOPCeyFRI8o4Wk9y8o9u+RUnBx4mbhzUkJzNHr2l9ePaBKC0JQTpbquE2s/JVIzyiEreomCmNAxGULXUEFCUH6ah8jwqVH6eBBJc4TGufp7IyWhUpMwMJPTkGrRm4r/ed1EDy79lIk40SDo7KFBwrGO8LQk3GcSqOYTQwiVzGTFdEQkodpUWTQluItfXiatasU9r1TvqqXa1byOAjpGJ+gMuegC1dANaqAmougRPaNX9GY9WS/Wu/UxG12x5jtH6A+szx98NZ99</latexit>

Y (t) = EX⇠PXGt(X,F (X)) + Z(t)
<latexit sha1_base64="P2c34zPxiFwWcpUqtIS8KiNFFLU="></latexit>

Kearns ’98: Queries can be adaptive, each stored, but are deterministic
<latexit sha1_base64="TOYVRaVYPUjOb1ks4ozzraaRfSE="></latexit>

Blum et al. 00: If F has a superpolynomial statistical dimension (number of
nearly uncorrelated functions with respect to PX in F) and the precision is
polynomial, then a superpolynomial number of statistical queries is needed.

<latexit sha1_base64="W23EkMEbnYyJWP5F82ND4EneNmg="></latexit>

see also [Boix ’20]
<latexit sha1_base64="G+XFyQXr/81hgx7538T/ttsJt4U=">AAAB/HicbVBNS8NAEN34WetXtEcvi0X0VJJ60GOpF48V7AekoWy2k3bpJht2N2II9a948aCIV3+IN/+N2zYHbX0w8Hhvhpl5QcKZ0o7zba2tb2xubZd2yrt7+weH9tFxR4lUUmhTwYXsBUQBZzG0NdMceokEEgUcusHkZuZ3H0AqJuJ7nSXgR2QUs5BRoo00sCsKABOuBPaagj3i87rjD+yqU3PmwKvELUgVFWgN7K/+UNA0glhTTpTyXCfRfk6kZpTDtNxPFSSETsgIPENjEoHy8/nxU3xmlCEOhTQVazxXf0/kJFIqiwLTGRE9VsveTPzP81IdXvs5i5NUQ0wXi8KUYy3wLAk8ZBKo5pkhhEpmbsV0TCSh2uRVNiG4yy+vkk695l7W6nf1aqNZxFFCJ+gUXSAXXaEGukUt1EYUZegZvaI368l6sd6tj0XrmlXMVNAfWJ8/xfOTig==</latexit>

range(Gt) = C = 1
range(Z(t)) = ⌧

<latexit sha1_base64="UhvIpukSGvppDyJiPtguVEstACA=">AAACI3icbVDLTgJBEJzFF64v1KOXiWACF7KLB40JCZGDHjGRRwQks8MAE2ZnNzO9JmTDv3jxV7x40BAvHvwXh8dBwUo6qVR1p7vLCwXX4DhfVmJtfWNzK7lt7+zu7R+kDo9qOogUZVUaiEA1PKKZ4JJVgYNgjVAx4nuC1b1heerXn5jSPJD3MApZ2yd9yXucEjBSJ3WVafkEBsqPFZF9Ns7edCBXLBfdjI3tZe/hMc5CbpwrtoBEmU4q7eSdGfAqcRckjRaodFKTVjegkc8kUEG0brpOCO2YKOBUsLHdijQLCR2SPmsaKonPdDue/TjGZ0bp4l6gTEnAM/X3REx8rUe+ZzqnR+tlbyr+5zUj6F22Yy7DCJik80W9SGAI8DQw3OWKURAjQwhV3NyK6YAoQsHEapsQ3OWXV0mtkHfP84W7Qrp0vYgjiU7QKcoiF12gErpFFVRFFD2jV/SOPqwX682aWJ/z1oS1mDlGf2B9/wDdIqKL</latexit>



Descent algorithms

Choose a net initialization W (0) and a loss function L
<latexit sha1_base64="GzNo0BUedXtb6qEuopISkGE/rQw="></latexit>

For t = 1, . . . , T
<latexit sha1_base64="iBzYpJC9Fs3deyxVdIZm+X2ODNM=">AAAB/XicbVBLS8NAGNzUV42v+Lh5WWwFD6Uk9aAXoSiIxwp9QRvKZrtpl24e7H4Rain+FS8eFPHq//Dmv3HT5qCtcxpmvmFnx4sFV2Db30ZuZXVtfSO/aW5t7+zuWfsHTRUlkrIGjUQk2x5RTPCQNYCDYO1YMhJ4grW80U3qtx6YVDwK6zCOmRuQQch9TgloqWcd3UYSF+HKKXX7EagSrhdNs2cV7LI9A14mTkYKKEOtZ33pNE0CFgIVRKmOY8fgTogETgWbmt1EsZjQERmwjqYhCZhyJ7P2U3yqlT72dQ8/CgHP1N+JCQmUGgeevgwIDNWil4r/eZ0E/Et3wsM4ARbS+UN+IjBEOJ0C97lkFMRYE0Il110xHRJJKOjB0hGcxS8vk2al7JyXK/eVQvU6myOPjtEJOkMOukBVdIdqqIEoekTP6BW9GU/Gi/FufMxPc0aWOUR/YHz+ANHFktw=</latexit>

Update
<latexit sha1_base64="pWmew6RYUJzd5TsVYvVKUO22tCk=">AAAB7XicbVBNS8NAEN34WetX1aOXxSJ4Kkk96LHoxWMF0xbaUDabSbt2swm7E6GU/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvzKQw6Lrfztr6xubWdmmnvLu3f3BYOTpumTTXHHyeylR3QmZACgU+CpTQyTSwJJTQDke3M7/9BNqIVD3gOIMgYQMlYsEZWqnlZxFD6Feqbs2dg64SryBVUqDZr3z1opTnCSjkkhnT9dwMgwnTKLiEabmXG8gYH7EBdC1VLAETTObXTum5VSIap9qWQjpXf09MWGLMOAltZ8JwaJa9mfif180xvg4mQmU5guKLRXEuKaZ09jqNhAaOcmwJ41rYWykfMs042oDKNgRv+eVV0qrXvMta/b5ebdwUcZTIKTkjF8QjV6RB7kiT+ISTR/JMXsmbkzovzrvzsWhdc4qZE/IHzucPjaKPGw==</latexit>

W (t) = W (t�1) � EX⇠P̂
S
(t)
m

rL(F̂W (t�1)(X), F (X)) + Z(t)

<latexit sha1_base64="FciI1ATTZZrA1sbC3R2+WWW5W18="></latexit>

where S(t)
m = (X(t)

i )i2[m]
iid⇠ PX

<latexit sha1_base64="SHsOdVcQb1GthIqAz+jIivG7XPk="></latexit>

Nature picks F ⇠ PF
<latexit sha1_base64="N5Wu7fz92L8BLnAJQRU6pfFgdLo=">AAACGnicbVDLSgMxFM34rPVVdekm2Aquykxd6LIoFFdSwT6gU4ZM5rYNzWSGJCOUYb7Djb/ixoUi7sSNf2M67UJbDwQO59ybnBw/5kxp2/62VlbX1jc2C1vF7Z3dvf3SwWFbRYmk0KIRj2TXJwo4E9DSTHPoxhJI6HPo+OPrqd95AKlYJO71JIZ+SIaCDRgl2kheybklOpGAY0bHCldSN78ylRBkuIFdxULc9NyQ6BElPG1kWcUrle2qnQMvE2dOymiOplf6dIOIJiEITTlRqufYse6nRGpGOWRFN1EQEzomQ+gZKkgIqp/mOTJ8apQADyJpjtA4V39vpCRUahL6ZnIaUi16U/E/r5fowWU/ZSJONAg6e2iQcKwjPO0JB0wC1XxiCKGSmayYjogkVJs2i6YEZ/HLy6Rdqzrn1dpdrVy/mtdRQMfoBJ0hB12gOrpBTdRCFD2iZ/SK3qwn68V6tz5moyvWfOcI/YH19QPWg6C8</latexit>

We still make a query - the gradient               - but 
- the query can be stochastic 
- it must update the ‘specific memory’ with a descent step 

-> When do descent algorithms fail to learn?

G = rL
<latexit sha1_base64="+jp1VKYSwzHsacG+H6xtpbAdu4c=">AAAB8nicbZC7SgNBFIbPeo3xFi+dzWAQrMJuLLQRAxaxsIhgLpAsYXYymwyZnVlmZoW45DFsLBSxFZ/CJ7Cz9E2cXApN/GHg4//PYc45QcyZNq775SwsLi2vrGbWsusbm1vbuZ3dmpaJIrRKJJeqEWBNORO0apjhtBEriqOA03rQvxzl9TuqNJPi1gxi6ke4K1jICDbWapbPWwIHHKNr1M7l3YI7FpoHbwr5i4/77/L7flpp5z5bHUmSiApDONa66bmx8VOsDCOcDrOtRNMYkz7u0qZFgSOq/XQ88hAdWaeDQqnsEwaN3d8dKY60HkSBrYyw6enZbGT+lzUTE575KRNxYqggk4/ChCMj0Wh/1GGKEsMHFjBRzM6KSA8rTIy9UtYewZtdeR5qxYJ3UijeuPlSCSbKwAEcwjF4cAoluIIKVIGAhAd4gmfHOI/Oi/M6KV1wpj178EfO2w8bTZQy</latexit>



results



Main result

Theorem (Generalization lower-bound).
<latexit sha1_base64="b4Rr/I4k8l2docoa7oLEsmr6+mE="></latexit>

P(F̂W (T )(X
(T+1)) 6= F (X(T+1))) � 1/2� 1

�
· JFT · CPm

1/4

<latexit sha1_base64="9OziQzaS3AYO8AkS2WxH9QYzMDY="></latexit>

Polynomial if all the algorithm parameters are polynomial

GD-based deep learning is not efficiently universal. SGD?

JFT (PX ) :=
TX

t=1

(EkGt�1(F̂W (t�1)(X(t)),Rand(t))k22)1/2
<latexit sha1_base64="wf43rptzm7boUhVi/SnMlSZYcQo="></latexit>

CPm(PX , PF ) := E(Xm,F,F 0)(EX⇠PXmF (X)F 0(X))2
<latexit sha1_base64="kEC4yV9hOG579vVceOSv5OPY5yU="></latexit>

 CT
p

|Net|
<latexit sha1_base64="Wo0NsdXiVrZdijZo+i8dSpDnD24="></latexit>

Junk-Flow
<latexit sha1_base64="im5RzZZocyUUJa14qJQGeYDcp1k="></latexit>

Cross-Predictability
<latexit sha1_base64="x3AGM8ysi4Sb8LRh27DR6cHm7Sg="></latexit>

Can be super-polynomially small if m is super-polynomial 



Proof technique
Plan. Show that for some function classes and a small enough horizon,  
training the net on random data or true data is statistically indistinguishable  



Proof technique

-10-14Proof: (1) indistinguishability, (2) Bounding the TV: the subadditivity,  

Plan. Show that for some function classes and a small enough horizon,  
training the net on random data or true data is statistically indistinguishable  

W (0)
<latexit sha1_base64="l9Zd2seIdDzBGxG6zhsvBttigwQ=">AAAB7nicbZC7SgNBFIbPxltcb1FLm8EgxCbsxkIbMWhjGcFkA8kaZiezyZDZ2WVmVghLHsLGQhELG9/E3kZ8GyeXQhN/GPj4/3OYc06QcKa043xbuaXlldW1/Lq9sbm1vVPY3WuoOJWE1knMY9kMsKKcCVrXTHPaTCTFUcCpFwyuxrl3T6VisbjVw4T6Ee4JFjKCtbE87y4rOcejTqHolJ2J0CK4MyhefNjnyduXXesUPtvdmKQRFZpwrFTLdRLtZ1hqRjgd2e1U0QSTAe7RlkGBI6r8bDLuCB0Zp4vCWJonNJq4vzsyHCk1jAJTGWHdV/PZ2Pwva6U6PPMzJpJUU0GmH4UpRzpG491Rl0lKNB8awEQyMysifSwx0eZCtjmCO7/yIjQqZfekXLlxitVLmCoPB3AIJXDhFKpwDTWoA4EBPMATPFuJ9Wi9WK/T0pw169mHP7LefwDDZZIv</latexit>

WF
(T )

<latexit sha1_base64="MJr2AfViztgt42MyNxSILXPEN40=">AAACAHicbVDLSsNAFJ34rPUVX7hwM1iUuilJXeiyKIjLCm1TaGOYTCft0MkkzEyEErLxH/wCNy4UcetnuPNvnKZdaOuBC4dz7p079/gxo1JZ1rexsLi0vLJaWCuub2xubZs7uy0ZJQKTJo5YJNo+koRRTpqKKkbasSAo9Blx/OH12HceiJA04g01iokboj6nAcVIackzDx0v7ebPpD5LSHaT3aflxlnmmSWrYuWA88SeklLtdN/JnpyDumd+dXsRTkLCFWZIyo5txcpNkVAUM5IVu4kkMcJD1CcdTTkKiXTTfHMGT7TSg0EkdHEFc/X3RIpCKUehrztDpAZy1huL/3mdRAWXbkp5nCjC8WRRkDCoIjhOA/aoIFixkSYIC6r/CvEACYSVzqyoQ7BnT54nrWrFPq9U73QaV2CCAjgCx6AMbHABauAW1EETYJCBZ/AK3oxH48V4Nz4mrQvGdGYP/IHx+QMMYJjq</latexit>

W?
(T )

<latexit sha1_base64="iPLd71ZveANa4rvePPMXK8LNheY=">AAACA3icbVC7TsMwFHV4lvIKrwWWiApUliopA4wVLIxFaptKTYgcx2mtOk5kO0hVFImFT+AXWBhAiJWfYONvcNMO0HKkKx2dc6+v7/ETSoQ0zW9tYXFpeWW1tFZe39jc2tZ3djsiTjnCbRTTmHd9KDAlDLclkRR3E45h5FNs+8PrsW/fYy5IzFpylGA3gn1GQoKgVJKnH9pe5hTPZBwHuSMk5PldVm2d5Z5eMWtmAWOeWFNSaZzu2/mTfdD09C8niFEaYSYRhUL0LDORbga5JIjivOykAicQDWEf9xRlMMLCzYrluXGilMAIY66KSaNQf09kMBJiFPmqM4JyIGa9sfif10tleOlmhCWpxAxNFoUpNWRsjAMxAsIxknSkCEScqL8aaAA5RFLFVlYhWLMnz5NOvWad1+q3Ko0rMEEJHIFjUAUWuAANcAOaoA0QeADP4BW8aY/ai/aufUxaF7TpzB74A+3zB7U1mms=</latexit>

WF
(T 0)

<latexit sha1_base64="dPDoAczZUTE4/UG265qrlvKi2H8=">AAACAXicbVDLSsNAFJ3UV62v+ALBzWDxtSlJXeiyKIjLCm1TaGOYTKft0MkkzEyEEuLGb/AP3LhQxK1/4c6/cZp2oa0HLhzOuXfu3ONHjEplWd9Gbm5+YXEpv1xYWV1b3zA3txoyjAUmdRyyUDR9JAmjnNQVVYw0I0FQ4DPi+IOrke/cEyFpyGtqGBE3QD1OuxQjpSXP3HO8pJ09k/gsJul1epec1I5PU88sWiUrA5wl9oQUK0c7Tvrk7FY986vdCXEcEK4wQ1K2bCtSboKEopiRtNCOJYkQHqAeaWnKUUCkm2SrU3iolQ7shkIXVzBTf08kKJByGPi6M0CqL6e9kfif14pV98JNKI9iRTgeL+rGDKoQjuKAHSoIVmyoCcKC6r9C3EcCYaVDK+gQ7OmTZ0mjXLLPSuVbncYlGCMP9sEBOAE2OAcVcAOqoA4weADP4BW8GY/Gi/FufIxbc8ZkZhv8gfH5A3VdmRs=</latexit>

W?
(T 0)

<latexit sha1_base64="GOhOG8/IXd3087oKBMR0z1r92MI=">AAACBHicbVC7TsMwFHXKq5RXeE1dLCqgLFVSBhgrWBiL1DaVmhA5jttadR6yHaQqysDCH/ANLAwgxMpHsPE3uGkHaDnSlY7OudfX93gxo0IaxrdWWFpeWV0rrpc2Nre2d/TdvY6IEo5JG0cs4l0PCcJoSNqSSka6MSco8BixvNH1xLfuCRc0CltyHBMnQIOQ9ilGUkmuXrbc1M6fSTnxM1tIxLO7tNo6PctcvWLUjBxwkZgzUmmcHFjZk3XYdPUv249wEpBQYoaE6JlGLJ0UcUkxI1nJTgSJER6hAekpGqKACCfNt2fwWCk+7EdcVShhrv6eSFEgxDjwVGeA5FDMexPxP6+XyP6lk9IwTiQJ8XRRP2FQRnCSCPQpJ1iysSIIc6r+CvEQcYSlyq2kQjDnT14knXrNPK/Vb1UaV2CKIiiDI1AFJrgADXADmqANMHgAz+AVvGmP2ov2rn1MWwvabGYf/IH2+QMfqpqc</latexit>

P{F̂WF
(T )(X) = F (X)}  P{F̂W?

(T )(X) = F (X)}+TV(WF
(T ),W?

(T ))
<latexit sha1_base64="H1JHji+lf/WLrrElZnZ+9Lc+ABk="></latexit> | {z }

<latexit sha1_base64="XcgLhaMM8P4XTsTTWoP7bTsLBoo="></latexit>

1/2
<latexit sha1_base64="b+WggmCgEJLlzodj2K3cxYB8+Sk="></latexit>

| {z }
<latexit sha1_base64="XcgLhaMM8P4XTsTTWoP7bTsLBoo="></latexit>

on(1) if T = nO(1)
<latexit sha1_base64="7W88RIw3YdXmDcBwWe0YWaZGtlw=">AAACAXicbVDLSgMxFM34rPU16kZwE+wIdVNm6kI3QtGNOyv0Be04ZNJMG5pJhiQjlKFu/BU3LhRx61+4829MHwttPXDh5Jx7yb0nTBhV2nW/raXlldW19dxGfnNre2fX3ttvKJFKTOpYMCFbIVKEUU7qmmpGWokkKA4ZaYaD67HffCBSUcFrepgQP0Y9TiOKkTZSYB86IuBF79SBNIJO7ZLfZ7fmOXICu+CW3AngIvFmpABmqAb2V6crcBoTrjFDSrU9N9F+hqSmmJFRvpMqkiA8QD3SNpSjmCg/m1wwgidG6cJISFNcw4n6eyJDsVLDODSdMdJ9Ne+Nxf+8dqqjCz+jPEk14Xj6UZQyqAUcxwG7VBKs2dAQhCU1u0LcRxJhbULLmxC8+ZMXSaNc8s5K5btyoXI1iyMHjsAxKAIPnIMKuAFVUAcYPIJn8ArerCfrxXq3PqatS9Zs5gD8gfX5AyXplCA=</latexit>

upper-bounded this as

W (t) = W (t�1) � EX⇠P̂
S
(t)
m

rL(F̂W (t�1)(X), F (X)) + Z(t)

<latexit sha1_base64="vhMg/v07GEjqjVc2nLRa7E3EDZk="></latexit>

Y
<latexit sha1_base64="g74hipxT4RvmoVPcP9IVO/wk0o8=">AAAB9XicbVC7TsMwFHV4lvIqj43FokJiqpIywEYlBhiLRB+oLZXj3LRWHSeyHVCJ8h8sDCDECD/BF7Ax8ie4aQdoOdKVjs6519f3uBFnStv2lzU3v7C4tJxbya+urW9sFra26yqMJYUaDXkomy5RwJmAmmaaQzOSQAKXQ8MdnI38xi1IxUJxpYcRdALSE8xnlGgj3STt7IlEgpdep91C0S7ZGfAscSakePpx/33+tptUu4XPthfSOAChKSdKtRw70p2ESM0ohzTfjhVEhA5ID1qGChKA6iTZyhQfGMXDfihNCY0z9fdEQgKlhoFrOgOi+2raG4n/ea1Y+yedhIko1iDoeJEfc6xDPIoAe0wC1XxoCKGSmb9i2ieSUG2CypsQnOmTZ0m9XHKOSuVLu1ipoDFyaA/to0PkoGNUQReoimqIIoke0BN6tu6sR+vFeh23zlmTmR30B9b7D4imluU=</latexit>

Y
<latexit sha1_base64="g74hipxT4RvmoVPcP9IVO/wk0o8=">AAAB9XicbVC7TsMwFHV4lvIqj43FokJiqpIywEYlBhiLRB+oLZXj3LRWHSeyHVCJ8h8sDCDECD/BF7Ax8ie4aQdoOdKVjs6519f3uBFnStv2lzU3v7C4tJxbya+urW9sFra26yqMJYUaDXkomy5RwJmAmmaaQzOSQAKXQ8MdnI38xi1IxUJxpYcRdALSE8xnlGgj3STt7IlEgpdep91C0S7ZGfAscSakePpx/33+tptUu4XPthfSOAChKSdKtRw70p2ESM0ohzTfjhVEhA5ID1qGChKA6iTZyhQfGMXDfihNCY0z9fdEQgKlhoFrOgOi+2raG4n/ea1Y+yedhIko1iDoeJEfc6xDPIoAe0wC1XxoCKGSmb9i2ieSUG2CypsQnOmTZ0m9XHKOSuVLu1ipoDFyaA/to0PkoGNUQReoimqIIoke0BN6tu6sR+vFeh23zlmTmR30B9b7D4imluU=</latexit>



Proof technique

Next. Upper-bound TV(WF
(T ),W?

(T ))
<latexit sha1_base64="0PnKgLJmM+6Fa/Mht+FSPKgISkQ="></latexit>

W (0)
<latexit sha1_base64="l9Zd2seIdDzBGxG6zhsvBttigwQ=">AAAB7nicbZC7SgNBFIbPxltcb1FLm8EgxCbsxkIbMWhjGcFkA8kaZiezyZDZ2WVmVghLHsLGQhELG9/E3kZ8GyeXQhN/GPj4/3OYc06QcKa043xbuaXlldW1/Lq9sbm1vVPY3WuoOJWE1knMY9kMsKKcCVrXTHPaTCTFUcCpFwyuxrl3T6VisbjVw4T6Ee4JFjKCtbE87y4rOcejTqHolJ2J0CK4MyhefNjnyduXXesUPtvdmKQRFZpwrFTLdRLtZ1hqRjgd2e1U0QSTAe7RlkGBI6r8bDLuCB0Zp4vCWJonNJq4vzsyHCk1jAJTGWHdV/PZ2Pwva6U6PPMzJpJUU0GmH4UpRzpG491Rl0lKNB8awEQyMysifSwx0eZCtjmCO7/yIjQqZfekXLlxitVLmCoPB3AIJXDhFKpwDTWoA4EBPMATPFuJ9Wi9WK/T0pw169mHP7LefwDDZZIv</latexit>

WF
(t�1)

<latexit sha1_base64="vwTjd/aFDQsPl1/zzyUrXLJIKdc=">AAACAnicbVDLSsNAFJ3UV62v+FqIm8Gi1IUlqQtdFgVxWcE2hTaGyXTaDp1MwsxEKCG48Rf8BDcuFHHrV7jzb5ymXWjrgQuHc+6dO/f4EaNSWda3kZubX1hcyi8XVlbX1jfMza2GDGOBSR2HLBRNH0nCKCd1RRUjzUgQFPiMOP7gcuQ790RIGvJbNYyIG6Aep12KkdKSZ+45XtLOnkl8FpP0Kr1LSurEPk49s2iVrQxwltgTUqwe7Tjpk7Nb88yvdifEcUC4wgxJ2bKtSLkJEopiRtJCO5YkQniAeqSlKUcBkW6S7U7hoVY6sBsKXVzBTP09kaBAymHg684Aqb6c9kbif14rVt1zN6E8ihXheLyoGzOoQjjKA3aoIFixoSYIC6r/CnEfCYSVTq2gQ7CnT54ljUrZPi1XbnQaF2CMPNgHB6AEbHAGquAa1EAdYPAAnsEreDMejRfj3fgYt+aMycw2+APj8wcn+Jl8</latexit>

W?
(t�1)

<latexit sha1_base64="jQQFtRzEx3oOE51yKjiO+rbfO5c=">AAACBXicbVC7TgJBFJ31ifjCV6XFRKLBQrKLhZZEG0tMhCWBdTM7DDBh9pGZuyZks42NX+A/2FhojK3/YOffOCwUCp7kJifn3Dt37vEiwRWY5rcxN7+wuLScW8mvrq1vbBa2thsqjCVldRqKUDY9opjgAasDB8GakWTE9wSzvcHVyLfvmVQ8DG5hGDHHJ72AdzkloCW3cGC7STt7JpGsk7YVEJneJSU4tU5St1A0y2YGPEusCSlWj3ft9Mneq7mFr3YnpLHPAqCCKNWyzAichEjgVLA0344ViwgdkB5raRoQnyknydan+EgrHdwNpa4AcKb+nkiIr9TQ93SnT6Cvpr2R+J/XiqF74SQ8iGJgAR0v6sYCQ4hHkeAOl4yCGGpCqOT6r5j2iSQUdHB5HYI1ffIsaVTK1lm5cqPTuERj5NA+OkQlZKFzVEXXqIbqiKIH9Ixe0ZvxaLwY78bHuHXOmMzsoD8wPn8A05+a/Q==</latexit>

Lemma 1. Sub-additivity: 

TV (W (t)
F ,W (t)

? )  TV (W (t�1)
F ,W (t�1)

? ) + TV (W (t�1)
?,F ,W (t�1)

?,? )
<latexit sha1_base64="s0DohbvVnNA8ap5u0l933TaJmW8="></latexit>

WF
(t)

<latexit sha1_base64="QMmbnpQr1r26ulWkb9o0STPrl7I=">AAACAHicbVDLSsNAFJ3UV62v+MKFm8Gi1E1J6kKXRUFcVrBNoY1hMp20QyeTMDMRSsjGf/AL3LhQxK2f4c6/cZp2oa0HLhzOuXfu3OPHjEplWd9GYWFxaXmluFpaW9/Y3DK3d1oySgQmTRyxSLR9JAmjnDQVVYy0Y0FQ6DPi+MOrse88ECFpxO/UKCZuiPqcBhQjpSXPPHC8tJs/k/osIdl1dp9W1GnmmWWrauWA88SeknL9ZM/Jnpz9hmd+dXsRTkLCFWZIyo5txcpNkVAUM5KVuokkMcJD1CcdTTkKiXTTfHMGj7XSg0EkdHEFc/X3RIpCKUehrztDpAZy1huL/3mdRAUXbkp5nCjC8WRRkDCoIjhOA/aoIFixkSYIC6r/CvEACYSVzqykQ7BnT54nrVrVPqvWbnUal2CCIjgER6ACbHAO6uAGNEATYJCBZ/AK3oxH48V4Nz4mrQVjOrML/sD4/AE9IJkK</latexit>

W (t�1)
?,F

<latexit sha1_base64="oDapw8qLCXvbEI/Uh1K/Ilz0q8Y=">AAACF3icbVDLSgNBEJz1bXytevTgYhAimLirBz2KgniMYB6QrGF20tHB2QczvUJY9i+8+BeevQgq4lVvHr36FU42ETRa0FBUdU9PlxcJrtC2342R0bHxicmp6dzM7Nz8grm4VFVhLBlUWChCWfeoAsEDqCBHAfVIAvU9ATXv8rDn165AKh4Gp9iNwPXpecA7nFHUUsss1VpJ0szeSSS006ZCKtPNb8kTMaRHaXqWFLDobKQtM2+X7AzWX+IMSH5/62O1+HD7WW6Zb812yGIfAmSCKtVw7AjdhErkTECaa8YKIsou6Tk0NA2oD8pNsuWpta6VttUJpa4ArUz9OZFQX6mu7+lOn+KFGvZ64n9eI8bOnpvwIIoRAtZf1ImFhaHVC8lqcwkMRVcTyiTXf7XYBZWUoY4yp0Nwhk/+S6rbJWentH2i0zggfUyRFbJGCsQhu2SfHJMyqRBGrskdeSRPxo1xbzwbL/3WEWMws0x+wXj9AhkspNc=</latexit>

W (t�1)
?,? = W (t)

?
<latexit sha1_base64="TD9fgnnmn0VjWfO/rrwMhSeKqnU="></latexit>

Proof. Triangular and Data-Processing inequalities 

|{z} <latexit sha1_base64="XcgLhaMM8P4XTsTTWoP7bTsLBoo="></latexit>

“one-step” TVs
<latexit sha1_base64="XE4mj0TpyhWAvyX5CvlL7K+5sGI="></latexit>



Proof technique

Next. Upper-bound the one-step TV: TV(WF
(1),W?

(1))
<latexit sha1_base64="LoRz98jraPnK99IvKnFtBcA+ioE="></latexit>

Lemma 2. L2-Upper-Bound: 

TV (WF
(1),W (1)

? )  1

2�
(EF kEDFrL� ED?rLk22)1/2

<latexit sha1_base64="/Tk0kWb2TKPMUHNoQ7br3zajH7k="></latexit>

Proof.  
- Pinsker’s inequality: Upper-bound TV with KL 
- This is the KL between two Gaussians: 
  

   -> KL relies on the L2-distance of the means 
- Jensen to bring the squared-norm: 

W (1)
F/? = W (0) � EX⇠P̂

S
(t)
m

rL(F̂W (0)(X), F (X)/Y ) + Z(0)

<latexit sha1_base64="m5Y4y1eF8tYLEokaSD9gwob926w="></latexit>

EX  (EX2)1/2
<latexit sha1_base64="n75CEYZ2F3dJJWdFAGNYGVuyxI4=">AAACEHicbVDLSsNAFJ3UR2t9RV26GSxi3dQkIrosiOCyBfuAJi2T6aQdOnkwMxFKyCe48VfcuFDErUt3/oD4GU7aLmrrgQuHc+7l3nvciFEhDeNLy62srq3nCxvFza3tnV19b78pwphj0sAhC3nbRYIwGpCGpJKRdsQJ8l1GWu7oOvNb94QLGgZ3chwRx0eDgHoUI6mknn5i+0gOXTe5SWEb2ozA8rzStU67iXlmpT29ZFSMCeAyMWekVIX1n+9C/qLW0z/tfohjnwQSMyRExzQi6SSIS4oZSYt2LEiE8AgNSEfRAPlEOMnkoRQeK6UPvZCrCiScqPMTCfKFGPuu6syOFYteJv7ndWLpXTkJDaJYkgBPF3kxgzKEWTqwTznBko0VQZhTdSvEQ8QRlirDogrBXHx5mTStinleseoqjSqYogAOwREoAxNcgiq4BTXQABg8gCfwAl61R+1Ze9Pep605bTZzAP5A+/gF7E+eJg==</latexit>



Proof technique

Next. Upper-bound the L2-norm: EF kEDFrL� ED?rLk22
<latexit sha1_base64="oUY/nd2EwFXTQ8AnxOTmpxZxO/0="></latexit>

Proof.  

(Radon-Nikodym)EF (EDFre � ED?re)
2 = EF (ED?re(1�DF /D?))

2
<latexit sha1_base64="serRfOsUai48QKktJwBMfv/8aok="></latexit>

(Lifting)= EFED?r⌦2
e (1�DF /D?)

⌦2
<latexit sha1_base64="I+x9WF2utFJeM/wXLHYio/nfZc8="></latexit>

(CS+replica) (ED?r2
e)(EF,F 0ED?(1�DF /D?)

⌦2(1�DF 0/D?)
⌦2)1/2

<latexit sha1_base64="NQsRLmMxT5BwFuuhzudxSrUHqM0="></latexit>

(EZ)2 = EZZ 0
<latexit sha1_base64="zUaFDbanhqOyc7fpzMvtLQkmo7E="></latexit>

Lemma 2. One-edge CP bound: 

EF (EDFre � ED?re)
2  (ED?r2

e) · CP1/2
m

<latexit sha1_base64="Wkzy0G8hlHAFekfCv7xGQovf+Vo="></latexit>

| {z }
<latexit sha1_base64="SLubNR+jieZdxe28pLtJmNnx/A4="></latexit>

CPm
<latexit sha1_base64="te31YifM9Wrxc32Chqf4RwfXryM="></latexit>

EF,F 0(EXF (X)F 0(X))2 =
<latexit sha1_base64="N/0VFdpmtNTI+dK1T9PBQ00gvoA="></latexit>



Main result (again)

JFT (PX ) :=
TX

t=1

(EkGt�1(F̂W (t�1)(X(t)),Rand(t))k22)1/2
<latexit sha1_base64="wf43rptzm7boUhVi/SnMlSZYcQo="></latexit>

CPm(PX , PF ) := E(Xm,F,F 0)(EX⇠PXmF (X)F 0(X))2
<latexit sha1_base64="kEC4yV9hOG579vVceOSv5OPY5yU="></latexit>

 CT
p

|Net|
<latexit sha1_base64="Wo0NsdXiVrZdijZo+i8dSpDnD24="></latexit>

For m=1 the bound gives no failure -> SGD could still learn parities

= 1/m+ (1� 1/m) CP1
<latexit sha1_base64="ks1c8vBs9Cp8AMYuurlbCriPU5U="></latexit>

CP1 := EF,F 0(EX⇠PXF (X)F 0(X))2
<latexit sha1_base64="jLRS/4ORZJGCdC0oJQZD8p+QR+0="></latexit>

parities
= 2�n

<latexit sha1_base64="g4+XmtuU4KIwEalo+fA1Cidjbzc="></latexit>

For m=∞ -> GD cannot learn parities with poly-parameters

Theorem (Generalization lower-bound).
<latexit sha1_base64="b4Rr/I4k8l2docoa7oLEsmr6+mE="></latexit>

P(F̂W (T )(X
(T+1)) 6= F (X(T+1))) � 1/2� 1

�
· JFT · CPm

1/4

<latexit sha1_base64="9OziQzaS3AYO8AkS2WxH9QYzMDY="></latexit>



perfect-GD v.s. SGD

- If the initialization is a degree of freedom, GD fails when the CP  
overcomes the JF

- If the initialization is a degree of freedom: SGD is efficiently universal 

- For random initializations, CP strikes even for SGD

- Better bounds on the JF give more failure cases

Corollary. GD-based deep learning can e�ciently learn random monomials
of degree k if and only if k = O(1).

<latexit sha1_base64="M8a3PVxUrGEHqwaqF1p0OZl8/Ik="></latexit> CP ⇣ n�k
<latexit sha1_base64="Fa+H/tHUvtDbd3REn+MR2NnEvJo="></latexit>



Random initialization and fixed target functions

If we fail to learn a function no matter what the initialization is,  
we fail with a random initialization

If the random initialization is i.i.d. (or exchangeable),  
and if the function class is symmetric (permutation invariant), 
then we must fail for any chosen function in the class 
 
For example: GD cannot learn                        with a random initializationx1x2 · · ·xn/2

<latexit sha1_base64="hrUOKFC8JrV1eq85pR9TIkRY0jM=">AAACAHicbZC7TsMwFIYdrqXcAh0YWCwqBFNJwgBjJRbGItGLaKPIcZzWquNEtoNaRVmQEA/AI7AwgBArj8HGwrPgXgZo+SVLn/5zjo7P7yeMSmVZX8bC4tLyymphrbi+sbm1be7sNmScCkzqOGaxaPlIEkY5qSuqGGklgqDIZ6Tp9y9G9eYtEZLG/FoNE+JGqMtpSDFS2vLMvYFnw4HnwA4OYiWh5oyfOLlnlq2KNRacB3sK5epR6eb+4fG75pmfnSDGaUS4wgxJ2batRLkZEopiRvJiJ5UkQbiPuqStkaOISDcbH5DDQ+0EMIyFflzBsft7IkORlMPI150RUj05WxuZ/9XaqQrP3YzyJFWE48miMGVQxXCUBgyoIFixoQaEBdV/hbiHBMJKZ1bUIdizJ89Dw6nYpxXnSqdRBRMVwD44AMfABmegCi5BDdQBBjl4Ai/g1bgzno03433SumBMZ0rgj4yPHzaomIg=</latexit>

But this uses a Hammer result for a much more specific case (random init.)
SGD must have stronger limitations with random initializations



thank you


